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,

.
 [125] .

-
.

 [120] . NP-
, -

. -
. .

10.2- NP- -
(witnesses) ,

. ,
(SAT) .



11

. NP-

.
 [125]  « »

.  SAT-  USAT-
,

.
.

n n .

0 1 20  = E   E   E   . . .   E  = n
n  ,                          ( F. 1)

iE - i -
. , n -

1 2,  x ,  . . .  xnx 1,  . . . , xi n iE x - ,

    x  A  x y=0
def

A y

 A -
.
 (  60 (b) ).

2 =  [125], 

 4 (ii)], 2S n

 (F.1) ,   EiS
 1/2 .

, .
[125]-

.  3/4 
.

F.1- 2
n  - S . 2

n



12  F

dim  E  ii 0 ,  . . . , EnE .

3Pr i  S  E    = 1   
4i                                                    ( F. 2)

. 0  S , 0  E  = 0S ,

 1- .  = 1S ,

 =   E  = 1nS S ,  1-

. ,   E   2nS

0  E  = 0S . 0  i  n-1

1  E     E  i iS S , 0  i  n-1

1  E     E  i iS S .   E   2kS
  1k . k

, iS S - .
, A

2
n . 2

n

, ,  yx  + yx .
 = yx  + yx .

2
n ,  yx

. dim kS E  2-
.

 (F.2) 

1
1Pr  =   
4kS E ,                                                            ( F.3 )

.

. 1n kx
1 = n kH x
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kS E - .

1  = Ek kE H

1  S E  = S Ek kT H H ,

1Pr   
4

T H

.

dim T  = dim<S E   2,k , 73-

2
Pr  =   max  Pr     dim<T> = d

d
T H T H (F.4)

. 2d

2
max  Pr     dim<T> = d

d
T H                                          (F.5)

.
A  B dim  A B  codim A + codim Bco

 (61- ), dim<T> = d

, dim <T> = H - d 1d
.

 73- , (F.5)-

Pr   0  dim <T> = d  dim   H  = dT H T ,    (F.6)

Pr   0  dim <T> = d  dim   H  = d-1T H T (F.7)
. (F.6)-
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, dim = dim    = dT T H T H
, T H .

 (F.7)- .
. , 2d

 Q ,  G  <Q> 
- ,  Q-  G- ,

Pr  = Q G                                                                               (F.8)

. G x , <Q> - x .
  (F.8)-

Pr   y x  0y Q                                                                   (F.9)

. -

 (13- ). q 2
n

Pr   y x  0    =   1 - Pr  y  x = 0y Q y Q

1

1
  1 1 Pr

Q
m

m A Q
A m

x A

1

1
  1 1  q

d
m m

m

d
m

0
   1 q

d
m m

m

d
m

1   1
d

q .
 d = 2 , q = 2 ,

 1/4- .
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RP  ( ) 13-
.

. RP

.
,

. ,
.

:

, .
 USAT RP

, . USAT 
,

 ( )  oracl 
.

.

F.2-   (  [125])   RPUSATNP .

.       USAT RP
. ,

  Pr M - - - 3  ,
4

  Pr M - - -  = 0 .

.
, N

. N ,
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  Pr Nw - # - -
3  ,
4

  Pr Nw - # - -  = 0

.

F.1- , 2
n

iH
N

, n -
. 2O n

. F.1 ,
n .

- 1,  ... , xnx . 0 i n

N , 1,  ... , xnx - 2
n - iH - n-

, i . Hi - 

1,  ... , xnx
. N

i ,
 “ ” ,

- .
S -

. , F.1-

Pr Nw - # -   = Pr    USATii
. S ,

3Pr   S  H  = 1   
4ii

.  = S , .

(14.1- ).
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 G

 (G.1 ).
, NP , -

- PH-
. ,

.
 1989  [120, 121] ,

.
,

. ,
.

P #P . #P
f M : {0,1} *  N  .
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:
 ( -

 ) - f M ( )
. . ,

{0,1}* 0k P

# =   0,1   A   
kxf yx y x                                      ( G.1 )

, f  #P  (64- ). ,

 #P- .
,  #P

,
. . P #P

f   # ,
.  #P P #P

[124] .
#P

, (G.1) 
. :p ,

# , - -
, (| |) - . -

- W , ,p A x .

W , ,      y 0,  1 #  x
def p x yp A x A .

,
,

W , ,p A x .
W , ,p A x - ,

. :
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     A P  c 0  x  x L  , , 0
def

cL NP W n A x

1      A   c 0  x  x L  , , 0p p
k k

def
cL W n A x

     A P  c 0  x 
def

L RP
3 2
4

x L   , ,
cxcW n A x

0x L   , ,cW n A x

     A P  c 0  x 
def

L BPP

3 2
4

x L   , ,
cxcW n A x

1 2
4

x L   , ,
cxcW n A x

12     A P  c 0  x  x L  , ,
cx

def
cL PP W n A x

 is odd     A P  c 0  x  x L  , ,
def

cL P W n A x

# .     A P  c 0  x  L(x)= , ,
def

cL P W n A x

P W n , ,c A x -
.

, C , , R, #
.

.
.

L
. A C 0k ,

.
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R CC

3  2
4

x L   , ,
kxkW n A x

  0x L   , ,kW n A x

BP CC

3  2
4

x L   , ,
kxkW n A x

1  2
4

x L   , ,
kxkW n A x

P CC 1  2
2

x L   , ,
kxkW n A x

CC  = 1 mod 2x L   , ,kW n A x

p CC  > 0x L   , ,kW n A x

p CC  = 2x L   , ,
kxkW n A x

log CC log  > 0x L   , ,k nW A x

log CC loglog  =2x L   , , k xk nW A x

# CC L   = , ,kx nW A x

 = R P,   BPP = BP P,   PP = P P,   P = P,   NP = P, pRP
1 = P,   = p p p p

k kco NP # #P = P . -

.
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,

.
.

,
.

G.1-    (  [120])            PH  P #P.

 (G.2 (i) - (vi) ).

.   PH BP · 
P .

· P P#P .

G.2 C -
p
T .

(i)   R log ;p C CC C

(ii) log ;C CC C

(iii) BP   BP ;C CC C

(iv) BP BP   BP ;C CC C

(v) ;C CC C

(vi) BP C C
p
T .

.     (i)   F 
  (F.1 )

.
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,  (ii) - (vi) 
 (66- ).

,  A C 0k ,
,

n , ,   x L   kW A x

, L p C . N = nk .
F.1- , dim  = iiH , 2

N -
,  0 NiH i .

, 2
N -  ( )

, iH
N-i .

, O(N2)
. F.1- ,

N, ,   x L   W A x
3 Pr     , ,   H   = 1   
4ii N W N A x

3 Pr     , ,   H   is odd   
4ii N W N A x ,

N, ,  = x L   W A x

 Pr  , ,   H  is odd  = 0ii N W N A x .

 =# # kip x x , .
i   [ k log | x | ] ,

# #x i -
. ,  = log#q x k x , q

.

# # #      # x
de

i

f
i y y A y HxA

     , ,  is  odd
def

z W p A zA

  u   , ,u  > 0
def

W p AA .
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C  Ap
TA ,

A C , A C A log C
.

, ,  0,  1  # #  # # #    =
kxp A ix y x i y AW

 0,  1  #
kx

iHy Ay x

  W ,  ,  iN A x H

 i  N  W , ,  = 1iN A x H

   i  N  W , , iN A x H

   i  N  W , # #,N A ix

   i #  A N #x i
log # #  A   i 0,  1    > 0 k x x i

   W , #,   > 0q A x

#  A .x

N, ,   x L   W A x

   
3 Pr    , ,   H  = 1   
4ii N W N A x

   # 3 Pr    
4

Ax ,

N, ,  = x L   W A x

      i  N  W , ,  iN A x H

   # Pr   = 0Ax .

L R log C.C.     
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G.1- . , G.2 
,  PH  BP· P

.
. 0  = P BP Pp .

0  = P BP Pp . G.2 (vi) 
, BP · P ,

 BP Pp
k .

1  =p p p
k k

p BP P   - 

log  R BP P    - G.2(i) 

  R BP P   - G.2(ii)  (vi) 

  BP BP P R   BPC CC C

  BP PBP   - G.2(iii) 

BP P   - G.2(iv)  (v) .

k 2   BP Pk ,

 =    BP Pp
kk

PH

.

 · P P#P . L BP
· P . , A P k  0 ,

# 3  Pr  Ax
4

x L

# 1  Pr  Ax
4

x L

 - 
kx

. ,

23  , ,   
4

kxkx L W n A x
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21  , ,   
4

kxkx L W n A x .                                       (G.2)

, A P ,
#   Ax , #f x

. #f x
- #x - 1

.
N .

N #x
#f x - #fp x - , - z  -

.
, hm (z)- ,

3 4    4z 3    
def

h z z z ,

hi (z) - h- i- ,
0     z

def
h z

1     h i
def

i h zh z
m = log (nk + 1). mh z  -

2
4  = 1m kn

22 24 1  = 1 1
3 3

m kn

. , #x -
mh z . - N-

 67 (d) .

mh z -
:

z 2  h   -1 mod 2
mm z

z 2  h   0 mod 2
mm z

______________
1 P-

;   #
(64- ).
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(65- ),

z 1  p   -1 mod 2
knz                                             (G.3)

z 1  p   0 mod 2
knz .

P#P L-
. n - K

. :

(i)  = nk ,
#x

;

(ii) #x , #x - N - .

-

#
kn

fp x

.
12 kn

:

#  odd

      -1     #
kn

f x
kn

fp x

(G.3)

1 2    =  o d  #n dkn k f x

                    
1 2    = n   #   Akn k x

        
1 , , 2  W  kkn n A x

.

 (G.2)- ,
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3    2  , ,   2
4

k kn k nx L W n A x

        
1 5

4
  2  2 , ,   2knk kn k nW n A x

1
4

    0  , ,   2 kk nx L W n A x

        
1 17  ,

4
  2  2 , ,   2knk kn k nW n A x

. , 12 kn

- L- .
L  P#P .
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30-

 PSPACE = PH

,

.

.
 1980 

 Furst, Saxe,  Sipser [46]  Ajtai [5] 
.  PARITY  

,
.

,

, ,
Håstad [56] .

, Boppana  Sipser [20] .



 PSPACE = PH 29

0AC , ,
 indegree 

. ,
,

-  PSPACE oracle .
 Furst, Saxe,  Sipser [46] 

.
 PARITY- 0AC -

,
, 31- . ,

 Furst, Saxe, and Sipser [46] 
. ,

,
.

, PH-  PSPACE –  oracle  
.

 Yao [126]  Håstad [56]. Håstad 
 H .

0AC

,
0,  1   0,  1n . n

, ,
 2-

.
 PARITY .

 11  12 
.  NC 

,
, logspace 
. , :

.



30 30-

0AC ,
,

,
.

. ( ,
,

 logo n
).

, k  1-
, k-  1- ,

 +1
n
k

 2- 0AC

:

1,...,
   SV

nS x x
S k

.

NC- 0AC -
. ,

,
, ,

.

 0- ,

. , 12- 

. ,
, - ,

.

-  PSPACE-

: PARITY-



 PSPACE = PH 31

,
 oracle-   PSPACE .

30.1  (Furst, Saxe,  Sipser [46]).  c 

d , PARITY-  d, 
log2

cn

.    PSPACEA APH

oracle *  0,  1A .

. *  0,  1A . -
,

1,   if  x  A   
0,  otherwise.

def
A x

*

,
     0,  1    A   1 mod  2

def

y A y x
P A x y

*   0,  1  x  - x }.

 P(A) 
4- ,  4-

-  9, .

 P(A) -  oracle 
oracle- ,

. , x -

,  mod 2-
.   PSPACEAP A .



32 30-

, oracle ,  oracle 
- , n-

. ,   Px A ,
- - ;  n-

. -
n- .

,  n- ,

d ,
.

.
n- , cn

 d-
,  c 

d .
,  d :

,
,

.

,
oracle- , -

, ( )-
. ,

 N- . ,
 oracle  

,  N  -
. n ,  N n

.
n nC

. nO  N-
-  oracle- , nC .



 PSPACE = PH 33

nO  N ;
2 cn - .

,   = nA y y ,
. 2n .  N-

. racle
.

 V- ,
.

,
. ,

 indegree - .
,  1-

:

2 cn
nC 2n

.
 = 2nm ,

log2
cm

.  2-
,

 m ,  2-
,  m   0- ,

.  PARITY ,  d 
log2

cm .
.

, PH-   PSPACE-  oracle 
- . ,

n .
, n

. ,  d 
0 1,  M ,  ...M d



34 30-

. - . , -  ( ),
ni-

Mi , ni . 0 in Mi
 oracle- Bi ,  = B   0,  1 in

i iA
 Aii

A .  oracle- Mi ni-
, - , Bi-

. Mi  P(A)- .

PARITY 

31- 0AC -  PARITY   Furst, Saxe 
Sipser [46] .

