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71. T. AngnbaeBa

K.p-M.H., 3aBefylolas Kageapoih «ECTECTBEHHbIE AWUCLUUNAUHBI ©
NH(POPMaLNOHHbIE TEXHONOrMK», KasaxCKWii HauMOHaNbHbIA arpapHbIii
YHMBEpPCUTET, . AMaThbl

ONrPAHNYEHHAA ®OTOIMPABUTALUMNOHHAA SAOAYA
ABYX TEN N EE CTAUNOHAPHBIE PEWWEHNA

B cTaTbe paccMoTpeHa orpaHuyeHHas hoTorpaBuTaLMoHHas
3afiaya [Byx Ten 1 ee CTaUNoHapHble —3KBATOPUANbHbIE U NMONSPHbIE
peLLeHus.

KntoueBble cnoBa: (hOTOrpaBUTALMOHHbIE 3afaui, UCCNefoBaHue,
rpaBMTaLMOHHas cuna.

B nocnefHue rogbl POTOrpaBUTaLMOHHbIE 3aa4n UCCIeL0BaHNS, KOTOPbIE
HauyaTbl B 50-x rogax MpoLW/Oro CTONEeTUS, B YaCTHOCTU, OrpaHUYeHHas
(hoTorpaBMTaLMOHHAA 3afjavya Tpex Tes, KOTopas MOXEeT paccMaTpuBaThbCs
Kak 0600LLeHHas Knaccuyeckas 3agava, ABAATCA MPesMeTOM UHTEHCUBHOIO
nccnegoBaHMa MHOIMX aBTopoB [1-6].

370 06BACHAETCA TEM, UTO NMPY U3YUEHNMN PEAIbHOT O IBUXXEHNS ECTECTBEHHbIX
M UCKYCCTBEHHBbIX KOCMWUYECKMX OOBLEKTOB Hapsifly C rpaBUTaLVUOHHON cuioi
4acTo MPUXOAUTCH YUYMTbIBaTb PEMYNbCUBHYIO CUY CBETOBOrO [aBNeHus,
ABAAIOLYIOCA HEM3MEHHON CMYTHULLEA FPaBUTUPYIOLLMX W U3/yYalowwmux Tes.
Mpy 3TOM cymMMapHas cuna, AeACTBYOLWLas Ha YacTuLy UAKM Teno cO CTOPOHbI
M3MyYaroLLMX OCHOBHbIX MaCCUBHbLIX Ten, MOAUYMHSETCS TOMY XKe 3aKOHY, YTO
M TpaBUTALMOHHAS CWUMa M OT/IMYAETCA NMLIb MOMPaBKOM Ha MacCy YacTuLpbl,
Ha3blBaeMO KO3((hULIMEHTOM PeAYKLIMM MACChl U 3aBUCALLLEN OT ee «NapyCHOCTMU,
onpeAensieMoil Kak OTHOLLEHME NIOLAaAN CeYeHMs K Macce 0ObeKTa.

B thoTorpaBuTaLMOHHON 3aa4ue Tpex Tefl U3BECTHbI CIeAyHOLLE OCHOBHbIE
BapuaHTbl: 1) yacTuua ¢ 6eCKOHEYHO Masioi MacCo HaxoaMTCca Nog AencTBMEM
CBETOBOTO [jaBfieHNs TOMbKO OT OAHOW OCHOBHOW FpaBUTMPYHOLLE/ TOUYEUYHOIA
Macchl, obecneynBas ee MacCy peayLupoBaHHbIM penybCUBHBIM [aBlEHNEM;
2) yacTuLa HaxoAauTCcs MOA AeACTBMEM CBETOBOFO [aBfEHWSA OT KaXAoro
OCHOBHOrO Tena, 06a MMeKT pefyLMpoBaHHYH Maccy; 3) TO/bKO OAUH Uan 06a
rpaBUTMPYIOLLME W M3NYyYaloLie OCHOBHbIE Tefla UMEHT CPepUUecKyo Unu
3NMNCONAANLHYO hopMy.

OcCHoBHble (hOPMYNMPOBKHM 33Aa4M C O4HWUM U IBYMS U3/TyHaOLL UMM TENaMU.

PaccmoTpym npo6ieMy B Ha4asibHOW (hOpMY/IMPOBKE, KOrga Ko3apguumneHT
peayKumu Maccel Q Tena ¢ Maccoii M onpegensieTcsi BeMUMHOW pesynbTUpyoLL el
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cunbl F<OT ABYX KOMNWHeapHbIX CWN: rpaBuTauuoHHaa cuna Fip n cuna

pagunauMoHHOro faBneHus Fpay geiicTBYHOWMX Ha yYacTuyy P ¢ 6eCKOHEeYHO
Masioii maccoi /u:
c £ 7
K =F. 1+ -~ r°=QFJ°
F.J (D
34ecb 3HayeHue KaXAoin cuibl (MX NPOEKLUUN Ha efUHUYHBIA BEKTOp p°)
paBHO

” »MT ” . A
Fp — G-f2 pag, N2’ 2)

raoe G- yHuBepcasibHas rpaByTaLMOHHas NOCTOAHHas,

E - VMHTEHCMBHOCTb paguaumu,

A ~nnowaab NonepeyHoro cevyeHns Yactuubl P.

Torga Q MOXeT 6bITb 3anucaHo B hopme

6 =1+ "r=1-1 (3)
Fp GM T
MoKasblBas ee 3aBUCMMOCTb OT NapPyCHOCTM YacTuLbl A/T, KOTOPas MOXET ObITb
B 06LLEM NMepeMeHHO.

[ns onncaHus ABvXKeHNS YacTuLbl P BBeeM, Kak 1 B KNnaccuyeckoi 3afave,
BpaLlaloLLyoca NpsAMOYrofibHyt0 cucTteMy KoopauHat Oxyz ¢ Havanom O B
6apuLeHTpe OCHOBHbIX Ten M n / , [7]. MycTb n RO ecTb paccTofHus
YyacTuubl P 0T OCHOBHbIX Ten 1 OT Havana O, COOTBETCTBEHHO, TaK YTO

Jf' = (x + ... f + [+ z\
D 1,1,2
Ao=x +Y +Z
M,
M, +m2

Torfa cucteMa ypaBHEHWI ABUKEHNS eCcTb

x - 2v=2
X
.. _8U
V+2% ==
(5)
8u
&

rae noteHuuan U paBeH
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3TN ypaBHEHWUS, KOHEYHO, He MHTErpupyrloTcs, HO OHU UMEIOT LeBATb
CEeMEMNCTB YaCTHbIX PELUEeHNA, 1 NATb NONOXEHWNA OTHOCUTEIbHOTO PaBHOBECUS,
KOTOpble ABMSKOTCA aHaforamy To4eK MbpaLum KnacCMUecKon orpaHUYeHHo
3afaun Tpex Ten.

MepBble UccnefoBaHUS TOYEK NMbpaLun OTOrpaBUTaLMOHHOW 3ajaun,
(hopMynMpoBaHHOI BblilLe, 6bin NpogenaHsbl B. B. Pagsnesckum [1, ¢. 250-256],
KOTOPbIA Hallen, YTo MX PacrofiodXeHue CTPOro 3aBUCUT OT KO3((uMLUMeHTa
peaykumn maccel Q CHauvana OH paccMoTpesn MAOCKUIA ciyyai M nosxe
NPOCTPaHCTBEHHBIN [8].