 0  1 ,

.  d ,
 0  1-

.
1 - p  / 2 , 1/2- ,

.
. - ,

,
 d- .

 indegree- ,
 2- ;
 PARITY- .

,
.  indegree-

 indegree 
, .
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31-

 PARITY - AC0 - ,
 [46] -

.
 ( )

, t-  (t-CNF)
. t -

,
. ,

, t-
 (t-DNF) . t

.
 ( )  (

) .
 1- ,

0- .



36 31-

d
, ,

 0-
,

.  1-
, ,

.
  |M| ,

M - .
x x .

xyz yx z .
X X

,
 ( ) .

, X ,
,x X ,0,1x x : 0,1X X

. x x , x
- .

X - X -
.  - x

- ,
0 ,  x x 0 0,  1 1,  1x x x x

. , 1,  0x y z z ,

   = .x y x z z

,
. 1 - 1 / / 2n

 0  1 1/ n
.

: 2-  CNF 
,

, DNF 
.  2-  CNF 

DNF .
 2-  3-
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, .
,

.

31.1- . ,
/ 2n -

/2
2 /

n
e .

. 1/ n
. n ,

/n n n .
(I.7) n 1 / 2 .                                

31.1- ,
,

,
.

.

.

31.2- c c-
, 1/co n .

n  n-
1- /2cn

.
. -

,
X .  Pr (X ) .

| |s A ,
1 / 2sn . n

 (I.6) .

Pr  < e /   /c ccX c c e c

1/2 /2 1 /2= /  = n /   n  
c cc cesn c es c .

, s 1/co n
.     



38 31-

31.3-  b .  S 
. S- logb n

S-  a- .
A S  -
0  ( ) . n ,

A S  ( )
log 1 2 ab

n
. A S | |s A .   n , ( )

1/ 22 1 2 / 2 2
ss s an

. ( )- 1 2 a

.  S- ,
( ) . ( ) A S

| |
1 2

Sa

.

| | log log 1 2
1 2 1 2  = 

aS b n ba a n .

 ( )
. t .  1-

t - ,
t- ; ,  2-

t-CNF .

31.4- . PARITY-  d-
,  t PARITY-

d-  t- .

31.5 - . t  1 PARITY-
  3d t- ,  PARITY-

 d (t-1)- .
31.6- . PARITY-   1d

1- , PARITY-
 - 1d .
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31.4- . PARITY-  d 
kn . n-

- . t=2k+4 b=(k+1)
/ log(3/2) . 1- | |  C t

. C- t-
. n

1kn - .
C - .
1- . | |C t ,  0- ,

.
2- .  t | | logC b n ,  31.2 

n C- t
11 / 2 ktn n

.
3- . | | logC b n . -

 1- , 1C , | | 0C
. , t

C-  1 
. n

 1-

1 1 1 1 2
1 1  = 1   

2 2 3n n

,
. , C-

 1 

| | log
log 2/ 3 12 2

           =  
3 3

C b n
b kn n

.
n -  1- ,

| | >C t ( k 1)n -



40 31-

. , t-
1-

.  1- kn -

1 1Pr | |  >   Pr | |  >    = kk

C

C C t C t n n n

.
 31.1- ,

/ 2n - .
,

. ,
/ 2n

 1- t-
, 1- .

,
.

( ), PARITY
/ 2n t-  1-

. n- / 2n
, .

31.5- . PARITY- 3d
kn t- , 1t . 2-

S . T S-
. T

.
maximal T- ,

. S- T - S-

. , S- T -
T -

.
a=2k+4 b=-(k+1)/log(1-2-a) . T-

. .
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1- . - blogn- ,
blogn- ,

. 31.3 , n
- log 1 2 11 1

b kn n
a

 0- ,  2-
.

2- : - blogn- ,
- btlogn- S-

 (   maximal 
). 31.2 , n

- a-
11 / 2 kn na

. -
2 - 1 2, .. . , a .

t S - ,
. ( 1)t -

S
0 . S -

j , j
i < j , i . j

j - j - .
j j j

0   
2a 2a

j j j
j=0 j=1

.
, 22a - 20 1 ... a   (t–1)-

CNF ,

i i j .
n , 11 kn

 2- t-CNF ,
 (t–1)-CNF ,

.  (t–1)-



42 31-

 3- .
 31.4 

. ,
1- . / 2n

 1-
.

.
    
31.6- . .

1d  1- ,  1-
, 1d .

( ,  31.5- 1t )
31.7- n  (n–1)-CNF  (n–1)-DNF

.
. n n–1 -

 (n–1)-CNF . -
-

. , n–1
,  0 . ,

0- , .
n–1-DNF  ( ) .

31.4 - 31.7 ,
31.8-     ( , ,  [46])    PARITY  0AC .

. 31.4-31.6 ,
 PARITY 

.  2-  PARITY-
. –

 1- .
(  ( )

 ( )
). t t-DNF

t-CNF .  31.7-
.



- 43

-

 [56] - , -
 30.1- , PHA PSPACEA-

,
.

,
F - ,

- . | | n ; F -
22

n

. , F -
; ,

.
- ,

.
N , N - -

, M N. F -  1 
. -



44  H

,  M CNF M
.

M , -
. CNF ,

- , -

-  (71- ).
,

- - DNF
 (72- ).

- m .
: 0,1   YF F

, Y -
. ,

, -
- , x x x .

, 0M

M M .
,  - . ,

M , M . - N
, - M

 (80- ). ,
- , - M

. , x z y z x x ,
y y, 0z , - ,

( x)- . ,
.

H.1- . , , M m C .
var ,M C

 ( ). : var , 0,1M C

0M .
C M -

.
. -  1 

var ,M C -
, .
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- , var ,M C
1C , C C .

- M M M '
, ’ var ,M C -

. M - var ,M C -
. , - 0 1

, 1  CNF 
0  CNF .

0 1M ' C .
- M . M

, M . N
M N ,

1 =        M M M N M C C' ' .
C - ,

= =M M M N M' '. M '
, M N .

.2-  W .

    def

: 0,1
      W

W

.
(i)     CNF- , -

W CNF .
(ii) var ,M W M m , ,

WM m .
(iii) W W ,

W W .
(iv)   W W , 1

1W .
. (i) ,  CNF - . W-

,
W - . -

. : 0,1W ,
C  1- W -

.  1 ,
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.  0 ,

. WC .
(ii) ,  (i)- .  CNF - .

var ,M W ,  -
. W- ,
, WM . , -

, WC C , W .
WM - ,

W -  (78- ).
 (iii)  (iv)-  (79-

).

H.3-  ( -  [56]) -
 t-CNF .  0 

 1- 1 / 2p -
, .

Pr ( s-DNF ) s ,
4 / ln 2 5.77pt pt .

.
,

(   | M | s)pr M m s

. -
.

,
, - -  1-

:
P r(   | M | s  |   1)M m s .   (H.1)

( 1)  1 ,
 0- , 0s ,

 1- .
,

C . G i

, P r |E F a
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i P r |E G Fi a
 (73- ). , ( .1)-

P r(  | M | s |  1 1    sM m C  (H.2)

P r(  | M | s |  1 1  sM m C  (H.3)
.

 ( .2) .
. 1C

C C 1C
1C 1 ,  ( .2)

P r  | M | s |  1    sM m C

.
.
  ( .3)- .

  | M | sM m C .
. var ,A M C . H.1 

: 0,1A N m  (
N M ), :

• | |   | | | |   | |N M A s A
• var ,N C
• 1C .

, varA C , A A
,

.
- 1 0

, , 0 var C -
1 varX C - .

1 0,  var varC C X C X C , 1 0
.
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N m

N m

1 0N m

1 0

C
N m .2  (ii), var ,N C

1 0

C
N m  H.2  (iii), 1 C C .

  |M| s  var ,M m C M C A ,  ( .4)

, varA C A .

1 0: 0,1   
C

A N m

| |   | |    1N s A A A C .    (H.5)

  (H.3) .
, (H.3)-

  A var
    A

r |  1 =1 
C

P E A C                      (H.6)

E A  ( .4)- . ( .4) -  (H.5) 
,

  A var
    A

r |  1 =1
C

P F A C ,                      ( .7)

, F A  (H.5)- . ,
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  A var    : 0,1
    A      1

r |  1 =1
C A

C

P G A C ,      (H.8)

, G A

def

1 0=    |N| | |   
C

G A N m s A A A .      

1C var C
 73- Pr |  1 =1G A C

0Pr |  1 =1  G A C

0 1 0 0 Pr |  1 =1  G A C           (H.9) 

. , 0 1 0 ( )

1 ( ) - , 1 0 ( ) C
1 ( ) C - ,

0 1C .  H.2 (iv) 
, 1 1 ( ) 1 1 ( ) C

. , (H.9)

1Pr   |N| | |   
C

N m s A A A

1 0| 1  C .                 (H.10)

. 0 , 1
,

-
- .  75- , (H.10) -

1 1P r   | N | | |  |  1
C C

N m s A

0 0P r |A A .
.  ( )

| |s A - ,
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 (2  / (1 + )) | A |- .  (H.8) 

| |

| |

  var    : 0,1
     1

2
1

A

s A

A C A
A C

p
p

| |

1

| | 2
  2 1

1

kC
k s k

k

C p
pk

0

2
  2 1

1

kt
k s k

k

t p
k p

4 2
 1 1

1 1

t t

s p p
p p

4
 1 1s p

                           (H.11)

. - 4 / ln 2pt

1 1 / e
xx .  (H.11)-

 1- ,
 (H.11)- s - .     

.4-  d PARITY

 d 2 log 
c

n .
. . 1

log
c

t n
ln 2 / 8 t . , 2-

t-CNF  (
). ,

2- , t t-DNF
. ,

 2-

1
log log log2 2 2

c c c
n n nt

. ,
.



- 51

, n
:

2

1

ln 2
    2 log

8 log

c

c

n
np n n

n
.

 (86- ).
, n  2- t-CNF

t – DNF 
2

log
c

n n

. 2
log

c
m n n

3
log2

c
m

,
.

k d – 2 
,  2  log2

k
m  PARITY 

1- t-
. n  31.7 .   

                                                  
H.5- . A AP H P SP AC E , .

. .4  30.1- .
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 I

,
.

.
. , :

XE X

P r     /X k k                                                             (I.1)

 (83- ).
, : 1
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, XE
2

XE
X

2P r | |     X                                              (I.2)

 (84- ).

. ,  (0  1-
, ,

)
 (0  1- , ,

),
.

X X
i

i P r 1 =X pi i ,
X i , 1 ni .

1,  ... ,
    | |

P r   =    1i
A n A A

A k

X k p pi
i i

.

p -
,

P r   =      1
n

k

n
X k p p

ii

i i

. ,
.
.

. ,
0 , X X

i
i XE
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1P r 1   <   
1

e
X  .                                 (I.3)

.

1 /

P r 1   <    1
1

X e .                (I.4)

.    (I.4) 

1 /

1
1                                                                             (I.5) 

1 1 /
xx

. 1e ,

( 1e ) . ,
1 1 /

xx e
,

(57 ( ) ).

(I.3)  (I.4)- : k ,

P r   <   /kX k e k                                                    (I.6)

.
 (I.4)  (I.6)-

.
.

 ( )
: 0 1 0 k

k
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1P r 1   <   
1

e
X                                       (I.7)

1 /
1 1

1
e                                                            (I.8)

/P r   <   
k

k kX k e                                                           (I.9)

.

2 / 2P r 1   <   X e                                             (I.10)

.  (I.7)-(I.9) 
,

.

X i  (I.3)- .
 (I.4)  (I.6)-

(87- ).
(I.7)-(I.9)

 (88- ).  (I.10)-
ln 1

,  ( 89- ). X i -
,

.
,

 (82- ).
X i pi ,

X X ii
, X p

i
iE . 0a

.  (I.1) 
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1P r 1   =   P r XX e e aa

1Xe e aaE                                                                     (I.11)
.

,  (82-
) X i , Xe ia - .

  =     =     =   
X X XXe e e ei

i i i

i

a a aa

i

E E E E

=   1   =   1 1p e p p ea a
i i i

i i

                    (I.12)

. 1 1 / e
xx y

1 yy e . 1y p e a
i

, 1
1 1

p e
p e e

a
ia

i .
(I.12)

11 1
         

p ep e e
e e e

aa a
ii i

i

. 1e -a , (I.11) 

1 11   =   
e e

e e e
a a a a-a                                           (I.13)

. 1e a a a a-

. ln 1a ,
,  (I.13) - a -   (I.3) 

.
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32-

,

, ,
.

, .  ( )
,

.
, -

f . :
f - T(n) , f

  logT (n) . f-
. log 

,
.

,  S(n) ,
logS(n)- , S(n)

. ,  3.1- ,



58 32-

, S(n)- . ,
 log-

.
,

.
.

.
, ;

.
 J .

,

.
 [21]  [122] .

32.1-    (   [21, 122])    f x x
 :   f

, ( ( ( ))) ( ( ))DTIME f T n DTIME T n
T(n) ; , T(n)

- Mi , ( ( ))f T n
-

.
. x- Mi - ( )iT x

. n , ( ) ( )iT n f m , ( )iT n m
T(n) m- . T(n)-

m:=0 . ( ) ( )im T n f m
i n ,  :  ( )im T n

. i n
, .

T(n)- m- .
T(n) . Mi

( ( ))f T n .
. . .1 ( ) ( ( ))iT n f T n . T- ,

n i , ( ) ( )iT n T n .
,

. , ( ( ))f T n
___________
1 « . . .»  « »  « n - »

 . , « . .» ,   « »  =  «  n ».
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Mi  TM T(n)
jM  TM . , ( ( ))f T n

 TM- , T(n)
.

. . . ,
.

.

.  [17] .

32.2-  (  [17])  - Mi  TM-
T i x . 2( )f n n ,

 :   f .
, - Mi  TM 

. . . ( ( )) ( )j if T x T x , -
jM .

. f- n- nf :
def

n

n

f f f f .

0f - , 1f f , m n m nf f f
, 2( )f m m , 2( )

nnf m m ,
( ) 2mf m , ( )nf m - n-

.
0A

:
(i) - Mi , . . .2

(0 ) (2)n n i
iT f ,

(ii) k , A- jM ,
(0 ) (2)n n k

jT f . ,
A- Mi , . . .

___________
2 (2)n if -  i  n-

.  « . .»  « . . .»  «
 n »  «  n - » .
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1(0 ) (2)n n i
jT f A- jM

;
1( (0 ))   ( (2))n n i

jf T f f . . . f-

  2n if

<  (0 )n
iT                                (i)- .

A .
0

0 1,  ,  M M .
 N .

.
Mi - , i

.
N- .

. n , N nM
. ,

. Mi0n - (2)n if , Mi -
.

: Mi 0n -
- , N 0n A ,

Mi 0n - - , N
0n A . ( )iL M A .

Mi - .
, ,

N 0 ( )n
iL M .
, . . (2)n if

Mi A- - .
i- Mi . ,
0n

(2)n if Mi ,
,

;
.

, . . 0n Mi (2)n if
, Mi

n-
. , ( )iL M A
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, 0 ( )n
iL M , 0n -

A- .  (i) .
(ii) , k - , . . . (2)n kf

kN TM- A -
. m ,

kN - , N- m
. ; Mi

:
( ) . . (0 ) (2)n n i

iT f , ( )m i
N Mi - ;

( ) . . . (0 ) (2)n n i
iT f , ( )m i

, Mi .
max ( )i km m i . ( )m i m-

 (105- ),
. kN n m ,

0n A . ,
0n A - -

kN
. n m 0n ,

, N- 1,  2,   , m m n
,

. , N- m
, i k Mi

. 0n A : i k
Mi , ( ) m - Mi

.  (B) m Mi
,

. N m
.

, 0n A -
- kN .

0n- kN - .
n m , kN ,

. n m ,
n m kN , ( )n k -

1(2)n kf
.



62 32-

, i- Mi -
, Mi - log i - ,

log i - ,
log i - Mi - kN -

2(log )c i .
2 2 1(log ) (2)n kcn n f - .

12 2 2(log )     2
n k

cn n

1 (2)n kf 2( )f m m ,

2 2 1 1 2(log ) (2)    ( (2))n k n kcn n f f . . .

               
1  ( (2))n kf f

                          =   (2)n kf .
 32.2-

.
,  « »

. 2( )f m m
.

.
32.2- max ( )i km m i

. Mi - m ,
Mi -  ( )  ( ) ,

Mi - .
; k- - (2)n kf

 (105- ).
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33-

.
 [104, 114] .

:f .
, .

:
, - , -

 C .
, .

, M
,

:



64 33-

• M x - , ( )f x

• M x - ,
, M - ( )f x .

.
- 2:< >

def 1
,     .

2
i j

i j i< >                                                       (33.1)

2
1

2
2 :

def def
2 2
1 2( , )                 ( , )    .x y x x y y< > < >

2n ,
def

1 1 2 1,...,     ,..., , ,n n nx x x x x x< > < < < >>>

m n ,



65

def def
2 1 2

1 1 1 2               n n n
m m

.
( , )f x y< > - ( , )f x y
1( ,..., )nf x x< > - 1( ,..., )nf x x

. , ,
.

< > -
:

def
,     . ( ), ( ) .f x f x x< > < >gg

def
.c x c

2
1 , 2

2
 (

). , f   g ,
def

. ( ( ))f x f x< gg
def

,     . ( ), ( )f x f x x< > < >gg .

.
f g x- , f g

x- . f g x- ,
,f< >g x- .

,
 (  C 

- , - , ...).

0 1 2,  ,  ,  ...
,

:
(i) i- i .
(ii) : i x ,



66 33-

( , )    ( )iU i x x

U .

(iii) m
ns : i , 1 1,..., ,  ,..., ,n mx x y y ,

1
1 1 1( , ,... )

( ,..., )  =  ( ,..., ,  ,..., )m
n n

m i n ms i x x
y y x x y y

m
ns .

i i .
i , i-

i . ,
i , i -

.
,

(i) - (iii) .  – 
,  (

(i)), ,
 (  (ii), )

 (  (iii), 
m
ns ).

, .
i- , i-

;
 [61, 76]- .

,
,

. ,
,

, (i)- . i
x- , x- i

, (ii)-
. ,

,
- ,  (iii)-

.
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 (iii)- m
ns

. 1
1s

; . ,
def

3 1 1 3 3 3
2 1 1 1 2 3    , , ,s s s< < > >

.

1 2 1 2 3 1 2 1 2 3( , , , , )    =  ( , , , , )i ix x y y y x x y y y< < < >>>
    1 1

1 1 1 2
1 2 3( ( , ), )

 =  ( , , )
s s i x x

y y y< >
   

1 1 3 3 3
1 1 1 2 3 1 2

1 2 3, , ( , , )
 =  ( , , )

s s i x x
y y y

< < > >
< >

     3
2 1 2

1 2 3( , , )
=  ( , , ).

s i x x
y y y

Comp, Const  Pair

 f g
, f g 1

. ,
comp ,

comp( , )   =i j i j

.  comp .
3 3 3
1 2 3, ,U U< < >> m

.

( )( )  =  ( ( ))i j i jx x

   =  ( , ( , ))U i U j x

   
3 3 3
1 2 3=  , , ( , , )U U i j x< < >>

   
=  ( , , )m i j x

_______________
1  = 



68 33-

.  comp- :

def
1
2  , . ( , , )i j s m i j< >comp  

   
1 2 2
2 1 2=   . ( ( ), ( ), ( ))mx s x x x

          
1 2 2
2 1 2=   , , .ms < >

, 1
2s  , m , 2

1 , 2
2

.
,  comp 

. 1
2s - .

1
2

1
2 ( , )

( , )  =  ( , , )  =  ( , , )  =  ( , ),
s m

i j s m i j m i j i jcomp

 comp 1
2 ( , )s m .

f g ,
,f< >g

c c- . ,

( , ) ( )  =  ,             =  i j i j i i< >pair const

,  pair  const 
.  pair  const, 

comp
 (10- , 1- ).

- .
,

. ,
 ( )

. :
33.1-  ( ).

, i ( )i i . ,
i - .
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 34- .
,

([76]- ).
: x

( x ) ,

    ( )

,
-

. ( : « »  =  « »). ,

,
. -

.( . ( ) . ( ))f x f xx x f xx .
 [72]  ([73]-

).
33.1- . h ,

v , x- :
(i) ( )v v - ;
(ii) ( )v v , ( )v v - ;
(iii)   ( ( ))v v

x- .
, ( )v v ,

( ) ( ( ))( )  =  ( )
vh v vx x ,

. h-
;  (i) - (iii) 

,
.

h- u . ( ) ( )uh u u
: x ,

( ) ( ( )) ( ( ))( )  =  ( )  =  ( ).
uh u u h ux x x



70 33-

,
: ;

 (10- , 2- ).

.
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34-

0 1, , .
:

-  i
, ( )i i i . , -

i- .

 ( ). ,
.

1,                         
P  .

  P( 1),
x

x x
 12- , 12-

. ,
. -

.

=0



72 34-

-
- -

, - :

char * s = "char * s = %c%s%c; %cmain() {printf (s,34, s,34,10,10) ;}%c";

main() {printf (s,34, s,10,10) ;}

 34  10 
 ASCII . , s

printf .
UNIX

. ,
; -

.

x =’y = ‘echo  .| tr  .  " \ 47"‘;echo  "x = $y$x$y;$x"’

y = ‘echo  .| tr  .  " \ 47"‘;echo  "x = $y$x$y;$x"

.

.
,  « - » i ,

x ( )i x i . i- ,
33- const-

.

 [102, 103],  ( . .)
.

. , ,

, .
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,
: 0,1P ,

i j , ( ) ( )P i P j ( ,
). P

, P
.

P- . P ,
0( ) 0P i 1( ) 1P i , 0i 1i

. .

0

1

,    ( ) 1,
( )  

,     ( ) 0

def i P j
j

i P j

. , -
: j ,

0

1

( ) 0,      ( ) 1,
( ( ))  

( ) 1,       ( ) 0,
P i P j

P j
P i P j

( ) ( ( ))P j P j . ,
( )j j . .

 « »

. .
,

.
, ,   j j

- ( )j ,
.  « » - -

. :



74 34-

34.1- ,
. . .

. .
x- x-

,
. -

: x ( )x x , ( )x x
( )x . .   

, .
.  Java 

, :

. ,
:

34.2
, x ( )x x ( )x x .

. x . ( )x -
. :B x  0-

. , y B y x

0,1,2, , 1,B x x - .

1,         ,
( )  =  

,              ,
x z B

f z
x z B
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f- y ; (y)y f

. y-
. y x , ( )x y

:
(y)        ,y f x

y B , ( ) 1x x
:

( ) 1 (y)                .x x f y x

, y x y B , :B B y
.

(y)        y f x
, . B x+1-

,
. , x- .   

, .
([104]- ) .

34.3- .
0 1 2, , , 0 1 2, , , . i ( )i p i

: .
. U

U- .

( , )   =   ( , )   =   ( )ii x U i x x

. 1
1s

1
1 ( , )

( )    =    ( , )    =    ( )is i
x i x x



76 34-

.
def

1
1  . ( , )i s i

; i- ( )i i .
,

1
1s , j ( )j j

- .
i ( )i p i , -

:
.

- . n- ,
: n nA B , nA nB -

- n- , nA -
ni A ( )i p i . n ,

~ nA - m . ( )m ,
, ~ nk B

 (34.2- ). nB ,
. , n , k

. ( )k -
, ~ nm A .

, m k , nm A nk B .
( )m k , 1n nA A m , 1n nB B k .

, -
.

,
.    

 108- .
 [90] ([104]-

) ,
. -

- ;
A B B A , A B-

. ,
-
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 (109-
).

,
 (107- ).
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 J 

,
.

:
 (« »)
. ,

. ,
 (32.2- )

 (32.1- ). ,
,

.
,  [16] 

, -
,

.

i
,
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  (i) x  ( )i x , ( )i x
;

  (ii) ( )i x m i, x, m- ,
i  - .

  (ii) :
f ,

1,   ( )  
( , , )  =  

0,
i x m

f i x m

.
.

,
.

: ,
.

i ;
i- i

(116- ).
,

f

| ( ) (    )i

def

f i n f nC

. ,
; i fC - ,

. . ( )f n - ( )i n .
32-

,  ( )
.

, 32.1-
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(120- ). ,
, ,

.
J.1-  (  [21])

. ( )f x x
, f f tC C t .

, ( )f x x
, . . . ( ) ( ( ))i f t xx , j i . . .
) )( (j tx x j

t .

. 120- .

J.2-  (  [17])
. f

g , g-   i . . . ( , ( )) ( )j if n n n
, g-   j .
.

 (32.2) ,
,

.
- , .

r rg - .
, r rg - i

,

( )  ( )i rn n i  a.e.1                      (J.1)

.
0- (0) 0rg 0D  (32.2-

 D ).
____________
1 32.2-  « . . .»   « . .» n .

,  i ,
.
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1n i- , ,

(i) i n
(ii) 1ni D
(iii) ( )  ( ).i rn n i

 i , ( ) ( ) 1r in ng
1n nD D i . i , ( ) 0r ng

1n nD D .
rg ( ,0,0)h r

. 0 i n ( )r i , ( ,0,0) ( )h r n
. r ,

( ,0,0)h r - ( ,0,0)h r - rg
(J.1)- .

, r ,
. .

rg   « . .» .

1 k m ( , , )h r k m - :
0,  , 1m . ( , , )h r k m - ( ,0,0)h r

.
n m i- , ,

(i) k i n
(ii) 1ni D
(iii) ( )  ( ).i rn n i

i , ( , , ) ( ) ( ) 1h r k m in n
1n nD D i . i , ( , , ) ( ) 0h r k m n

1n nD D .