OpHoI 13 ocobeHHoCTeN ToYeK nmMbpaumm GoTorpaBUTaLMOHHONM 3adaun
€CTb TO, YTO MX NOSABNEHME CBA3AHO C ONpejeieHHONM 3BONIOLMEN KOMMNOHEHTOB
0C06bIX TOYEK NOBEPXHOCTM HY/EBOW CKOPOCTW. Hanpumep, Toukn  u L, moryt
CyLLecTBOBaTb OLHOBPEMEHHO MAM [l MOXeT nosBnaTbea padblle LL. Kpome
TOro, Toukn L4n L5B Knaccmyeckom ciyyae 06pasyroT hopMy paBHOCTOPOHHETO
TPeyrosibHUKa C 0CHOBHbIMW TeNamu, a B (h0TOrpaBmUTaLMOHHON 3afa4e C OLHUM
M3MyYaroLL MM Te/IOM OHU 06PasyoT paBHOGEAPEHHBIA TPEYroNbHUK.

B. B. Paa3veBcKuii Takke 060611 GOTOrpaBMTaLMOHHYHO 3a4ady Ha CyYait
[BYX M3nyyaroLwmnx Ten (OCHOBHbIE Tefa) ¢ KoathuumeHTamm pegyKLmm Macce
n Qr Torpga cunosas yHKUMA (6), NpUHUMaET BUA

U]

(8)
N3 KOTOPOro SICHO, YTO TPeyro/bHble TOUKN NMbpaLnn MOryT CyLleCcTBOBATb
TOMbKO ANA MOMOXKWTENbHbIX n Q2 korga npeobnagaet rpasmtayma. Lo
Tex nop, noka Bce ()M3NYECKM BO3MOXHbIE 3HAYeHus n Q2 nogumHATCA
HepaBeHCTBY 01r < 1, TO BeCb psig 3TUX TOYEK 3aHMMAET 06/1aCTb OFpaHNYEHHYHO
ABYMSI OKPY>XHOCTAIMU €AUHNYHOTO pagnyca C LEHTPOM B KaXX0W U3 OCHOBHbIX
Tencmaccamnm 1 1- /n.B 3TOM cnydae, TpeyronbHble TOUKM YXKe He 06pasytoT
paBHObGePEHHOr0 TpeyronbHuKa (Kpome cnyvads = Q2), Tak Kak "i,2=Qil m
Takum 06pa3oM, YCNOBMA CYLLECTBOBAHWUA 3TUX TOYeK MOTyT ObiTb
npeAcTaBNeHbl HepaBeHCTBAMM:

(9)

or+QI/3>1
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BBOAHbIe 3amMeyaHus Mof orpaHUYeHHOK (hoTorpaBMTaLMOHHON 3aaayeli

[BYX Ten MOHMMaETCA 3afjava O ABUXKEHWUW YacTULbl B MOE rpaBUTaLMOHHOIO
NPUTSHXKEHUS U PeNyNbCUBHOMO OTTA/IKWBAHWS BpPaLLaloLLErOCs LieHTpabHOro
Tena. BrepBble oTOrpaBMTaLMOHHaN 3afava ABYX Tef 6blia chopMynmMpoBaHa
B.B. Pafj3MeBCKMM CHayana B HeOrpaHUYeHHOM NOCTaHOBKe ABYX CHEPUUECKMX
Ten [9], a 3aTem B OrpaHM4eHHO NOCTaHOBKE A1 0AHOI0 CPepmnyecKoro (Yactuua)
1 OfJHOTO MPUTATMBAIOLLETO U aHU30TPOMHO M3NyYaKoLero (LeHTpanbHoe Teno)
Ten [10]. B nocnegHue rofbl 6bi1M OTKPbITHI FaakTUKL BCEBO3MOXHbIX (DOpM
[11] (cxaTble W BbITAHYTbIE 3/1AMMNCOMABI BPALLEHUS, TPEXOCHbIE 3M1IMMNCONAbI
M T.M.), NO3TOMY paccMaTpuBaemas 3ajaya O ABVKEHUU 4YacTULbl B Mone
rpaBUTaLMOHHOIO NPUTSXXEHUS U PENYNbCUBHOMO OTTaIKUBAHUS LLEHTPaNbHOIO
Tena, MMerLwero cepuyeckyo opmy uam ¢opmy 3anuncouga BpaleHus
npeLCcTaBASeTCA BNOMHE aKTyalbHOM.

Byfgem cumTaTh, UTO MCTOUHWUKU WU3NYUYEHUS PAaBHOMEPHO 3anOJHAOT
BHYTPEHHUIA 06BEM 31MNCOMAA U TakM 06pa3oM Kaxaas TouKa anauncounja
OfJHOBPEMEHHO fIBASETCA U MPUTATUBAIOLLEA, N OTTANKMBAKLWLEN TOUKOMN.
EcTecTBeHHO, Takas MOAe/b ABASETCA MAeann3aLmeii npoLecca B3aumoeincTans
NPUTArMBAKOLLEA 1 aHU30TPOMHO M3/yYaloLLeid rafakTuKM 1 YacTuLbl, 0AHAKO
BMOMHE NpuemneMoi naeanusaumein. M3gectHo [12], uTo AN ra3oBbIX 3BE34
rnaBHOM Nocnef0BaTe/lbHOCTM MOXHO NOCTPOUTh ABE albTePHATUBHbIE MOAE/U:
a) MofJenb, B KOTOPOW MCTOUHMKM 3HEPTrMM pacnpefefieHbl BHYTPU 3Be3fbl
paBHOMEPHO WMAU NMOYTU PaBHOMEPHO (CTaHAapTHas MoAenb DALMHITOHA),
6) MoZe/b, B KOTOPOA BCS 3HEPI st BO3HUKAET B LIEHTPE 3Be3/bl. TakuM 06pa3oM, B
OCHOBY MpeA/IaraeMoro aHaam3a noaoXKeHa MoAesb rafakTUKK, COOTBETCTBYHOLLASA
mMogenu (+) 3Be3fgbl. Ecim K TOMY e npeHebpeyb HUUYTOXHbLIM 3((HEKTOM
abeppauun, TO MOXHO CUMTaTb CW/bl FPABUTALMOHHOIO MPUTSXKEHUAF ©
CU/Ibl PenyNbCUBHOIO OTTaNKMBaHUA F  aHTUKONNNHEAPHbIMU U CTaHAAPTHbLIM
06pa3oM BBecTW [13] TakK Ha3blBaeMblil KOAPPULNEHT pesyKunmu q TSKenon
Macchl YacTuLbl No opmMyne

A=\Fgp ~ Ppen '/"?2rp =\"rp )’ {"pen = |-"pen]) (HO)

YpaBHeHUA ABMXEHUS M cunoBas GyHKLMS BblbepeM NpsMOYrofbHYH0
cucteMmy KoopaumHat OXYZ, Havano KOTOpOW coBMafgaeT C LEHTPOM Macc
anauncomnga, nnockocts 0X1 _ ¢ ero akBaTopuasbHOW NNOCKOCTLIO, a ocb OZ
- C ero ocbto cummeTpumn. Torga guddepeHumnancHble YpaBHEHUA ABUKEHUS
YyacTuubl, BpallatoLleiica ¢ NOCTOAHHON YrnoBoi ckopocTblo D (BMecTe ¢
3NUNCOMAOM BOKPYr ero ocu cummetpum OZ) B cucTeMe KoopaumHaT OXYZ
6yayT UMeTb BUA
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mli2in'= —
ir

B r* = f (n)

r=£
174
rae cunosas MyHKLMA

U="-(x2+y2+V
2 (12)
UT00bl NOMYyUYNTb (POTOrpaBMTaLMOHHLIA NoTeHuman V OJHOPOAHOIO
3annunconga BpaLLeHUs BOCMO/b3YEMCH YACTHbIM C/YYaeM K/1laCCUMYecKoro
BblpaXkeHUa Aupuxne 4as noTeHumana anaMncomja B ciyyae BHeLWHel Toukm [14].
Monoxwus gM BmecTo M, nmeeM npu a=b AN1A CXATOro 3nmMnconja BpaLleHums

V=32c | cre&(")+ X2 2

roe G —octosHHasa TAroteHns, M —wvacca annunconga, pasHas ATrc8, a,b,c
h2.¢1

- nonyocu anauncompa, /=---------- - BTOPOW 3KCLEHTPUCUTET CXKatoro

annuncounja BpalleHus, 8 - NA0THOCTb, U U ABNSETCA NONOXUTENbHLIM KOPHEM

ypaBHeHus

X2+y2 Z2_ c2

1+/V +Y~V- (14)

B cnyuyae wapa 6ygem umetb /=0.T =c/M0 1 oTorpaBUTaLUOHHbIN
noTeHuman Lwapa 6yaeT paBeH

K =4™ 15
r (15)

roe r=(x2+y2+z2Ja.