, 0 i n k ( )r i ,

( , , ) ( )h r k m n .

, r , ( , , )h r k m - .
,
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( , , )  = h r k m rk m g 2

. ,

m- ( ,0,0)h r - , i k , mD
- jD - .

, jD - ( , , )h r k m - ,

( ,0,0)h r - , rg .

r - . -
:

def

( ) (0)  0r

def

( ) ( , , ),
( 1)  1+max ( , ( )).r h r k mk m n
n f n k n k

, - ,

def
(0)  0r

def

( , , ),
( 1)  1+max ( , ( )).r h r k mk m n
n f n k n k

r .
(0)r ,

0 i n ,

____________

2  « ,  ...»  «
 ...». ,  «  ...».
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( )r i , ( , , ) ( )h r k m n k ,
( 1)r n . k, m n ,

( , , )( 1)  >  ( , ( )),r h r k mn f n k n k

( , , )( , ( ))  >  ( 1)h r k m rf n n n k . . .

, i rg -  i   (J.1.)-

( , 1, )( , ( ))  <  ( )  <  ( )h r i m r if n n n i n . . .

.
,

,
 [83] .

,
.

, ,

( ( ))DTIME p n P
p . , p ,

2log  2 n log  log nn .
t

g .

J.3-  (  [83]).  i  n

1( ) ( )i if n f n , 0 1, ,f f . .
.

  =   f i
i

C C

 f .

, g ( )  ( )i n f n . . .
g i ,
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g j k , ( )  ( )j kn f n . . .
.

. , f
:

(i) k ,  ( )  ( )kf n f n . . .
(ii) i ,  k ( ) > ( )i kn f n . . ,

 ( ) < ( )if n n . .
f- - : (i) f

,  (ii) f . ,  (i) 
- . . .,  (ii)- . . ,

.
f- ,

,  (i)     
jf fC C ,

(ii)- : ( )  ( )i n f n . . . , j

( ) > ( )i jn f n . . . ;   =
if fi

C C .
f . J.2- -

, f- .
, ( , )i k , i k

( )  ( )i kn f n . . .
, f- ,

.
0 f(0):=0-  (0,0) 
, .

1n .      , n-
( , )i k - ; ( ) > ( )i kn f n . ( , )i k ,

( ) :=  ( )kf n f n , ( , )i k -
( , 1)i k - . ( , )i k ,

( ) =  ( )nf n f n . ( , )n n -
.

m k m
( , )i k  ( 2

2
m ).

, .
,
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.
,

,
,

. ,
k m , ( , )i k

, ( ) =  ( )mf n f n .  (i)- .
(ii) ,  k ( ) > ( )i kn f n . . , i k

( , )i k
. ( , )i k ,  ( ) < ( )k if n n

( )f n ,  ( ) < ( )if n n .
,  ( ) < ( )if n n . .

kf - ,
 (126- ).

 116-127 
.
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35-

A , B . B
M ( )BA L M , B - A . . (

) . B
M ( )BA L M BM , B
- A . , A -
B , B - A .
A B - , TA B .

T  - .
. .

, . {0,1}
{0,1} -

.

def
0
1    p.c. ,
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0
1

def
 { },

0 0
1  ( ) |

def
B

n nL M B

=  { 0
nB  -   AA . .},

0 0
1   ( ) | ,  

def
B B

n nL M B M

, |A A - 0
nB

T|A A B 0
nB ,

0 0
def

n n - .

, 0
1 - - . . ( )

. 0
n ,

0
1 ,

0
n

.

.  10.2-
.

A . . ,

  =  |  ( , )A x y R x y                                                                            (35.1)

R . ,

HP  =  # |   M x t M x- t- ,

MP  =  # |   M x t M t- x- .

« x - M » ,  «
x- t- » ,

. x- t
M- ,

.
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HP  =  # |M x v x- M- ,

MP  =  # |M x v x- M- -
.

(35.1)
( ) 0

1 .
, 0

1 - . .
. , R ,

  =  |  ( , )A x y R x y                                                                                (35.2)

, A
.

. . - . . ,
. ,

0 0 0
1 1  =n .

,
32- PH .

35.1-    (i)    ( 1)n -  R 

1 2 3 1  =  |     Q  ( , ,  , )n nA x y y y y R x y y

, A 0
n - , Q = 

n , Q  n .

(ii) ( 1)n -  R 

1 2 3 1  =  |     Q  ( , ,  , )n nA x y y y y R x y y

, A 0
n - ,

Q = n , Q  n 

(iii) 0 0 0  =n n n .
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. 128- .           

PH - ,
PH -

,
.  39- .

35.2- . EMPTY |  
def

M x t M t x-

, EMPTY | ( )
def

M L M 0
1 - .

33- , (33.1)-
, x t

.

EMPTY |  
def

M z M 2
1 ( )z - 2

2 ( )z -
}.

35.3- .TOTAL   |
def

M x t x- t-

, TOTAL  |
def

M M 0
2 -

.

35.4- . FIN  |
def

M n x x n ,
 ( )x L M

                    =  |  M n x t x n t x-
- -

, FIN | ( )
def

M L M 0
2 -

.

 (33.1)-
, .

          
35.5- . ,

- .

COF   |      ( )
def

M n x x n x L M
=  |  M n x t x n t x- -
-

,



90 35-

, COF   | ( )
def

M L M - 0
3

-
.

35.1-
. ;

0 0 0
1n n n , 0 0 0

1n n n
. - . .

. .  ( , HP ) . .
- . .  ( , HP ).

, 0
1

0
1 -

. , n
0
n

0
n

 (11- , 2- ).

A B mA B ;
: , x

    ( )x A x B

, mA B . m

log
m

p
m ,  - 
.

MP   # |
def

M x M - x- }
,  « » . .

. m . . ,
:

#x M x ( )L M -  MP- .
m . . ,

. .- . , . .
A mA B , B . .-
. , MP- . .- .

m -
 ( , HP- ),

m .
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B . . . .- ,
. .- . ,  MP  HP . .

.
, C .

A C mA B , B C m
-  ( C - ) . C B

m - B C , C B m -
( C - ) .

5.3- .
: mA B 0

nB , 0
nA ,

mA B 0
nB , 0

nA .
 (

), 0
n B m - ,

0
nB  ( 0

n
0

1n ) .
, m

- , :

(i) HP 0
1 m – ,

(ii) MP 0
1 m – ,

(iii) EMPTY 0
1 m– ,

(iv) TOTAL 0
2 m – ,

(v) FIN 0
2 m –

(vi) COF 0
3 m – .

,
,

-
. ,

. , EMPTY HP-
COF FIN- .

 (ii)- . (v)- ,  (vi)-
36- ;
(130- ).

,
0
2FIN . 0

2 FIN m
- , 0

2 -
.  35.1-

.
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    |  ( , , )A x y z R x y z

0
2 - , ( , , )R x y z

. R - .
FINN , x A ,

N . ,
 ( , , )y z R x y z , N

; ,  ( , , )y z R x y z ,
N . N

:
(i) - y ;

(ii) y ( , , )R x y z z
 ( , - # #x y z - ),

, - . N -
M - .

 (ii) , - y
N z

# #x y z M - , - - ,
z - . , N

; z- .
z , N .

N - M .
x A , z , ( , , )R x y z

y  ( , z - # #x y z - );
y , (ii)- .

N . ,
x A , y ( , , )R x y z z ,

 (ii)- . N
- - .

, x A , ( )L N
x A , , x N
A - FIN - m - . A

0
2 - , 0

2 FIN m - .
0
2 TOTAL - m -

, . ,
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, 0
2A , N ,

  ~x A , 0
2~ A .

         ...

Рекурсивті жиын

r.e. жиын co-r.e. жиын

Σ 0
1

Σ 0
2

Σ 0
3

Π 0
1

Π 0
2

Π 0
3

Δ 0
1

Δ 0
2

Δ 0
3

HP
MP EMPTY

TOTALFIN

COF

35.1- . .



94 36-

36-

.
:

0
1  |

def

n A A 0
nB - . .

0=  ( ) |B
nL M B ,

0
1   |

def

n A A 0
nB -
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0=  ( ) | ,  B B
nL M B M

T=  |A A B 0
nB ,

0 0   |  ~
def

n nAA ,
0
1 . . 0

1 .
:

( )M x x- M ,

( ) tM x t x- M ,

( )M x x- M ,

( ) tM x t - x- M  .
, HP   # | ( )

def
M x M x .

 ( ) . ,

FIN |
def

A AM L M

.
36.1- 0

3
HPF IN m - . ,

0
n A m - , 0

2n
AFIN m -

.
. 0

2FINA
n ,

FIN     ( ) A AM L M    ( )A ty z y t M z (36.1)
 ( ,

, -
). A 0

n - ,
( )A tM z A - , 0

1n - .   35.1
(iii) 0

1n -  35.1 (ii) 
,

1n
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.  (36.1)- 2
y z y t ,

0
2n . FINA

- 0
2n - .

FINA - 0
2n - ,

FIN - 0
2 - .

0
2 - FIN - .

, ( , , )R x y z

m|   ( , , )     | ( )x y z R x y z M L M

. ,
. ,

x M ( )x
:

  ( , , )      ( )y z R x y z L M .

x , - -
y- - y

( , , )R x y z  z- . ,
  ( , , )y z R x y z , ( )L M ; ,

  ( , , )y z R x y z , y -
M ,

.
A

. ( , , )AR x y z A - ,

m|  ( , , )     |A Ax y z R x y z M L M
. - -

y- AM -

y ( , , )AR x y z z - . AM
( , , )AR x y z - , A
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. ,   ( , , )Ay z R x y z ,

( )L M ; ,   ( , , )Ay z R x y z ,
AM .

0
n - A 0

2n

1 2 3 2 1 2|     Q  ( , ,   , )n nx y y y y S x y y ,

A - R

|   ( , , )Ax y z R x y z

. 0
n -

, 0
n

1 2 3 2 1 2( , , ) |  Q  ( , ,  , )n nx y y y y S x y y

A - ,
.

0
3 m - :

 • COF | ( )
def

M L M - ~ = | ( )M L M

 • REC | ( )
def

M L M ,

 • REG | ( )
def

M L M ,

 • CFL | ( )
def

M L M .

0
3-

. ,
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COF  =  |     ( ) tM y z z y t M z

=  |      ( ) .tM y z t z y M z
0
3  36.1 0

3 -
HPFIN - , COF - m -

.

HP|M L M m  | ( )M L M -

; N M

HPL M    ( )  L N -
.

- , HPK ,
y - :

(i) HPM - - y - z
- . z y ,

z HPM -
. , HP ( )M z

. z ,
. ,

. z
 (ii) .

(ii)  - #H H
,  (i)  « »

.
  « » . « »

.  « » ,
, - H .

,

• HP( )L M , HP( )L K - ;

• HP( )L M , HP( )L K .
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HPK - ,
N  (

 23- ).
, ,

.
1. .
2.

.
3.

.
4. , 1i - i

- .

. HPK -
,

.
.

5. .
HPK - -

N 1-5 ,
. 1-4 

; N - - ,
?

: N
. HPK -

;  (ii) !
, -

N  1-4 ,
. , - .

,
.

, . ,
#H , H N

H- . ,  (N)
- , #H

-  « » ,
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 5- . N ,
#H .
HP( )L K , HPK

- .
- , - ;

( )L N - , .
N ,

, HP( )L M .
,  REC, 

REG  CFL 0
3 -

(133- ).
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37-

. . m   T - . A
m- m A-

, A  T -
T A-

.
,

,
.

. . T- ,
 ( , - ) . .-

 ( , ). m-  T 
- , . . m-

.  1944 [96], . . m -



102 37-

,  T- .
.  1956  12 

,  [45]  [88] -
.

-
.

 38- .
,

.
m- ,

.
, [104, 114] .

 33  34-

,  35  36-
.

0 1, , . x ,
x y- , ( )x y ,

def

xW    =  | ( )x xy y ,

.
xW . .

x . . xW .
0 1, ,W W . .

.

    | ( )   =  | .
def

x xK x x x x W

K . .- :
.comp( ,const( ))y x y mxW K ,

K- kW , comp( ,pair( , ))k u i i , u i
- .
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T -  m - 

m T :
x

     ( ) ,x A x B

, ,A B
mA B A B - ,

TA B ; , BM ( )BA L M
M

. mA B , TA B ,
x - ( )x - M -

. , : T~ K K
, m~ K K .

mA B mB A , mA B
TA B TB A , TA B . A

m - T -
, A- m- T- .

m T ; ,
A A- m- A- T-

 ( setwise) .
m- m

- . m- K- . .-
b m- . . m - .  1944 

m-
 T-

.

37.1-   (  1944 [96])  . .-
. . .

,

37.1- ,
.

37.2-



104 37-

• A ,
• A . .

, A .
37.3-

• B . .
• ~ B ;

B .
,

• B . .
• ~ B ,
• B . .

B .

37.4- xW C
,

( )    xx C W

, C .
C - .