MHTerpan Akobu n ctaumoHapHble peweHuss Cuctema ypasHeHmin (11) ¢
cunoBon yHkumeii (12), (13) gonyckaeT nHTerpan Akobu, n 4ns craymoHapHbIX
PELLEHNIT UMEEM:

Q{x,y,z)="-(x1+y2)+V(x,y,z)=C (16)

CTaumoHapHble peweHns (Toukn nubpauymm) HaiigyTcs U3 cnegytowen
CUCTEMbI ypaBHeHWI [15]
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n 2 3gqGM
Aloyaods 2PV« 2-arctg(iu) =0
6x { 1 1+~
Al F. 34GM hi arct =0
Vb L T T VA o
SQ_ ZJ- 3q,G,M [ arctg[luf+ fu\|5>‘=6
Qz [ lc

B cnyuae, Korga LeHTpasbHOe Teno - Lap, CMCTEMA COOTBETCTBYIOLLMX
YPaBHEHUI NPUHUMAET BUf,

N=Xb -l M\=0
Jive [ 1331

am_ 2 qGM._

By T . (18)
an_ f qGM -0

dz~2zl IV

CucTembl ypaBHeHuWli (16) n (17) o6nagatoT cnegyowmmMm peLueHmsamMm,

A. 3KBaTOpuasnbHble cTaumoHapHble peweHns g e (0;1]. LieHTpansHoe Teno
- wap.

Mpn z=0 n3 cuctembl (17) umeem v=M"0 uam y =y0"0, npuyem

r=a*={qGM3--1J, rge a} -pagunyc CUHXPOHHON OpPOUTHLI NPU AAHHOM 3HAYeHUN
napameTpa peayKuuu g. 34ecb TaKxKe YMeCTHO OTMeTuThb cBsisb I =c/n0=al.
Takvm 06pa3oM, Kaxaas TouKa KpyroBoii pefyLMpoBaHHOV CUHXPOHHOW OpoUTHI
SBNAETCA CTALMOHAPHON TOUKOIA.
LieHTpasibHOE TeNo - 3NAUNCOnS BpaLleHus.

Mpu z =0 u3 cuctemsl (16) x =x0"0 uam ¥Y=Y0 npuyem [0/IKHO
NMETb MeCTO
3qGM 1 . _
BY + 1, ﬂ2||2_ arctgilu) =0 (19)
nnn
. lu co2x1l Vel
arctgilu) -

1+/V  3gGM 3(al

YpaBHeHus (18) aBnseTcs TpaHCLEHAEHTHLIM YpaBHEHUEM, KOTopoe 6yaeM
pellaTb OTHOCUMTENbHO M METOAOM Masioro napameTpa, cuMTas Manoi BefIMumHy
1, onpefenstoLyto cTeneHb Cxatus (BbITAHYTOCTM) anaMnconga BpalleHuns. B
pe3ynbTaTe, pa3noXXuB npeaBapuTenbHo arctgilu) no cteneHam In, nonyynm
n=cj\J2a[ . MNpencrasmns 3aTtem r 3 BoipaxkeHus (14) B suge
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C I 2. T C{. 1,2
r=Spi+12n" =51+ 22
" my 2 +- (20)

N, ydnTblBasa NMNonyyeHHoOE peweHne ana U, Haxogum

r=a 21. /V +... 1|/|m/| r=a, (21)

Takum 06pa3oM, CHOBAa MMEEeM KpYroBble OpGMUThLI, LieSIMKOM COCTOsLLMe
U3 CTaLMOHAPHBIX TOYeK, mpuuem T >a0 A8 CXKATOro /IMNCOMAA BpaLleHus

(ii21c2>0) n r<a% fns BbITAHYTOr0 3nnMncoupja BpaweHus (A21c2<o).
OTMETMM, YTO MpK KaXK[OM 3HaveHun pepykuum qe (0;1] nmeeTca «CBOA»
KpyroBas cTalnoHapHas opouTa.

B. MpefensHble NonspHble pewleHns q=0.

MpegenbHble NONASPHble CTalMOHapHbIE PELIeHNS UMET MecTo B
npeaenbHoM cnyyae npy g—0u ansa 06enx cuctem ypaBHeHuin (16) n (17) umetot
OAVH U TOT Xe Bug

Xx=0,V=0,z=4|zc, O (22)

npuyem |z.j|>i? pna wapa (R paguyc wapa) un |z0>c pgna anauncomga
BpalleHuns. To ecTb, NpefefibHble NOMAPHbIE PeLleHns NA0THO pacnonarakTes
BO/b KHOXKHOWM» U «CEBEPHOM» NMONSPHbLIX OCEN BpaLleHus anaunconga. Cnegyet
OTMETUTb, YTO TakK KaK (hopMa LieHTpasibHOro Tefla Npe/cTaB/ieHa B ypaBHEHUAX
(16) BbIpaXeHWeM B KBajpaTHbIX CKOOKax, KOTOpoe MMeeT MHOXWUTeNb (, TO
npu q=0 nonspHble pelleHNs CYLLeCTBYIOT AN Nt0bbIX Ten, opma KOTOpbIX
He3HAUUTEeNbHO OT/IMYAETCS OT CPEPUUECKONA.

@] CTPYKTYpe NONAPHbIX U 3KBATOPUabHbIX 06/1aCTeil HEKOTOPbIX FranaKTuK
MonyyeHHble cTauMoHapHble PeLleHns MO3BONAKT, Ha Hall B3rnsg, 06bACHUTbL
CTPYKTYPY MOAAPHBLIX M 3KBATOpPUaNbHbIX 06/1acTeil HEKOTOPbLIX FanakTuk.
MpeaenbHble NONAPHLIE PELLIEHNS NPeACTaBNAT COO0M HEMpepbIBHbIE CEMENCTBa
TOYeK NMbpaLmu, pacrnonararoLLMXcsa BCOAy NNOTHO BAO/b <HXKHOW» U «CEBEPHON»
NONAPHbIX OCel Bpalwjaroweroca anauncomaa (Mnun wapa), o6pasys Kak Obl
«CBeTAWMeca» ocu. Mpy 3TOM Mpu 3Ha4YeHUM Ko3gduLmeHTa pegykumm q=0 un
(hPMKCMPOBAHHOM Macce YacTULbl, YacTULbl 6OMbLUMX Pa3MepOB pacrnonaratTcs
6VKe K NPUTArMBAIOLLLEMY U M3/TyHatOLLEMY Tefly, YeM HaCTULbl MEHbLUMX pa3MepoB.
Mpumepom HabnaeMbIX ranakTUK Takoro Tuna Cny»at BepeTeHoobpasHble
ranaktuku, Hanpumep, NGC 2685 [16]. kBaTopuasibHble CTaLMOHAPHbIE PELLIEH S
npv MKCUPOBaHHOM 3HaYeHUM q=q0NpeacTaBAAOT CO60I OKPYXXHOCTb, LIETUKOM
COCTOSILLYHO 13 TOUEK nbpaunm, NpuyemM npy HenpepbiIBHOM UsmeHeHun g e (0;1]
OKPY>XHOCTV 06pasytoT KO/bLEBYH CTPYKTYPY, BHYTPEHHSAS KPOMKa KOTOPOW npu
g =q[ ®0 npUMbIKaeT K NOBEPXHOCTM NPUTATUBAOLLLETO W U3NYYAIOLLEro Tena, a
BHELLIHAS KPOMKA CYTb KPYroBasi CUHXPOHHas opbumTa Knaccuyeckon 3agaum AByX
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Ten (.e. npu g=I). ONATb e NPU PUKCUPOBAHHbIX 3HAUEHUAX MACChl YaCTULLbI U