σ(x )

Wx

C

37.5- . , .x x - ,
~ K .

~xW K .
x ,
xW -     ( )x xx W x ,
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K - x K .
, ,

• xx W x K ,

• xx W x K .

~xW K ,
; ~ xx WK .

,
37.1- .
37.6- .
37.7- B , ~ B .
37.8- A . .- , ~ A .

. ,
,

.
37.1- . 37.6-

B . B ,
~ B . . ; B

. , ~ B B
. . . , 37.7  37.8-

B . .- .      

37.6- . B .

:
• B . . ,
• ~ B
• B . . .
B . xW . .

xM .
/
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,  ( [76] ).

. ,

.
B -

.

.
0M - , 0M 1M

, 0M , 1M , 2M
. ,

.   
,

.
, xM -

2y x - , y-
, xM -

. ( )g x -
xM - y ,

. xM 2y x -
, xM -

( )g x .
B

. B . ,
, B

. . . , ,
2n- 0,  ,2 1n B - n

, g(0),  , ( 1)g n . ( ) 2g m m
, ( )g m

. , x
xW , B . . . xM

2y x , xW
y B - .   

37.7- .
, . .
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.
C . 0i ;

0
  =  .iW C

0i
W C .
( )    

nn ii C W .

1
    ( ) .

n n

def

i i nW W i

1ni
W C . , ni 1ni

. ,

0 1 2( ), ( ), ( ),i i i
C - . . .     

37.8- . A . . - .
, mK A .

x ,

    ( ) ;x K x A
,

1  =  )~ ,~(K A                                                                                     (37.1)

1 ~ ~( ) | ( ) .
def

A Ax x

37.5- , .x x
~ K . A

.

 ~iW A . - m

  =  .comp( , )i i m
.
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( ) comp( , ) =i i mW W

      comp( , )=  | ( )i mx x

        =  | ( ( ))ix x

      =  | ( ) ix x W

      
1=  ( )iW

      
1 (  )~ A 1 -

=  ~ K      (37.1) .

- ~ K -
,

1 1 1
( )( )  =  ~ ~  =  ( ( )  )  ~= ( ; )i i ii K AW W WA

( ( ))  ~ .iWi A

~ A -
.

37.8-  112- .
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38-

-

.
,

.
0 1, , .

def

nW   =  | ( )n nx x

    | ( ) ,
def

nK n n

 ,  “ ” ,



110 38-

T        
def

B C B C - .

T T          
def

B C B C T .C B

38.1-   (  [45]  [88])    TK A ,
. . A . ,

T T       A K

A .

38.1-  [114]- .
.

38.2- . A . . T
AK K ,

.
, A ,

A ,
A .

38.3- . A , T .A K
. A . . K . .- , TA K

. , T
K AK K ,

TK A . T
AK K T -

T
KK K . , 0

2KK 0
1 K .

,
• A . . ,
• ~ A
• A . . , A

.



- 111

38.4- .
38.4- . , -

.
38.1- . 38.4-

, A . 38.3-
TA K .

, T A .       

 38.4- .
A

0

  = t
t

A A

, , tA -  t
1t tA A , 0t .

A -
.

A -
A - . ,

,
.

. ,
,
.

.

.
A

:
(i) A . . ;
(ii) A - ;
(iii) A . . ;
(iv) T .AK K

A - ,



112 38-

 (i) .  (ii) 
, ;

 (37.1- )
.

 (iii)  (iv) 
. n ,

:
nP : nW , nA W .

nN : t ( )tA t
n n , ( )A

n n .
t  - «  t

» .
nP ; n

,  (iii)- . nN
; n ,

(iv)  ( ).

0 0 1 1 2 2  >    >    >    >    >   P N P N P N

. ,
.

nN - . ( )tA t
n n .

,
, - .

, ( )A
n n .

tA . ,
. nN

. , nN -
kP , kP

. , nN
.

nN - .
, nN ,
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 ( )     ( )      ( )    ( ) ,t t tA A At A t t
n n n nt n n t n t n

,  « »
 « » .

nN - ,
.

n nN ,

  =   | ( )   =  |  ( )tAA A t
n nK n n n t n

  |   ( )   =  |   ( )t tA At t
n nn t n n k t k n

  |   ( )tA t
nn k t k n                                                   (38.1)

. (38.1) 

0 0 0
2 2 2 T      =    =  B | B ,AK K

, T
AK K ,

 (iv)- .
, , A -
- . mM

mW - , 0 1 2, , ,...M M M
. 0A .

37.6- , 0 1, ,...M M
,

. mM x- ,
. ,

. tA - ,
t A - .

(a) 2x m , .
(b) , n m , t ( )tA

n n -



114 38-

. n- , x tA
- , .

(c) , x A  ( , 1 :  { }t tA A x
) mM - .

.
 (i) . 37.6- , ( )

|  {0,1,...,2 -1}|     A m m

, (ii) .
nP nN .

n  (c) ,
mM , m n . ,

( )tA t
n n , s t ( )sA t

n n
.  (b) - ,

.
( )A t

n n , nN .
nP : nW ,

2n- x- nM .
, .

( )tA
k k - .

x A - .       
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39-

,
,
.
,

1
1 .

- ,
.

1
1

1
1

.

1
1 -



116 39-

, - 1
1

. :f
( ) , « » .

.
, 1

,

  , , ,f y x y f                                                   (39.1)
,

(141- ). n -

|   , ,na f y a y f
.

 IND

,
,

. , R *R
,

    , | , ,X a c a c b a b R b c X              (39.2)

 ( ).
;

[87]- .
.

IND

.
. , IND

 « » . IND
 [53]   ([54]-

).
___________________
1 :  :  ,   :  :  , .x f f x x x xg g
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IND
. :

• : :  :      :  :x y
• : : 1,...,  nR t t , goto
• : : - : -

,
.

, -
. :x ,

; :y ,
. 1,..., nR t t

,  ( )
. - -

.
.

.

-  (1) -  (0) 
. ,

,
.

 1- ,
- ;

 0- ,
- . ,

- , - ,
.

IND .

,
.

, ,

.
goto ,
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   x = xif then goto
.

,
. ,

   R tif then  reject else

    R tif then  goto

goto

:    reject .

: 1x y
,

:x

 1 x yif then reject .

,
, -

!
.

,

   y z w x y x z w

x

:y
:z
:w
x yif then reject
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x z wif then accept
reject ,

. :
.

,
IND . , R -

*R -
. ,x z

, *x z R , -
.

:      x zif then accept
:y

      ,  R x yif then reject
        :x y

goto .
 (39.2) - .

. 8 
( )  MOVE-

. - .
x  I 

, MOVE( , )x y y- ;
 II MOVE( , )y z z- ;

. ;
. , ,MOVE y zz

y , .
x x

, . ,
8- ,

WIN MOVE MOVE WIN     ( , )   ( , )  ( )x y x y z y z z

WIN - .
( ,

: y ,
MOVE WIN ( , )  z y z z ).

,
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def
MOVE MOVE    |  ( , )   ( , )  R x y x y z y z R z

-
.  WIN(x)- IND

:

:      :y
MOVE ,  if then rejectx y

:x
,if then acceptR y x

goto .

.
 (23- ).

IND
:

             :x
:      :y

if then accepty x
             :x y

goto .

, IND .
.

1,..., nx x x n- R - ,x R
. - R -

;
. n- B

def
    | , .B a a B

- ,
B -

| ,a a B . -
,   A.9 
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n - F
. ,

; ,

1 1 1,..., | ,..., , ,..., ,m m m na a F a a b b

, 1,...,m nb b
. 1,...,m nb b ,

1,...,m nb b - 1,...,m nx x IND
. ,

F - 1,..., nx x
.

,

. R
.

,
.

, IND
. IND

.

IND , -
 ( )

. A ,
A - IND

. A - , A - IND
;

. A -



122 39-
.

,
.

-
.

,
Th( )  (142- ).

A - ,
A - - ,

: R - IND
R IND ,

,
.
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40-

.
.

, 1
ck

,
. 2 2 , -

. 1 .
, ,

,
,  (Rogers [104] 

) . ck
1
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. ,
.

-
. - *-

. ,
 – T .

• T ,
• xy T , x T .

T -
T - .

, T
. T -

T - . T
, - T

.
T , : Ordo T  -

def
( )    sup  ( ( ) 1)

xn T
n

o x o xn

. , ,
( ) 0o x . , xn T
( )o x ( )o xn - ,

.

· · ·

0
0

0
0

0
0

0
0

0

1
1

1
1

1
1

1
1

2
2

2
2

2
2

2

3
3

3
3

3
3

4
4

4
4

4

5
5

5
5

6
6

6

7
7
8

ω
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, 0n m n ( ,0,0,  ,0)
m

n

. o -
 0- ,

1- , . - .
T , T- o(T)

. o(T) 1sup ( )T o T .
T o(T) ,

. ck
1

.

IND .
IND ,  1 

 0- . -
,

. o
. ck

1 IND
.

40.1-    (  [74])   1
1

, 1
1

.
. 1

1
. , - A
. nF A

( , )x R , A A - .
F - -

( )     (  ( , ) ( )) ( ).F x R y y R R y R x
1
1 .

- 1
1 .

,
, ,
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 ( ) ( , )f x x f ,                                                                                  (40.1)
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     if  {y n      // ( ( ))f n f n x ?
: ( );z f y      // ,  z 
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=  |   x y y ( , )R x y -

R ,
A .

. R ,  (40.3) 
:y IND

, y
( , )R x y

.
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.
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.
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.
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.
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.
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.
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( , ) ( , )i jt t ,i j J , iA -

{  | }jt i k j . , , j J
( , )jt , iA -

{  | / ( 1)}d d
kt k n m n .

      (d) .
     (e) iA - | | /( 1)d

iA n -
. 57( ) :

11 ln 2 ln 1d d dn n n O n
,

- .
   (f) iA ,

, . ,
,

. | |iA jj t -
, iA .
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60. (a) ,
,

. q - 1
0 ( )n n i

i q q n n
.

 *H(b) q -
, n n

.

61. n V- E ,
 dim E  codim E E- -

(n ) . codim codim codim E F E F
.

62.  F.1-  3/4 n
.

63. (  [93]) P  (“P- ”)
TM M

A ,
x- M- -

, x A . , M
,

 mod–2-
. G- P- .

PP P .

64. # P -
.

  (a) :{0,1}f # P - ,
x A P 0k , ( )  | ( , , ) |kf x W n A x

.
  (b) :{0,1}f # P - ,

 TM M ,
x- M- - ( )f x -

.
65.  (  G.1) ,



169

, ( )mh z :
z 2     ( ) 1(mod 2 )

mmh z
z 2   ( ) 0(mod 2 )

mmh z ,

def
3 4( )    4 3h z z z

def
0 ( )    h z z

def
1( )    ( ( ))m mh z h h z .

, .
66.  G.2- . C p

T -
,

       S(ii) log C C ;
  *HS(iii) BP BPC C ;
       H(iv) BP BP BPC C ;
       H(v) C C ;
       H(vi) BP C C p

T - .

67.
# P .  G  

. # P
.

(a) : , , #f Pg , ë . ( ) ( )f x f x xg g # P .
(b) : , , #f Pg , ë . ( ) ( )f x f x xg g # P
*(c) f #P- , d
ë . ( )

dxx f x .
*S(d) {0,1}x - z z-

:{0,1} [ ]zg
. , | |x - ( )xg -

g .
( )xg -

iz - x
i- .   f  # P -

, ë . ( )( ( ))x x f xg - .
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68. (  [92]). x-
( )f x - , | |x -
. | | ( )x f x -

, x y-
, ( )f x y .

.     
    H(a) , -

.
, P PSPACE .              

       (b) 
,

P PSPACE
.

69. (a)
( ) ( )    ( ) ( )z u z v z u z v .

    (b) 
x- ( )x

.
.

0 1 0 1( )  =  ( ) ( )x x x x

0 1 0 1( )  =  ( ) ( )x x x x

, 0x 1x ( )x - .
     HS(c) k ,

.

H70. 69(a)  (
) excl( , , )z u v

. x
( )x

.
(excl( , , ))    excl( , ( ), ( ))z u v z u v
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71. - M -
M - . CNF ,

- M , -
M

M - .
.

72. .
-  DNF .

73. F - iG  ( ) ,

Pr(  | )  =  Pr(  | ) Pr(  | )i i
i

E F E G F G F

  max Pr(  | )ii
E G F

.

74.
Pr(  | ) Pr(  | ) Pr(  | )E F G E F G F G .

75. 0 0E F 1 1E F 0F 1F
,

0 1 0 1 0 0 1 1Pr(  | ) Pr(  | ) Pr(  | )E E F F E F E F
.

76. (a) G E E F ,

Pr(  | )  =  Pr(  | )E F G E F
.

      (b) -
. G E F ,

Pr(  | )  =  Pr(  | )E F G E F
.
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77. (a)
Pr(  | ) Pr( )    Pr(  | ) Pr( )E F E F E F .