KoathdmumeHTa peaykumm qe (0;1] yactuubl 601bLLMX pa3MepOB pacrnonararoTcs
6AvKe K NPUTATMBAKOLLEMY U U3YYalOLLEMY Tely, YeM YacTMLbl MEHbLUINX
pa3mepoB. TakuM 06pa3oM, raakTVKK, UMetoLLe GopMy 3NINNCOMAA BPpaLLeHNs
Unu wapa, 061aaaldT KOMbLEBbIM 06pa3oBaHMEM B 3KBAaTOPWa/bHON 061acTu
- MMeKT BUA AUCKa C A4poM. OTnuumne CTPYKTYPbl 3KBaTOPUabHOW (DOPMbI
3NIMNCOMAA BPaLLLEHNS OT aHa/IOTMYHOM AN LWAPOBOM ralakTUKU COCTOMT B TOM,
UTO BHELLHAS KPYroeasi KpOMKa KOJbLIEBOro 06pa3oBaHUs MMEET MeHbLUUA UK
6onbLwINi paguyc (AN BbITAHYTOrO UK CXKATOr0 3//IMNCOMAA COOTBETCTBEHHO),
4yeM 3TO MMeeT MECTO Yy LUAPOBOW rasakTUKU (pasymeeTcs, NMpu OAMHAKOBbLIX
Maccax U CKOpoCTAX BpaLLeHus). MprMepom HabroAaeMbIX rafakTK Takoro Tmna
CNy>XaT ranakTnku ¢ mopdonormyeckum onvcanvem snga (N,D), (N;D—R)u (N,R)
cofepxxalle pesko BbipaxXeHHoe s4po (cumson N), HaxoAsLeecs BHYTPM AUCKa
(cumBon D), KOTOPbIA MHOT4a MMEET 6/IMKE K BHELLHEN KPOMKe SPKOe KO/bLIeBOE
o6pasoBaHue (cumeon R).

Takum o6pa3om, cemelicTBa CTauMOHAPHbIX peleHnin (cemelicTea
npefenbHbIX NOAAPHbIX M 3KBATOPMaNbHbIX TOUEK MBpaLumn), NosyyYeHHble B
paccMOTPEHHOM BapuaHTe OrpaHUYeHHOl (HOTOrpaBUTALMOHHON 3afaun ABYX
Ten, B KOTOPOU LeHTpa/lbHOe TeNno SBNSeTCH NPUTATUBAOLLAM W U3/TyYatoLM
3MIMNCOMAOM BpaLLeHus (MK LWapom), BMOJIHe MOTYT 6bITb UCNO/b30BaHbI ANS
06bACHEHMA Hab1t0AaeMOro CTPOEHMS NOMISPHON N 3KBaTOPWUanbHOW obnacTei
ranakTUK HeKOTOpPbIX TUMOB.
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9. E. )KakcbinbikoBl I'. T. OpekeHoBa2
rata okbITylwbl, 22000K MamaHbl, C. TopalifbipoB aTbiHAaFbl MaBnogap
MeM/eKeTTiK YHuBepcuTeTi, MNasnogap K.

KALWBIKTBIKTAH OKWTbIH CTYAEHTTEPIE OKY
YPAICIHAE BEVMHEASPICTEPAIKONAAHY AbIH
MAHbI3AbINbIFb

ATaneaH Makanaja ><orapbl OHy OpPHbIHbIH OLUbITY YAepiciHae
KalbIKThIKTaH OLblTY TEXHONOTMACLIHbIH eHAipinyiHe 6aiinaHbiCThl
macene Kpsranagpl. OLy NeHAEPiHiH 3N1eKTPOHAbLL, OLy-3AiCTEMENIK KenieHi
oublTymnibllapMeH 33ipneHreH 6eiiHeAapicTepMeH TONbIKTbIPbINTaH
>KoHe 6eliHefapicTepdiH 6iniM anymibinap ywiH MaHbI3AbINbITbl YKaHe
Ka>KeTTiniri cunaTTanagbl.

KinTi ce3aaep: KpllbIKTaH OKbITY, GeiiHeaapic, aneKTPOH/AbIH, OLy-
aaicTeMeniK KenieH, aknapaT TbIH TEXHONOrns.

XX FacbipgblH 80-xblngapbl 6yKapanblk fepbec KOMNbOTepAepiH Tapanybl
6inim 6epy opracbiHa TeK XKaHa TEXHUKabIK eMec, COHbIMEH KaTap ANAaKTUKa/bIK
MYMKIHAIKTEp akengi. [epbec KomnbloTepnepaiH, Herisri MyMKiHAIKTEPiHIH
KaTapblHa ONapAblH KO/KETIMAINIri, AManorTblK KapblM KaTbIHACTbIH
KapanaibIMAblbIFbl, Tpadinkanblk MyYMKiIHAIKTep XaTagbl. [padumkanbik
UNCTpaLuAnapabl KOMMbIOTEPAIK XeNiferi OKpITyja OKbITYLLbIHbIH aKnapaTTbl
Xeaen xibepin KoHe OHbl TYCiHY MHTEHCUBTINIMIH XXOFapnaTy yLWiH KongaHblnagpl.

AKNapaTTbIK XaHe TeNEKOMMYHUKALUANbIK TEXHOMOTMSNapAbIH, aLliblK XaHe
KALLbIKTbIKTaH OKWUTbIH GiniMre KeskapacTapbl 60/ibIHLLIA, BipHeLLIE HETi3ri KnacTapbl
6ap. Ocbl TexHonormsinapablH 6ipi GeliHefapic 6onbin Tabblnagbl. BeitHeaapic
- WHTEpaKTUBTI emec GeliHekaTap peTiHAEe YCbIHbUIFAH OKY MaTepuangapblHbiH,
Typi. beiiHeAapicTep KaLUbIKTbIKTaH OKWUTLIH CTYAEHTTEpre OKbITYLUbLUAPAbIH, 63
MaMaHZbIFblHa KaXKeTTi AapicTepiH ThiHAayFa MyMKiHAIK 6epedi. KalwbIKTbIKTaH
OKbITY apHaiibl 6iniMm 6epyaiH GyriHri 3aMaHfa caii am6e6en gopmachl, 0N 6inim
anyLublnapblH XeKe CypaHbICTapbl MeH 0n1apfblH MaMaB/blKTapbiHa 6aFbiTTanagpl.
KawbIKTbIKTaH OKbITY Ke3iHge 6inim 6epy ypAiCiHiH HerisiH 6inimMm anyLwbiHbIH
MaKcaTTbl GafFbITTanFaH XaHe 6aKblNaHbIM OTbIPaTbiH 63iHAIK XXYMbIChI Kypaiibl,
CTYAEHT e3iHe blHFali/bl Xepae Xeke cabak KecTeci 60WbIHWA OKM anagbl,
COHbIMEH KaTap apHay/bl online cabakTa Hemece 3M1EKTPOH/bIK MOLWTa apKblbl
OKbITYLUbLLIAPMEH KapblM KaTbIHaCKa TyCy MyMKIHZIriHe ne 60nafsl. AMeprKaHabIK
YK9He eyponanblk 6ifiMm 6epy KypcTapblHAa Heri3ri MaTepuan 6eiiHegapic TypiHae
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Gepinesi. OcblFaH ykcac OKbITbIIaTblH OKYy MaTepuangapbl 6i3fiH enimizge ge
KongaHblnafbl XXaHe OfaH CypaHbIC Ta eTe yakeH. CoHAa aa 6apnblk KypcTapabl
beiiHemaTeprangapmMeH KongaHy MiHAETTi emec, cebebi Gapnblk OKy akmapaTtbl
beiiHemaTepuangapra GeliimaenmereH. Erep oKy KypcblHAa BM3yanfbl aknapar
KaXXeT 60/ca, OHbl CTYfEHTKe 6acblnfaH KyliHAe KepceTe afimacak, apuHe 6eliHe
maTepvan KaxeT 6onagpl.