       (b) :

Pr(  | ) Pr(  | )    Pr(  | ) Pr(  | )E F G E F F E G F G .

78. M - M ,
- M .

79. H.2-  (iii)  (iv)- :
( )W W W ,

      (a) ( ) ( )W W

      (b) ( ) 1 , ( ) 1W .

S80.  H-
. X   CNF  

: {0,1}X X . -
Y

Y - N . ( ) - N ,
( )N M - M .

.

S81. - .
,

1
2 (1 )  0  1- ,

p .
0s ,

Pr( m( ( )) | |   )M M s
<    Pr( m( ( )) | |    |  ( ) 1)M M s

CNF .
1- ,

.
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82.    (a) iX ,
1 i n .

.
     (b)  (a) 

.

83.  (I.1) : X
X

Pr( )    /X k k
.

84.  (I.2) : X
2(( ) )X

X , 1 -

2Pr(| |   )    X
.

85. p n
(1 )np p

.

86. (I.2)  (a)  (I.7)  (b) 
, p

n ,

.

87.  (I.3), (I.4)  (I.6) 
.

88. (I.7)- (I.9) .

89. (I.10) 
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2 /2Pr (1 )   <  X e

, 0 1 .

90. , ,x y
.

     (i) : : 0x : 1x y :x y
     (ii) :  ; q
     (iii) :                     if x y  then p else q
     (iv) For :                                 for  y do p
     (v) While :                               while x y  do p

 (iii)  (v)- , , , ,
.

while .  (v)-  while 
for .

for- :
y p .
y-

y-
 ( ).

-  while ,   while-
.

for ,

, .

91.
k P ,

( ) 0zero ,
( ) 1s x x , 1( ,  , )n

k n kx x x
:n n

k , 1 k n  . 
.
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(a) :

: kf 1,  , : n
kg g P - ,

1( ,  , ) : n
kf g g , 1,  , nx x x

1 1( ( ,  , ))( )    ( ( ),  , ( ))
def

k kf g g x f g x g x .

(b) :

1 i k 1: n
ih : n k

ig P  -
, : n

if , 1 i k ,
:

def
(0, )    ( )i if x h x

def

1( 1, )    ( , , ,( , ),  , ( , ))i i kf x x g x x f x x f x x ,
2 ,  , nx x x .

C
, , ,   

.

(a) :

: m nf : n kg C - ,
: m ng f ,

( )( )    ( ( ))
def

g f x g f x .

.
,

.

(b) :

1,  , : m n
nf f C - ,

1( ,  , ) : m n
nf f ,
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1 1( ,  , )( )    ( ( ),  , ( ))
def

n nf f x f x f x

.

(c) :
: n ng C , 1: n nf

,

( , )    ( )
def

xf x y g y
C - , ng - g

- n :
def

0 ( )    y yg
def

1( )    ( ( ))n ny yg g g .
P C .

92. (Meyer  Ritchie [85]) 90-
- for ,

.   91-
 ( ) .

HS93. (Meyer  Ritchie [85])  
,

while .

**H94. :
def

(0, )    1A n n
def

( 1,0)    ( ,1)A m A m
def

( 1, 1)    ( , ( 1, ))A m n A m A m n .

,



177

def
(1, )    2A n n

def
(2, )    2 3A n n

def
3(3, )    2 3nA n

2
2def

2

3
(4, )    2 3

n
A n .

ë . ( ,2)x A x
. 91  92-

.

95. UNIX -
- .

, I/O

. 34- UNIX -
.

H96.  (PCP) 
(25- ).

97.

A - . , ( )L M A
M k ,

x , M | |kx
. A EXPTIME ?

HS98.

{ |  }xx y x
.

H99. . .
.
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100. (a) 
A . . :

             • i A , iM ;
             • A - .
    *H(b)

A . .
              • i A , ( )iL M ;
              • A - .

101. (a) 
: ( ) ( )n x n

- ,
. -

, . ,
, ,m n m n , ( )n x m ( )m x n

.
        (b) -

.

102. (a) .
,m n , ( )n x m ( )m x n

.
         (b) - -

.

*103.
A . B A

, A - TM
B - . . . .

.

104. (a) P NP
kn - ,

 ( , )
.
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        (b) kn ,
.

105.
 (32.2- ).

         (a) iM - , iM  A B
, .

          (b) m(i)- .              
    **(c) k- (2)n kf A

.

106. P
, . P-

.

*HS107. ,
:  (34.3- , 108-

)  (109-
). -

1  ( )
. , ,R S , :

def

def
1

  =   {( , ) |  ( , ) ,( , ) }

     =   {( , ) | ( , ) }.

R S u u R S

R u u R
:f :

def
   =   {( , ( )) | }f x f x xgraph .

1R R R R -
R . f Rgraph 1Rggraph

-
, :f g . h Rgraph -

:h
.
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H108.  (34.3- )
,  107-

. i ( )i i ( )i i
, : .

i ( )i i -
:h

.

H109. - - :
A B B A ,

A B - .
,  ([104]- )

. - -
,

. , ,A B x
( )x A f x B ( )x B x Ag

, -
, :f g . x ( )x A h x B

-  ( )
:h .

110. *S (a) A ~ A ,

, A .                

        *(b) TM - . .
, -

- . A ~ A
, A ~ A  -  -

, A .

111. 

cond( , )

( ),      0,
( , )  =  

( ),     0.
i

i j
j

y x
x y

y x
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, m
ns -

,
33-

.
: 0x , ( )i y -

, 0x , ( )j y -
.

112. 37.8- . mA B
A , B - .

H113. A ~ A A .

114. A C ~B C
C , A B

 ( ) .
C , A B

.
     ( ) - . .

.
*H(b) . .

.

H115. x y , x y .
-

. (114-
).

H116.  (
J- ). i -

, i- i -
. , ( )i i

.

117. .
g , f- i-

( )i i . . . ,  0,1-
f .
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118.  H( ) .
i- ( ) ( , ( ))i in f n n . . . ,

f ; ,

.
          (b) ,

; ,
i- ( ) ( , ( ))i in n ng . . . ,

g .

119. ( ) ( )i n ( ) ( )i n f n
f ,

i - .            
  (b) ( )- : -

- . .
, -

.

120.
 ( J.1- ).

H121. (  [17]) .
f g , f- i

, n ( ) ( )i n ng .

  122.  
- . ,

. i
- ( ) ( , ( ))i in f n n . . . ( ) ( , ( ))i in f n n . . .

, f .

123. ( ) ( )
.

c , ,i j ( )i n
( )j n , ( , ) ( )c i j n . ,i j

         ( , ) ( ) ( , ( ), ( ))c i j i jn h n n n . . .
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h
.

   (b) , c  , 
i ( )i n , ( ) ( )c i n .

i
       ( ) ( ) ( , ( ))c i in h n n

 h 
.

H124. . f-
fC ,

. ,
,

( )i
C

i
C .

125. i ( )i i ( ) ( ) ( )i in n
. . . ,

. ,
i - ,

.
          ( )

.
    (b)  

.

*S126.  (J.3- ) kf
,

, i n 1( ) ( )i if n f n
.

.

127.
. . ,

 ( . .) . ,
. . ,

TM - . . .
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     (a) .

- , . . .
          (b) 

; ( ) ( )f n ng . . . ,
tf C , tg C .

- . . .
      *H(c) fC . . ,

f .

128. 35.1- .

129. 0 0 0
1n n n  (35-

).

130.  (
35- ).
          (a) 0

1 HP m - .

          (b) 0
1 EMPTY m - .

          (c) 0
2 TOTAL m - .

131.
iM i  - .

        (a) 
def

ALL  =   { | ( ) }ii L M

             S(b)
def

EQUAL  =   {( , ) | }i ji j
0
2 m - .

**H132. ,
, ,

- - TM - . .
. 0

3 { | ( ) }ii L M m -
.
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H133. 0
3 m -

.
          (a) M , ( )L M -

?
  (b) M ,

( )L M ?
  (c) M ,

( )L M ?

134. S(a) PA  (
).

, PA -
?

     *S(b)
, kn

?

*H135.
, :f
.

*S136.
. “ 

.”

H137. - mA B ,
1A B . 1 { | ( ) }xK x M x

0
1 - .

H138. (a) 130- 0
2

def
TOTAL  =   { |   ( ) }kM x k M x

m - .
:

def
WAYTOTAL  =   |   ( )  ?kM k x M x
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      *(b) WAYTOTALM , k
?

**HS139. 0
2 - ,

1
1 - . ?

.
   (a) M
M - q ,
M q , -
M - ?
   (b) M
M - q ,

- M q ?

140. ( ) LOGSPACE - .
, ?

 S(b) 0
1 m -

. R - -
2R ,

R ?

141. - 1
1   (39.1)-

:  :  ( , )   : ( ) :  ( ( ), )x f f x g x g x x .
.

142. -
,  (39.1-

).

def
Th( )  = |

 |  .

143. 41.2- .
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**144. ([77]) 39  40- ,
- IND 1

1 -
. , IND

1
1 - .

,

.
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1- 189

1-
1. (a) ( log )O n n -

2{  | 0}.
n

a n

a-
, - .

a .

(b) ,
. - M

. M-
q . 1.4-

, L(M) ,
- M- ,

.
0k , L(M) ,

k , .
kx

kn x . 1.3- ,
kx - M n/2-

. kx -
,

, kx -
. , n/2

0S . 0S
m-1-

, , m

1
    

2

m
i

i

nq

.
kx -  S-
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,

; :

0

1

1
( )      | |     | |     .

m
i

c S c S i
T n c c iq

( )      ( log )T n n n

.

2.     (a)  ( ) k-  (k-FA) 7 
,

  =  ( ,  ,  , , , ,  ),M Q s f

• Q  –  ( );
•   –  ( );
• , -  ( ,

);

• ( ( { , }) ) ( { 1,0, 1} )k kQ Q  ( ),

• s Q  ( )

• f Q  ( - ).

,

1 1(( , ,  , ),  ( , ,  , ))    k kp a a q d d                                           (1)

, =ia , 1id , =ia
, 1id . , M

.
, (1)- : 1 i k , i-

ia p ,
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1 i k , i- id q
.

, .

x , 1 2 nx x x x , ix , 1 i n .

0 =x 1=nx . x- M -

{0,  , 1}kQ n

.
, k

. , :

1
    

.

1 2  =  ( ,  , ,  , )kp i i i

1 1 2 2  =  ( ,  + , + ,  , + )k kq i d i d i d

1 2 1 2(( , , ,  , ),( , , ,  , ))    
ki i i kp x x x q d d d

, -
.

1

. x- M -
-

( ,0,0,  , 0)         ( , 1, 1,  , 1)s f n n n

.

( ,0,0,  , 0)        ( , 1, 1,  , 1)s f n n n

, x - - .
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(b) ( ) k- M , (log )O n
N , M-

. N- k ,
( 1)n 1n ,

, (log )O n .
, N- ,

M- k
. M- N- .

M- , M-
, N

. N,

k .  0-
,

M- , N-
, . N

. N- ,
M- k

. M-
M- ,

N- . ,
, k

.
( ) {0,1} N

(log )O n  TM .

M
N .

, M
 0- . k k-FA-

, ,
n-

, .
,

:
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   • ;
   • ;
   • ;
   • ;
   • 

.
c- d e

, c-
d e- . c-

, d-
c- , d- .

.
, .

, .
.

N , N-
logc n - .

log n , c ,
log n M- c . M-

N-
: N-
, M-

i- 2i . N-
M-

. M-
. N- M - .

N- N-
M .

.
i-

, i c- , , 2i

d .
, c d- ,

. d-  1 , c d-
, c

. c- i- .
c- , d-

, c - .
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3. P NP . L NEXPTIME , 2
cn

M
- .

| |   =    {x#  | x    k 2 }
ck xL L

. L̂ NP , #kx -  #- | |2
cx

,  #-
,

, M- . P NP - , L̂ P ,
N -

. L NEXPTIME , x-
#- | |2

cx - . N -
.
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2-

1. f  logspace ,
| ( ) |f x - | |x - ,

. M N -
logspace f g

. ( ( ))f xg - ( )f x -
N - . ( )f x

,  ( )
N - . N

i- ,
x M -

i .
i- , i-

. M N -

| ( ) |f x -
. .  [63,  

13.1-  13.2- ] .

2. , MAZE
2SAT - co NLOGSPACE

- . 2CNF

NLOGSPACE - . MAZE
( , , , )G V E s t ,

V -
2CNF

( , )
   =   ( ( ))

u v E
G s u v t

.
G - s t- ,

G s t ,
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G ( )s s t t ,
. , s - t - ,

s -  1 ,
 0 .

G - , s -  1 ,
t -  0 . u -  1 , v -
0 u v .
co NLOGSPACE  2SAT .

2SAT co NLOGSPACE - -
, 2CNF

NLOGSPACE - . 2CNF -
, -

( )u ( )u u
,

. ( )u v

( )u v ( )v u                                                           (2)

.
 (2)- ,

( , )G V E .
-  ( , , [75, 119- ]):

,
u , u G .

NLOGSPACE - ,
: u - ,

,  – 
u u - .

 logspace u - ,
 ( !).

3. .
. ,

- ;  1- ,
- ,  0- -

. , -
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- ;  0- ,
- , ,  1- ,

- . -
- .

,
logspace- .
4. ,

     =    {# (0)# (1)# (2)# # (2 1)# | 0}k
k k k kB b b b b k
0 1 2 1

    =    {# # # # # | 0,  ( )  (mod 2 ),j
j

j j im
B u u u m b i u

      0 2 -1}ji m
    =    #0 (#((0 1) 0 1 )) #1 #,k k k k k

kF

, , ( )jb i  mod 2 ji - j -
. jB - j -

(0 1) *u - . u -
j , m  0- 2 1jm

- mod 2 j

, # . kF - # -
k .

0k , 1k

0k 1k . :

0 1 2                  ...      ,kB B B B

0

    =        =    .
k

k k j k
j

B B F B F

x , B - ,
0 1,  ,  ... ,  ,  k kB B B F x

.
, B - .

jB log j .
u v , u v - j

, j mod 2 j

. #
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log j .
, u -  0 mod 2 j - ,  -1 

mod 2 j . 0,  1,  2,  ... ,j
log j jB -
. jB - 2 jj -

, ,
log log logj n .

j - , -
; 1jx B ,

log     1+log( 1)    1 log logj j n

. jx B - ,
log k .

kF - .
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3-
1.   (a)  x # ( )L x  ( # ( )R x )
( , ) .

:

      (i) # ( ) # ( )L x R x ,
      (ii) x-  y  , # ( ) # ( )L x R x ,

, x . # ( ) # ( )L y R x -
, .

        (b) x  ( )  (i)  
 (ii)  

, x .
.

y (i)  (ii)- ,
[ ]x y z .

2.   ALOGSPACE = P .
,

.
, ,

.
,  logspace ,

logspace ,
ALOGSPACE = P- .

P
.  CVP-

, ,
.

:
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:i j kc c c :i j kc' c' c'
:i j kc c c :i j kc' c' c'
: 0ic : 1ic'
: 1ic : 0ic'
:i jc c :i jc' c'

:i jc c - :i jc c' - :i jc' c'
- :i jc' c - .

:i j kc c c
:ic d d : j kd c c , , d

:i j kc c c
:ic d e , : j jd c c , : k ke c c , ,

d e .
.

. :
,  (

 0). {  | 0 } { }ic i n
, ( , )i jc c

( , )i kc c :i j kc c c :i j kc c c
, ( , )ic , : 1ic -
. , : 0ic

ic . ,
 – nc .  1- ,

.

3.  [63]  [76]-
.

,
F -

. , : {0,1}F Q , :

1,       if  q  is a final state
( )  =  

0,      otherwise.
F q
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AFA - DFA - ,

  =  ( ,  , , ,  )A A A AA Q F

AFA - , | |   AQ k .

{0,1}AQ DQ
. DFA - :

  =  ( ,  , , ,  ),D D D DD Q F s

,

( , )( )  =  ( , )( )D Au a q q a u                                                 (3)

  =D AF                                                                                  (4)

  =D As F .                                                                                  (5)

AFA - DFA - ,

  =  ( ,  , , ,  )D D D DD Q F s

DFA - | |   DQ k . AQ
log k DQ -

{0,1}AQ - . AFA -
:

  =  ( ,  , , ,  ),A A A AA Q F

A , AF A  (3)-(5) 

. Du Q ( , )( )A q a u - .

, | |x - ,

Aq Q , Du Q , x

( , )( )    =    ( , rev )( )D Au x q q x u
, , :D D DQ Q

D - .
:
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def
( , )    =     D u u

def
( , )    =     ( ( , ), ).D DDu xa u x a

:

( )    ( ( , ))   =  1DD Dx L D F s x

       ( ( , ))  =  1DA DF x

       ( .( ( , )( )))  =  1DA Aq F x q

       ( .( ( , )( )))  =  1AA Aq q revx F
       rev (A).x L
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4-

1. , A(n) S(n)
. A(n)- , S(n)-

M . n M-
nC . M- ,

, ( )| | S n
nC c .

type: { , }nC . -
, -

. , nC , - - k-
, :

( , , )R k
, - ,

type( ) type( ) type( ) type( )
. , nC ,

( ), , S nR k

S(n) ,
2( )S n - .

0- , n
x

( )
1 0 1 ( , , )S nR c

( )
2 1 2 ( , , )S nR c

      ( )
3 2 3 ( , , )S nR c

( )
4 3 4 ( , , )S nR c
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#x y - . M

MG .

SC  =  | MM G
0
2  - . SC 0

2 -
, 0

2 - :
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SC  =  { |     ( , , , , )}M x y M x ypath ,

( , , , , )M x ypath : 0x x , nx y
0 1, ,  , mx x x 0 1 1, ,  , nt t t

0 1i n it
M - 1#i ix x - - . 0

2 SC
, 0

2

{  |   ( , , )}x y z R x y z

SC - . x ,

{(2 ,2 1) | ( , , )} {(2 1, ) | , }y z R x y z z z
.   ( , , )y z R x y z ,

. x-
- R

.
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12-
1. ( ) :y

.
: 0y

1 2 3:     
1 :     : 1y y

             1goto
               3 :     .

s

. . .

· ·

s

s   1- , s -  1-
. s - ,

- .
p .
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, p
i j - ,  - 

- :y .
p p-

1 1( , ),  ,( , )n n ,
, i p-

1:{ ,  , }i ky y p-
. ( , )

p- ( , )
- p

.   p , p
- . ( , ) - p

p - : i j
, p ( , ) -

( , )i ( , )j - .

. p
: ( )y e y :y . ,

- , p
- .

    (b) , 1
1 -

: p - ,
p

. , p-
- , p -
- IND 1

1 - ,
 (40.1- ) - IND

1
1 - - .

1
1 - ,  39-

IND - .

2. , 111-
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cond( , )

( ),            0,
( , )  =  

( ),            0
i

i j
j

y x
x y

y x

 (33.1- ) ,

                                
,                       ( , ) 0,

     ( , )  =     
( , 1),         ( , ) 0,

y f x y
h x y

h x y f x y (12)

h .

def
( )          ( ,0)x h xg

.
f , 2

1 , 2
2 -

j , a ,b , s i ,
( )  =  ( ( , ( , ( , ( , )))), ( , )). x b j a s b x ipair cond comp pair comp pair  (13)

. ,
( )x xh ,

( ( , ( , ( , ( , )))), ( , ))  =    =  .x b j a s b x ih pair cond comp pair comp pair

,  (12)-
.

- j- ,   (13)-
,j- ,

.
 (10- , 2- )

, - h-
.

,

.
, , 1930 
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.
,

,
.

3. ( ) logT n n   2.5- ,

( )( ( ))      ( ( ))      ( ( ) )T nDTIME T n DSPACE T n DTIME T n

.  (32.1- )
, T

( )( ( ))      ( ( ))   =   ( ( ) ).T nDTIME T n DSPACE T n DTIME T n

.
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8. (b) { # | }x x x .

14. 11- .

15. .

27. .

31.  6- ,
2-  15- .

 [76, 7-9 ] .
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36. 33- .

38. (a) .

40. .
42. ,
m- n- , 0n q, r

. m nq r ,
0 r n , gcd( , ) gcd( , )m n n r .

43. 42- a n-
gcd ,a n -

.

45. ,
Pr 0iF i iF F iF

, X ,

(  | )  =  (  | ) Pr(  | )i i
i

X F X F F F

.

46.  (a)  (b) . 3CNF 
,s t .

, "
u , s u t

, -
- u-

". , P NP ,
p
2 P . .

47. (b) -
 (a)-

.

49. (a) QBF - .
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50. ,
m
n k

, ,
m
n k

.
   • 1 0, 1,  ,  ,     ,  ,  ,m

k k ka a b b ,
m - 1,  , kx x -

1, ,  , ka a 1,  ,  , kb b
; ,

1, ,  , ka a , 1,  ,  , kb b .
    • 1 1, 1,  ,  ,     ,  ,  ,m

k n k ka a b b ,
:

     (a) 1ka 1kb
1 1 , 1 1 1,  ,  , ,     ,  ,  , ,m

k k n k k ka a a b b b
.

     (b) 1kb 1ka
1 1 , 1 1 1,  ,  , ,     ,  ,  , ,m

k k n k k ka a a b b b
.

53. (b) - , | |x | |y
( log )2O n n - xy

,  n .

60. (b) j i, i j 0ijA n n
A .

1
0 ( )n n i

i q q ,
. A

ix
,

 ( )
1,  , nx x .

66. (iii)  (14.1- )  (13- )
.

       (iv)  (14.1- ).

       (v) 63- .
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       (vi) BP ,  (14.1- ).

68.  6- .

69. (c) M - ,
k N M - ,

N
,

.

  (a)  (b)- .

70. - .
: 1,  , nx x

, 1( ,  , )nx x

1 1(excl( , , )),  , (excl( , , ))n nz z

1 1 excl( , ( ,  , ), ( ,  , ))n nz

.

89.
ln(1 )- . | | 1x

1

1

( 1)ln(1 )  =  
n

n

n
x x

n
.

93.  92- .

94. A(m,n)- Am(n) , Am+1(n)= 1(1)n
mA ,

f n f- n- -
:
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def
0   ( )    f x x

def
1( )    ( ( )).n nf x f f x

91- .

96. x ,

TM M - - , PCP 
. k  G={0,1, #}  S={0,1,...,k-1}

.  f(0)= # 0 #  g(0)= # , 0 x -
M - .

98. .

99. .

100. (b) x -  0,1,...,x  Mi -
 M (i) Mi  0,1,...,x

x - - ,
- .

107.  (R S)-1=S-1 R-1  (R-1)-1=R   .
, R  R-1  R  R   R-1  R  R-1 R-1

.
,

h0,h1,... h: w  34-
- ,

hn - hn  R.

108. , -
 (34.2- ) ,

 107- .
109. 107- .

113. 112- .

114. (b)  {x | x(x)  }   {x | x(x)  } .
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115.  .

116. 12- , 2- .

118. (a)  0,1-
.

121. ,
.

124. ,  123 (b) 
.

125. (b)  F 
def

1i i i  - .

127. (c) const(k), k 1
.  F  .

def 0,                  const( )      ( )
( )    

( ) 1,    

n
k

i
i

k i k M k
n

n

.                

132.  COF- .  110 (b) A
, A -

L- . L(M (i) ) = {f(x) | x L(Mi) }
A ,  f(x) A -  x- .

133. .

135. .

.

137. .

138. , .
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139. . -
, .

q

q

q

q

q

q · · ·
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6. x- ( )G x M
( ( ))A DSPACE G x

.
def

    #  | kA x M - x - | |k x

    #  | 
def

kA x M - | |k x x-

-
, ( )A A DSPACE n .

, ( ( ))A A DTIME T n , M M -
,  n

( )T n . N
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: x , 0,1,2,i
#ix - M - - ,

( ) | |i G x x .
i #ix - N M - ,

x A -
- . ( )L N A

. ixa ( | |)T i x
, T - ( ( ))T G x

- . ( ( ) | | 2) ( ( ))G x x T G n
- .

17. [63, 377ff. ] . TM -
.

 (7.5- )
, ( )S n -

APDA - ( )S n - TM
- .

M ( )S n - APDA
. , -

M .   
, ,

,
.

. ( )S n .

,
, .

- .   
-

,
, - . , -

, - ,
, -

.
,



250

. x- M - -  - 
. M

start accept , start
accept M -

,
. ( )S n TM -

.
. ,

-
, , -

. ,

. , -
- , -

.

: -
, -

. - ,
- -

, - ,
. -

, ( )S n -
.

, ( )S n - TM ,
N ( )S n - APDA -

. APDA N -
,

- / - .
,

.
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20. - :
C ,

                      

( { () =  ) | ,   B B Bc c }                           

{ (=  ) | ,     B C B C Bc }

{ (=  ) | ,   
C

B B C
c

}                         

=  ) | ,   { (
C

B B C B
c

}

=  )( .
C

C
c

- , -
.

,
1 1

onto
:f A B  f  , A B

. A , A
. A -  (limit) ,

1  (
, n 1n n ,

0  ).
C , X -

  =) )( (C Ccc .

A X
1 1

onto
:f A

. A ,
. .
{ ( ) | < }A f . A

A A . , A -
, A ,

)= ) | ,    ( (A B B A B }.
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  =  )( (A A)

(=  )A

 finite

=  )(
A

B
B

B

  finite

 =  ( )
B A

B

B .

 ( ) :
B B A ,

B A .

21. (b) -

,         
    

,     
A A

A

, - .

23. - ,
1( )  =  ( ( ))

=  ( ( ))n

n

=  ( ( ))n

n

1=  ( )n

n
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=  ( )n

n

 =  ( ).