C. TopaiifblpoB aTbiHAafFbl MY KalubIKTbiKTaH OKbITY TexHonoruscel (KOT)
60MbIHLWA OKY YPAICIH yibIMAacTbipy epexenepiHe caikec XXOO-HbIH 6apnblk
MaMaHAbIKTapblH Q09K naHAepiH beliHeaapicTepMEH KaMTaMachI3 €Ty MaKcaTblHAA
C. TopaiifblpoB aTblHAafbl [MaBnoaap MeMNeKeTTiK YHUBEPCUTETIHLAE KALLUbIKTbIKTaH
OKWTbIH CTyZleHTTepre beliHeapicTep a3ipfeHreH, OHbIH MaHbI34bLUbIFbI CTYAEHTTEP
Ke3-KeNreH yakbiTTa 63 MamMaH/blFblHa Cail KaKeTTi AapicTi TbiHAal anafgbl. AFHU
CTYLEHTTEep OKbITYLbIMEH 6eTne 6eT 6GaiiNaHbICTbIH, OpHbIHA GeiHeapicTi Kepin
XKBHe ecTin e3iHe KaXeTTi MarFnymar anafpl. KallblKTbIKTaH OKUTbIH CTYAEHT
6eiiHegapicTepai C. TopaiirbipoB aTbiHAarbl MMY 6inim 6epy nopTanbiHa (Www.
psu.kz.)Kipin, CTygeHT KabyHeTiHe eTin e3iHiHN0rMHI MeH NaponiH eHrisin Ma3sipaeH
«DONEKTPOH/bI OKY KypcTapbl» MoAyniHeH beliHegapicTepdi Kapail anagpl.

BeilHepapicTepAiH MasMyHbIH OKbITYLbIapablH, 634epi a3ipnengi,
COH/AbIKTaH OHbl 83ipfieyre Ha3ap ayfapFaH XKeH:

1. Bip AapicTiH y3aKTbifbl 15-30 MUH. WamacbiHAa 60Mybl KAXET;

2. AKnapaTTblH Kenemi MeH Ma3MyHbl KepHeKi Kypan TypiHAe anblHaipl,
AFHU BeiHeapic eckepinegi;

3. CTyfeHT NeH OKbITYLWbIHbIH KyWTEepiH GipiKTipeTiH XaHe KYpPCTblH,
Ma3MyHbIH MeHrepyre MyMKiHAIK 6epeTiH OKy KypangapblH KOngaHy;

4. OKy ypAiciHaeri oHblH OpHblHA Caiikec 6GeliHedapicTiH 6GepinreH
TakKbIpbl6blH KapacTbipa OTbIPbIN OKY MakcaTTapbl eckepinesi;

5. HakTbl yakbiTTafbl XeKe Kagpnap MeH 6apnblk fapic TOAbIKTai
aHblKTanagpl.

6. LopicTep Tapuxum-myparaTTblK XaHe KYXaTTblK MaTepuangapgibl
KePCETKEHAE YINNEeCeTIH, FblIbIMU-TaHbIMan KMHODUAbMAEPAIH parMeHTTEpIH,
Tipey cbi3banap, MaTiHre KaTbICTbl CypeTTepi 83apa 6aiinaHbiCKaH hparMeHTTep
NPUHUMNbI 6ONbIHLLIA Kypblnaasl;

7. BellHekaTap Kepy >X8He eCTy MexaHU3Mapbl apKbifbl Kypblaajbl.
COHJbIKTaH aHbIKTamn anfaH XeH:

CypeTTep, rpadmkrep, cbizbanap >aHe T.6. KepceTy ywiH (oH 60naTbiH
TYPNi-TYCTi ramma;

- OKy aknapaTTapblHblH CUMBONAbIK GEAHECIHIH 60MYbI;

- JKeke anusoaTapAblH, AapicTepdiH My3blKanblK cylriemengeyiHid 6onysbil.

- beiiHepapicTi )a3bac OYPbIH OHbIH CLIEHAPUi KYPbIaYbl KXKET.

CoHfFbl Ke3fie OKY YPAiCiHAEe OKbITYLIbIHbIH KbI3METIH OKbITY 9peKeTiHe
aybICybl, OKbITYAblH ay4uOBU3yanfbl TEXHONOMMACLIH NainganaHy KapKblHAbI
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6onyfa, 0N OKbITY KbI3METIH OKY Kbl3MeTiHe anMacTbIpblNybiHa Ha3ap ayAapTajbl.
Byn TexHoNorusHbIH 6ip Typi aKknapaTTbl YCbIHY KypanjapbiH XYy3ere acbipyfa
GaFbITTaNFaH, an 0napAblH XXaH-XXaKTbIAbIFbl OKY MOLY/iHE, XeKe 3n13o4, aepbec
(hparMeHT peTiHAe KOCblTybl MYMKIH.

BeiiHe TexHonorvsanap AMHaMWKanblK MPOEKUManap, oKy AblObICXKasy,
MYyNbTUMEANANBIK KypaiAapMeH YCbiHbINFaH. beiiHexasba, 6eiiHegapicTep XaHe
OKbITY TeNneBMAEHMACHI OKY aknapaTbiH AWHAMWKanblK NPOEKLWUAMEH YCbIHY
KypanblHa aTafbl. OHbIH 6apAblfbl 6iNiMHIH XblNgaM MeHrepayiH kKamTamachl3
eTefi, 6MTKeHi TyCipinreH KeseHAep OKYLWbIHbIH LWbIHALIKNEH XXaHACYbIH
MaKcuMangbl >kobanainfbl; OKyLbINapAblH ayauTopus LueHbepiH KeHelTeai,
(hunbMAabl KONAaHyAa yakblT MeH OpblHAbI TaH4ay Tayesci3firiH kaMTaMachl3
eTefi, COHbIMEH KaTap CTYAeHTTepre Kasipri yakblTTa KQXKeTTi aknapaTka Xbligam
KO/ XeTKi3yre MyMKiHAIK 6epefi; OKy maTtepuaibiH MeHrepy KapkblHAbINbIFbIH
epKiHWe TypneHAipyre MymKiHfgiri 6ap >xaHe ge 6ypblH KapacTbipfaH
mMaTepuanjapfa KalTbin KenyiHe, OKy maTepuanfapbiHblH AWAAKTUKANbIK
MaHbI3fbl YKepnepiHe K63 XYripTin Kapan LWbIFyblH («nNapakTayblH») Xy3ere
acblpyfa 6onagbl; 6enrini wamaga CTyAeHTTePAiH ANAAKTUKAbIK XAHE XKEKe
KbI3bIFYLLbINbIKTapPbIH KaHaFaTTaHAbIpyFa 6onagpl.

C. TopaiifblpoB aTblHAafbl MaBnofap MeMeKeTTiK YHUBEPCUTETIHIH
CaliTbIHAA KALUbIKTbIKTaH OKUTbIH CTYAEHTTepiHe MEMIEKETTIK TifAe )XaHE OpbIC
TiniHae 6apnbik NaHAep 60bIHLIA 6eliHegapicTep yCbiHbIFaH (1-cyperT).