1 : 40-

( )  =  A - -
. ( ) , 2 ( )

, . . .; ( )
; 1( ) .

.
28. 2-

. n
T(n) S(n)

M TM  ( x M
S(n)- T(n)-

). x- M-
start , M

-  accept -
reject  (

). M
- - ,

. - M
.

S(n) T(n) S(n)log T(n)
, T(n) S(n)- ,
 SAV(start, accept, T(n), S(n))- ,

SAV( , , t, s) 2- .
t- - -

, s-
.  SAV-

S(n) ,
log T(n)- S(n)log T(n)- .
S(n) T(n) ,  SAV -

:
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EXACTSAV( , , , ){t sboolean
 0  ;tif then  return

1
 1  ;tif then  return

ã {sfor 

EXACTSAV( , , / 2 , ) EXACTSAV( , , / 2 , )t s t sif 
 1;then  return

}
 0;return

}
SAV( , , , ){t sboolean

 : 1 {t tfor to 
EXACTSAV( , , , )  1;t sif then  return

}
 0;return

}
, s-

 EXACTSAV ( , , t, s)  t -
- .  SAV 

EXACTSAV  slogt- .
S(n) T(n)- . S=T=1-

T S , ,
 1- . T

,
S  EXACTSAV (start, , T, S)- .

, T
. S

S  SAV (start, , T, S)- ,
S-

, S+1
.

, S . ,
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, S T- .
 SAV (start, accept , T, S)- .

29. PSPACE-
iM - -

. iM -
,

, iM -
.

, iM -
.

-
, - .

, PSPACE
.
.

PSPACE-
N nk-  TM .

, N- -
. n

x , ( )kO n nk

iM - ,
N- -

. 1 ( )n
i iL M , N

x- - .
, n x- N

-

0 1 2 1# # # #     # # #,m ma a a a a                                                              (14)

, ai
nk ,

 x N-
(i) N- x- a0 , 
(ii) N- x- - am,
(iii) N- ai- ai+1 .
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- ,
(14)-  (i), (ii)  (iii) 

.  (14)-
:

(# ) #
kn ,

 (  N ,

, . . .). O(nk) .
(i)  (ii)- , nk

. , O(nk)
. , (iii)-

- :
ai- j-1- , j- j+1- ai+1- j-

,
  (iii)- , j , 1 kj n

.
N- .  (iii)-
, O(nk) nk . ai- j-1- , j-

j+1- ai+1- j-
, j-

i .
,

# - j-
, # j

.
O(nk) .

30. , P=NP , ,
,

:f .
, .

NP- x-  f(x) = y .
P=NP , .

, x ,
.

, {0,1} .
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- ; u x
, x u .

{( , , ) |  | |   | |, ( ) ,           u }x y u x y f x y x

- ,
; ,

  =  {( , ) |  | |   | |,  ( ) ,         }B y u x x y f x y u x

NP- . P= NP,  B P- .
, n y ,

f(x) = y x- n
.

( , )y B . ,
x ; .

, ( ,0)y B .
, f(x) = y  0- x

, , x -
 1- . ,

( ,00)y B ( ,10)y B
. x - . f(x) = y 

x -
.

, m
m t ,

- .

| |

| |

#1 ,         ( ) 1,
( # )    

#0 ,        ( ) 0.

t

t

t
f t

t

 # t y f( ) = y .
f :

 # t
, t- - . f

, P= NP, | |( ) #1tf x
x , .
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32. (a) A NP , A- -
nc-  TM M .

x- A - :
x- M- -

nc- M- .

.
, A-

| |   | | ( , )cy y x R x y ,
A N

- , x- | |cx -
y- ( , )R x y -

, R .

41. (a)  logspace- .
n | ( ) |   | |cx x c
. nc , -
,   polylog-  logspace- nB

.  logspace-
,

def
( , )  =   x i i- ( )x  -   logspace-

 ( i- ) -
. , LOGSPACE 

. LOGSPACE NC
- NC mC ; | |   x n

( , ) ( . )mC x i x i , logm n c n .
mC - x- n i

logc n . 1 ci n ( , )mC x i
( )x . mC - nc

nB - . mC - n
x- , mC - i-

logc n i- .
 logspace , mC

n-
.
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(b) CVP P , P NP
, CVP NC . P CVP log

m -
, A P log

m CVPA .
 ( )- , , polylog-

logspace- nB ,
| | ( ) CVPxB x , x A .

CVP - NC
, A NC .

49. (a) ( , , )A RA 1k
k- R ,

. k-
ka A ( )R a k- kb A

( )R b . , -

a b .
PSPACE - , QBF- . QBF

1 1Q   Q ( )n nx x B x ,

, Qi ix k
1Q   Q k

i i i ix x ( )B x - ix -
1( ,  , )k
i iR x x - .

A
, A

APTIME
. - .

1 1Q   Q ( )n nx x B x

, ( )B x - . 1 {0,1,2}x -
, 1Q ,

1Q 2 3,x x
. . . , x -

( )B x - .
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50.  50-
, ,

m
n k . ,aA - 1,

m
n k

- 1,[ , ]m
n kaA ,

1,  , ka a a . ,
m
n k - ,

m .
MOVE - : 1, MOVE([ , ] , )m

n kaA
, 1ka 1[ , , ]ka aA .

,
.

57. (a) 
, 1z

1ln(1 ) 1zz
0 1x ln 1x x

. , x -
. lny x 1y x (1,0) -

,  1- ;
0x lny x -

, , 1y x
, lny x 1y x
.

 (
),

, 1lim ln(1 ) 1z zz
. 1ln(1 )zz

2 3
1

2 3

1 1 1 1 1ln(1 )  =  
1 2 1 3 1

1 1 1 1                 =  .  
1 2 1 3 1

zz z
z z z

z z
z z z

z ,  -1- .



261

2 31 1   =  ,
1 1 ( 1)( 2)

zz
z z z z

z ,  0- .

66. (ii) logL C , A C 0k
, x
    | |  = log | |   #x L k x x A

. , B C 0m ,
#x

#     |{ || |  = | # |  # # }|  mx A z z x x z AB

  | ( , , # ) |mW n B x
. | |x  2-

. log | |k x

0 1 1{ , ,  , }N , | |kN x .

def

0 1 1  =   { # || |  = | # | # # ,
                                     0 1

m
N i i i iB x z z z z x x z B

i N
. p

T - C ,

B C .
def

( )  =   ( log )k mp n n n k n

,
( , , )  =  { || |  = (| |) # }W p B x z z p x x z B

1

0

=  { || |  = | # | # # }
N

m
i i

i

z z x x z B
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1

0

 =  ( , , # ),
N

m
i

i

W n B x

def
  =   { | ,  }.UV u u U V

.
      # ix L i N x A

  | ( , , # ) |  m
ii N W n B x

1

0

  | ( , , # ) |  
N

m
i

i

W n B x

  | ( , , ) |  W p B x ,

L C .
(iii) A BP C , B C 0m ,
y

3
4
3
4

    Pr ( # ) ,
   Pr ( # ) ,

y A y B
y A y B

, | |my
.

(14.1- ),

. , B m

(| | 2)

(| | 2)

    Pr ( # ) 2 ,

   Pr ( # ) 2

y

y

y A y B

y A y B                                       (15)

. (14.1-
BPP BP P ,
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: P - ,
,

C - .) n
:

| |

( 2)

1
4

Pr ( {0,1}  # )
    Pr ( # )

    2 2
    .

n

y n

n n

y y B y A
y B y A

                          (16)

L BP C . A BP C
0k , x

    |{ || |  = | | # }|kx L z z x x z A              (17)
. (15)- B C 0m ,

(16)- , x
| | 1

4Pr ( {0,1}  # # # )    .
kxz y z B x z A              (18)

.
def

    { # # | # # }B x z x z B
def

    # ||{ || |  = | |  # # }|  kB x z z x x z B
def

   # ||{ || |  = | |  # # }|kx z z x x z B

. B C B C .  (17)-  (18)-
,

    |{ || |  = | |  # }|kx L z z x x z A

  |{ || |  = | |  }Pr # # |  kz z x x z B 3
4

3
4  # | )( ,Pr x B
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    |{ || |  = | |  # }|kx L z z x x z A

  |{ || |  = | |  # # }| Pr kz z x x z B 1
4

1
4  # | )( .Pr x B

L BP C .

67. (d) #f P . x- ( )f x -
,

TM M . x- ( )( ( ))x f xg -
N . N

( ) [ ]x zg .
d ( )xg - | |dx - ,

. ( )xg - N
R - .

[ ]p z - R
.

• p , p- q r
, q r - ,

p- .
, R - q r -

.
• p 2a iaz -

, ,
R - / 2 ia z / 2 ia z  - ,

a
.

• p 1i iz - , M
, x M - . M

- - , -
. M - - ,

1iz - R - .
• p  1- , - .

p- R - -
, ( ( ))p f x
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, x- -
N - ( )( ( ))g x f x - . N
- ,

log kd c dn , d ( )xg -
, c ( )xg -

kn M -
.

69. (c) A k M .
,   k N -

M - .
,

N , M - - ,
M -

1,  , my y -
1( ,  , , )mx x z .

-
1( ( ),  , ( ), ( , ))mA y A y Aacc ,
( )iA y  ( ) iy

A
M - - ( , )Aacc .

N z - , ,
M - .

0 1 - ,
.

. ,  (b)- :

1( ( ),  , ( ), ( , ))mA y A y Aacc

1 0 1   ( ( ),  , ( ), ( , ) ( , ))mA y A y A Aacc acc

1 0   ( ( ),  , ( ), ( , ))mA y A y Aacc

1 1( ( ),  , ( ), ( , )).mA y A y Aacc

M -
.

N -  “ ” 1  “ ” 0 1my
, ,



266

,
.   

1k , N
. ( 0k , M ,

.) ,  “ ”
1 1 1, ,  , my y 1 1( ,  , , )m mx x x z -

,  “ ” 0 1 1, ,  , my y
1 1( ,  , , )m mx x x z - . ,  (b)-

:

1( ( ),  , ( ), ( , ))mA y A y Aacc
1 1 1   ( ( ),  , ( ), ( ) ( , )m mA y A y A y Aacc

1 0( ( ) ( , )))mA y Aacc
1 1 1   ( ( ),  , ( ), ( ) ( , ))m mA y A y A y Aacc

1 1 0( ( ),  , ( ), ( ) ( , )).m mA y A y A y Aacc

, ,
. ,

 ( )- :

1( ( ),  , ( ), ( , ))mA y A y Aacc
1 1 1   ( ( ),  , ( ), ( ) ( , )m mA y A y A y Aacc

1 0( ( ) ( , )))mA y Aacc
1 1 1   ( ( ),  , ( ), ( ) ( , ))m mA y A y A y Aacc

1 1 0( ( ),  , ( ), ( ) ( , )).m mA y A y A y Aacc

80. - 0 1 , 1 ( ) 1
- - -

0 - . 1( ) 1 1 0( )
, X

. 0( ) .
( ) 1

K . K- 1
, 1K .

0 0( )N
N K . 0 1NK ,

- M -
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NK M . , M - N K
, N N K K .

( ) ( ) ( ) ( )M N K N ; N ( )
, N N .

81. 1,  , nx x , 2 ,  , nx x 1s .
Pr( m( ( )) | |   1)  =  2 ((1 ) (1 ) )
   Pr( m( ( )) | |   1 |  ( ) 1)  =  (1 ) / 2.

n n nM M p p
M M p

90.

;    p b qwhile do
,

p q while.
.

      (a)
   ;b q pwhile do

  : ;   c b
  {cwhile

;q
: ;c b
   ;c pif then

 }
c  – p q-
. ( , ,

.)
      (b) 

1 1   ;b pwhile do

2 2   ;b pwhile do

     ;k kb pwhile do
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:
: 1;i

  {i kwhile
 {icase of

1 11:   : 1;b p i iif then else   
2 22:   : 1;b p i iif then else   

         :   : 1;k kk b p i iif then else   
}

}
i – k – .

if - then - else case
.

(c)
bif

1 1 1 ;     ;p c qthen while do

2 2 2 ;     ;p c qelse while do

: ;c b

1 2   ;c p pif then else

1 2 ( ) ( ) {c c c cwhile

1 2   c q qif then else
}

c .
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(d)
    {bwhile

;p
c qwhile do

 }

   {bif
;p

  {b cwhile
   c q pif then else   

}
 }

 (c)- .

91. f P ,

P C . f
.

:

      (0, )    =    ( )
( ( ), )    =    ( , , ( , )).

f x h x
f s y x f y x f y x

: m nh 1: m n ng 1: m nf
.

f C .
h g C - .

    ( , , )    =    (s( ), , ( , , ))

( , , , )    =    ( , , ).
n

g y x z y x g y x z

f n y x z g y x z
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f g C- . , n
,

0 ( , , )         =     (0, , ( ))g y x z x h x
=     (0, , (0, ))x f x

( )

 (0, , ( ))   =   ( (0, , ( )))
s n n

g x h x g g x h x
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