1 cypeT - beitHegapicTep

BeliHefapicTepAi KoNAaHy OKy aknapaTTapblH Kabbinjay canacbiHa
acep eTefi, COHbIMEH KaTap OKY-)XaTTbIfy >XaHe 3epTTey TancbipmanapblH
ybIMAACTbIPY YLWiH 6a3anblk KOp peTiHAe KongaHyfa 60naabl, AMHaMUKaga OHbIH
Jamybl, nNaiiga 60nybl Hemece YpAICiH KepHeKinik TypiHae TyciHAaipesai.

Binim 6epy xylieciHiH 6acTbl MIHAETI - CTYAEHTTIH KaCibum XeTinyi ywiH
KaXKeTTi XaFfgainap xacay, 6inim any )aHe XaH->KaKTbl Ka/sbiMTacy, aKnaparTaHy
CUAKTBI KYKbIKTapblH iCKe acblpy 60nbin Tabblnagbl. Ocbl KacueTTepAi 6ifim
anyLwblnapablH 60biHAA KanbINTacTbIpy MeH AaMbITy KasakcTaH Pecny6namnkachl
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6inim 6epy XyieciHiH MaHbI3abl MiHAETI. BiniM - ap6ip cTyAeHTTIH AamyblHa
KaXXeTTi WwapT. biniMHiH Tapbuenik MaHi anfa KolblFaH MakKcaTKa XeTy 60/bIn
Tabblnagbl.
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BMUAEO NEKUNAMM yynTenen, nonmcaHbl BaXKHOCTb U ﬂOTpeﬁHOCTb 3TUX

BMAEO0 NEKLWIA.

In this article the problem of implementation ofdistant educational
technologies in the educational process in a higher education institution
is considered. In this regard the electronic educational and methodical
complex ofsubject matters is replenished by video lectures ofteachers,
and the importance and need ofthese video lectures is described.
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ABOUT PROPAGATION OF THE BOUND
THERMOELASTIC WAVES IN THE ANIZOTROPIC
MEDIUM

Actuality ofthe study ofthe wave processes laws in elastic mediums
with thermomechanical effects is related to necessity to solve theoretical
and appliedproblems o fgeophysics, seismology, mechanics ofcomposites,
and so on. Bound motion equations and heat conduction equations differ
by difficulty and abundance ofphysical-mechanical parameters. Because
ofthis part ofdeformable body mechanics —thermoelasticity —are being
intensively developed. Within the bounds of this area, based on use of
physical-mechanical properties ofanisotropic mediums, bound heat and
mechanicalfields are being studied.

Keywords: Anisotropic medium, thermoelasticity, Fourier heat
equation, harmonic waves, matriciant.

1. Introduction

The dynamical theory ofthermoelasticity is the study of dynamical interaction
between thermal and mechanical fields in solid bodies and is of much importance in
various engineering fields such as earthquake engineering, soil dynamics, aeronautics,
nuclear reactors, ets. It is well known that the classical theory of thermoelasticity
[1,2] rests upon the hypothesis of the Fourier law of heat conduction, in which the
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temperature distribution is governed by a parabolic-type partial differential equation.

The theory predicts that athermal signal is felt instantaneously everywhere in a body.
This isunrealistic from the physical point ofview, especially for short-time responses.
To account for the effect of thermal relaxation, generalized thermoelasticity has
been formulated on the basis of a modified Fourier law such that the temperature
distribution is governed by a hyperbolic-type equation. Accordingly, heat transport
in solids is regarded as a wave phenomenon rather than a diffusion phenomenon.

The wave propagation in anisotropic inhomogeneous medium is considered.
A new method of matricant has been developed. The method of matricant allows
to investigate wave processing in anisotropic medium with various physical and
mechanical properties [3,4,5].

The structure of matricant for the equation motion elastic medium equations,
equations ofthermo-mechanical medium has been established. Wave propagation
in infinite and finite periodical inhomogeneous medium are studied.

In the paper [6], waves propagating along an arbitrary direction in a heat
conducting orthotropic thermoelastic plate are presented by utilizing the normal
mode expansion method in generalized theory ofthermoelasticity with one thermal
relaxation time. In the paper [7], authors studied the interaction of free harmonic
waves with multilayered medium in generalized thermoelasticity by utilizing the
combination of the linear transformation formation and transfer matrix method
approach. Solutions obtained are generaland pertain to several special cases. Of
these mention: (a) dispersion characteristics for a multilayered.

2. The matrix formulation of the propagation of thermoelastic waves

Propagation of thermoelastic waves in anisotropic medium described by the
equations of motion to be solved together with the Fourier heat equation and the
equation of heat flow, which have the form:

d2u-
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where a - stress tensor, p - density of the medium, X - thermal conductivity

tensor, g. - the vector of heat, - the angular frequency, /1. -thermomechanical

constants, p.. /I, p/ - the strain tensor, rTs - specific heat at constant strain,

© T-T - temperature increase compared with the temperature of the natural

e
state T,,. ¢ for small defomiations. Physical and mechanical quantities are

related by relation of Duhamel-Neumann:

Here C —the elastic parameters, c.j=c u=c k=cu "St - the tensor Cauchy
for small deformations.

For crystals of rhombic system as coordinate three orthogonal axes of
symmetry or inversion axes of the second order get out. For a rhombic class of
crystals the ratio of Duhamel - Neumann looks like:

\| cecg O O O™ » rpj 0 04
cn @ ¢j 0 0 O 0 @ O
cj s 0 0 0 g 0 0 py
0 0 0 gu 0 O 0 0 0 Q)
0 0 0 O 0 0 0 O
0 0 0 0 cg-spy 0 o

Equations (1), (2), (3), (4) and (4Y determine the relationship of mechanical
stress and temperature as a function of the independent variables - the thermal
field and deformation.

Thus, the relation (1) —(4)7constitute a closed system of thermoelasticity
equations, which describes the propagation of thermoelastic waves.

Based on the method of separation of variables in the case of a harmonic

function of time:

u.(x.y,z0; cr(x,y,z,0; 6 U.(2),(T (z\ 2q: (5)

The system of equations (1) —{4) reduces to a system ofdifferential equations
of first order with variable coefficients which describes the propagation of
harmonic waves:
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HereB = (2).<a 1wy n] - coefficient matrix whose elements contain
the parameters of the medium in which waves propagate thermoelastic; m, n -

components of the wave vector K .
The vector W has the form:

W{x,y,z,t) =\i*\<y::,ux(z),aii,uy(z),<jyz,e,q.\ exp(iiat-imx-iny) @)
The symbol ¢ indicates the transpose of the vector - a vector of strings
- Column.
The system of differential equations (6) for non-isotropic medium of a
rhombic singony looks like:

dUz 1 . .
<7, + — imUx+ — inU + 1436

dZ 33 .33 L.33
dt?= _ : :

=—pSUz+iman +incr
dz -
dlIx 1 .
———=— ¢ +imu
dz c,5 *
= imPer +" g +nfly, B 21u r Ll
—lix= _ + . +n +cwn2 Ux+mn
Wz B p 1Eu g | L+0% j y(8)/

1

~03 Al iTO
Ve 3B
dUv 1 )

+inU

dz
da,., c C\-fn . f &

=in— C_+mn CN+0bl U+ -poj+WMdi "9
dz

I )
+ — (hv -(hi\ine

41C3B

d& __J_

dz~ Az

The heterogeneity of the medium is assumed along Z. In constructing the
coefficient matrix B is used as a representation of the solution (5), the system of
equations (1) - (4) are in the derivatives along the coordinate Z and the excluded
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components of the stress tensor is not included in the boundary conditions. The

multiplier exp(/o/ - imx - iny) is omitted throughout.
In the structure ofthe matrix and vector - column boundary conditions in the

bulk case for the rhombic crystal system in the case of the symmetry axis of the
second order and heterogeneity along the Z axis are given by:

to b12 b15 0 bis 0 p17 0 4
b21 0 0 b 24 0 b 2c 0 0 a-
b 24 0 0 b.4 0 0 0 0 it,
. 0 b5 b43 0 b 45 0 « 0 I "z,
0 0 0 0 b 56 0 0 tiv (8)
0 b 15 b 45 0 b65 0 0 a*
0 0 0 0 0 0 0 b7 e
0 —ia>b17  — ia> b4l 0 - ia> b67 0 bs7 0 qa. 3

From the structure of the coefficient matrix (8) that in the spatial case, the
elastic waves of different polarization and the heat wave are interrelated.

The b.. elements of the coefficient matrix B for a rhombic singony of the
classes min2 and 222 in a volume case look like:

1, A:
_ .5 = an :
y Gs w
1 ( . 5 |
uMm ., - cn-B +cmn2- Gfp\bs= _OUCS
C55 Cas
f
Ii .
b= “JAz-Ai iM;
neR
e BN bl
= &6 rr +cem2- co2p;b6l = A3 A M
“ij
ion = —mb
33
The nonzero elements of the matrix of coefficients B determine
the mutual transformation of longitudinal and transverse X - polarized waves.
Elements of 1 describe the relationship of transverse Y-polarization with

the longitudinal wave. Nonzero element b4 defines the mutual transformation
between the waves of transverse polarization.
The fact that the coefficient 6

t>v=—

means that the longitudinal wave is propagated from the thennoelastic effect.
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Non-zero elements b, and /], :
\

7 = M; K = — Pp-Pa iN
\cn
indicate the effect on the elastic wave transverse polarizations thermoelastic effect.
At the same time describes the effect b4 thermoelastic effect on the elastic shear
wave of the X-polarization, and h/r effects thermoelastic effect on the transverse
wave Y-polarization.

Similarly, for the thermo-elastic waves propagating in an anisotropic medium
of cubic symmetry the coefficient matrix is constmcted in the bulk case and the
analysis of matrix coefficients. We also obtain the structure of the matrix of
coefficients in the propagation of thermoelastic waves in anisotropic medium of
rhombic crystal systems in the plane XZ and YZ, defines the types of waves and
the mutual transformation of waves of different polarizations.

3. Conclusion

Differential equations system ofthe first order with variable coefficients that
are made by means of variable separation method are made (solution is presented
as a plane harmonic wave). Coefficients matrix for all seven types of anisotropic
mediums of of a rhombic singony of the classes mm2 and 222 for three-, two-,
and one-dimensional cases were obtained.
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TepmomexaHuKkanblk ahekTiMeH 6onaThbiH cepnimai opTanapaa
TONUbIHAbLLY, NPOLECTEPAIH 3aHAblbL Tapabl 3epTTey akTyanabirs,
reopusnka, ceicMonorus, KOMNo3WT TiK MaTepuangapabliH
MexaHNKacblHbIH TEeOopus/bIH XKaHe HonfaH6anbl ecenTepi LellyiHae
Lua>KeTTinirimeH 6ainaHbicThl. BainaHbicLaH Kp3ranbiC TeHaeynepi MeH
KbINYOTKI3riWTiK TeHaeynepi pusnka—mexaHnKkanblk napameTpiepain
Kypgeniri meH Kon 6onybiMeH epekweneHegi. OcbiraH 6ainaHbiCThbl
AethopmauusnaHaThIH LaT Thl AeHE MeXaHNKaCbIHbIH —TepMocepnimainik
JereH Tapaybl HapHbIHAbI Aambin Kenefi. Ocbl 6arbITThiH afcbiHAa
aHM30TPONTbI OpTanapablH Kerbip husnka—mexaHmkanblk Lacne T TepiH
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HO/aHa OTbIPbIN, 6aiinaHbICKaH Kby bIK YKaHe MeXaHUKablL, epicTep

3epTTenesi.

AKTYanbHOCTb MCCNef0BaHUs 3aKOHOMEPHOCTel BONHOBbLIX
MpOLLeCCcoB BYNPYriX cpefax ¢ TepMoMexaHuueckum ahpekToM cBsizaHa
C HeO6XOAMMOCTbIO pelleHns TeopeTHUYECKUX U MPUKNaaHbIX 3adad
reotMsnKm, CeiCMONoOrnn, MexaHuKn KOMNo3uTHbIX MaTepnuanos u T.4,.
CBs3aHHble YpaBHEHMS [ABUXKEHUS W ypaBHeHUs TennonpoBogHOCTH
OT/NNYATCA CNOXKHOCTLIO M 06UANEM (DU3NKO-MEXaHUUYECKUX
napameTpOB. B CBSA3W C 9TUM MHTEHCMBHO Pa3BMBae T Cspaszen MexaHuKy
AehopMupyemMoro TBepaoro Tena —TepMonnpyrocTh. B pamkax aToro
HanpaeneHus, onuMpascb Ha MCMoNb30BaHWe OnpefeneHHbIX PU3NKO-
MeXaHN4YeCKNX CBOWCTB aHW30TPOMHbLIX CPeAax, M3yyaloTCa CBA3aHHbIE
TEnnoBble N MexaHu4Yeckue nons.

90X 37:51

H. K. MawpanoBl, 3. H. Tney6epreHoBa2
N-M.F.K, npodeccop, «MaTemaTuka XXeHe (u3nKa» Kageapacbl, XTYAEHT,
MaBnogap MmemMnekeTTiK negarornkanbik MHCTUTYThI, MaBnogap K.

XXAJMbl OPTA MEKTENTEPAE MATEMATUKA
NOHIHEH «AN®PEPEHUMNANABIK TEHAEYNEP»
SNEKTUBTIKYPCTbI OKbITY TYPA/bI

>XKorapbl ouy opblHAapblHAAa MaTemMaTuKanbly 6iniMHIH canacblH
apTThipy MaHcaTbIHAA, Makanaja opTa Ouy OpblHAAPbIHAA >Korapsbl
MaTeMaTuKaHbIH ipreni gamyblHa LaTbiCTbl 60niMaepai 3NeKTUBTI NaH
peTiHAe oubl Ty Maceneci co3 6onagpl. AuddhepeHunanasly, TeHaeynep
KYPCbIHbIH KypAeni emec yw 607iMi yCbIHbINbIN, OnapAblH (pusnka MeH
XUMUSAArbl HONAAHbINYbI, Mbicangap KenTipineai.

KinTico3gep: maTemaTuKanbLy 6inim, gnddepeHymayabLy, TeHaey,
3NeKTUBTI Kypc, >Kannbl opTa 6inim, 6argapnama.

XKannbl MaTemMaTuKa KypcbiHAa AnddepeHLManablK TeHAeynep Tapaybl KUbIH
OKbITblNaTbIH TapaynapAblH 6ipi 60n1FaHAbIKTaH, OKY MNPOLECi KeH 3eliiHAi, OKyFa
[eniHri 6iniMHiH 6acTankbl CaTbiCbl HaKTbl, 30p 60M1yblH Tanan eTeTiHAiIKTEH
MeKTen KypcblHAa OKyLUbLUapFa AuddepeHLmanablk TeHaeynep Tapaybl 60MbIHLIA
3NEKTUBTI KYPCbIH BTKi3y KaXeTTiNiri TybiHAanabl.
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JNeKTUBTI Kypc-6inim anywbinapablH Myagenepid, 6enimainiri meH
KabineTTepiH, OKbITY NPOLECIHIH KYPbIbIMbIH, Ma3MyHbl MEH YAbIMAACTbIPbLUYbIH
KaMTamachI3 eTefi. HakTbinali anTKaH4a 0/ OKYLLbIHbIH )XEKE TY/IFacblH AaMbITy
Kypanbl 60nbin Tabblnagbl. COHbIMEH Gipre 3neKTUBTI KypC XXeKe Ty/nfafa
6afbITTana OTbIpbIN, Xannbl opTa 6inim 6epy 6aFaapnamachbiHbIH XXeKe MaHAepiH
TepeHaeTe OKbITyFa, 6ifiM Ma3MyHbIH capanayfa >Xa8He ap OKYLUbIHbIH >XeKe
6iNniMAIK TPaeKropusACbIH aHbIKTayFa, Xamnbl 0pra>kaHe Kacioun 6iiM apacbliHAaFbl
cabaKTacTbIKTbl ailkbIHAAYFa MYMKIHZiIK 6epesi. SNeKrmBTi Kype -)KOfapbl CbiHbIN
OKYLUbLLAPbIHbIH 63 KbI3bIFYLLIbLLIbIKTapbl 60lbIHLLIA TAHAANATLIH XXaHe nejarortap
VYAbIMbIHbIH MYMKIHLWINIKTEPIH eCKepe OTbIpbIN XacanaTbliH Kypc.

Xannbl opTta 6inim 6epy mekTenTepiHAe MaTemMaTKa NaHIHEH BTKI3iNeTiH
3NEKTUBTI KypcTap 60libIHILA OKYLIbIIap MEHrepe anaTbiH, Xacecnipimaepain
»Kac epekwenikTepi eckepinetiH 6enrini 6ip Kkenemae OKyllblnapfa apHaiibl
6afgapnama fanbiHganagsl.

XKofapbl CbiHBIM OKYLbIapblHa apHajfaH MaTteMaTuka MaHiHeH
«AnddepeHymanablk TeHaeynep» aTTbl 3MEKTUBTI KypCTbiH 6aFAapramachliH
YCblHaMbI3. Byn Kypc aunddepeHunaniblk TeHAeynepre KenTipineTiH
ecenTepai, anddepeHunanablk TeHAEYNEP YFbIMbIH, aliHbIMananapbl 6eniHeTiH
TeHAeynepai, 6ipTekTi guddepeHumnanabik TeHaeynepai, 6ipiHLWi PeTTi CbI3bIKTbIK
andepeHUnanablk TeHAeYNep TakblpbIMNTapbiH KAMTUABI.

OnddepeHymangblk TeHAeynepre KenTipineTiH ecenTep TakblpbliGbiHAA
(hM3nKa MeH TexXHMKa, XMMUSA X3He OGUONornsa MacenenepiH LWeLIKeHAae,
3BOMOLMANBIK NPOLLECTi aHbIKTalTbIH WaManap apacbiHAafbl 6aiifnaHbicTapAbl
WeLlye KongaHblnaTblH AuddepeHLmanibik TeHAeYNep KapacTolpblaagbl.

OundhdepeHynangblk TeHgeynep TYCiHIr TakbipblOblHAA OKYyLbiNap
AnddepeHunanablk TeHAEYNEP Xalnbl Xannbl TYCiIHIKTEp anafbl, HErisri
371EMeHTTepiMeH TaHbICbIN, AnddepeHunangblik TeHaeynepai Kypbin yiipeHeai.
Byn TakblpbiNThbl 6TMec OYpblH OKyWbl MeKTen 6GafjapfiiamacbiHfafbl
TYbIHAbI, PYHKUUAHLIH KacueTTepiH 6inyi kaxeT. Cebebi gnddepeHumanbik
TeHaeynep 6enrini 6ip KyOblNbICTbIH CaHAblK MafblHACbIH KapacTblpagbl.
ByHpaai KybbinbicTapabl KapacTbipFaHaa, KebiHece X MeH Y-TiH apacbiHAafbl
Tikenen 6annaHbIC KepceTinmengi, 6ipakK X MeH y-TiH XaHe y-TiH TybIHAbINapbI
apacblHfafFbl 6alinaHbic KepceTinedi, SifHW gudgepeHumanblk TeHaeynep
asbinagbl. Ocbl Naiga 6onFaH gnddepeHymanablk TeHAEYNepAi wewwin, 6isre
X MeH y-TiH apacbliHAafFbl Tikenelh 6aiinaHbICTbl aHblKTayFa 601aapl.

AliHbIManbinapbl 6eniHeTIiH TeHAeynep TakblpblObiHAa aliHbIManbliapbl
6eniHeTiH TeHAeynepAaiH aHblKkTamachkl, anroputmi 6epinegi. AliHbiManblnapbl
6eniHeTiH TeHAeynepre Mbicangap KenTipinegi, XatTbifynap opblHAanagbl.
MaTemaTuka MaHiHAe XaHa TaKblpbiM anfAblHfbl TaKblpPbINMeH YHEMI
6alinaHbicTa 60/y KQXKETTINIKTEH, OKYLUbl 9pAaibiM XaHa TaKblpbINTbl anablHF bl
TaKblpbiNneH 6aiinaHbICTbipa OTbIPbIM MeHrepyre yipeHyi kepek. OKylLUbl
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MeKTen 6afaapnamacbliHaFbl MHTErpan YFbIMbIMEH TaHbIC 60Mybl KaXKeT, cebebi

AnddhepeHUmaniblk TeHAEYNEPAiH WeLiMi MHTerpaniblk ecenteyMeH Tadbbluagp.
Mbicansl,

seun_ 1 2% : ;
vFEy =i TeHfeYiH LieLlenik.
y

0N yWwiH yd—v = E-T-E—X—Tel-l,p,eyi'H'iH eKi XafblH y*thbc ke6elTemiz. On

todx \

y*dy=(I-2x)dx aiiHbIManblnapbl 6eniHeTiH TeHAeyre Kenedi. OHbI LWeiny yLiH
TeHAeYAiH eKi XXaFblHaH Aa UHTerpan anambis.

fy dv=f(l—2x)dx+C

w|<m

=.r-ydc
n

Yy =3x—3 +3C

y = x - 3jf2+3C TeH 6onagbl.

OnhdepeHymanablik TeHAeYNep KypCbiHbIH 6ipTekTi guddepeHunangbik,
TeHAeyep TakblpblObIHAA OIPTEKTI TEHAEYNEPAIH XXaMbl aHbIKTamachbl, a1ropuUTMi
KapacTbipblnafbl. Byn TeHaeynep anmacTbipynap eHrisy apKbl/ibl aliHbIManbinaphbl
6eniHeTiH TeHAeYNepre KeNTipy XONbIMeH LeLlineai.

Mbicanbl, (x2)?)dx+2xydy=0

LWeniyi: MyHgafbl P(x,y)=x2y"

Q(x,y)=2xy dyHKuusinapbl 6ipTeKTinik gapexenepi 6ipaei 6ipTekTi

(hyHKUmManap 60nbin Tabblnagbl. COHAbIKTAH t - z anMacTbIpynap >xacay

apKbinbl 6epinreH TeHAeyai MbiHaga TypAeri TeHaeyre Kentipyre 6onafpl:

Byn TeHAeyaiH Xannbl wewimi x*+y2=Cx TypiHAe Xa3sblnagbl.

BipiHWI peTTi CbI3bIKTbIK AntdepeHyManablk TeHAEYNep TaKblpblObiHAA
6ipiHWi peTTi anddepeHymangblk TeHAeYNepaiH Typnepi, aHblkTamanapbl,
GipiHWI peTTi CbI3bIKTbIK AnddepeHUnanablk TeHAeYNepAiH, Wewy agictepi
KapacTbIpbliagbl.

2
Mbicanbl, y'------ -V =(;n'+7/Tengeyidinn'=0, y=3 wapTbIH

KaHaraTTaHAblpaTbiH Aepbec wewwimiH Taby Kepek.
LWeniyi: byn TeHaeyai bepHynnu agiciMmeH wweLlemis.

y =«(*)* v(*) apKplibl i34elimis.

—-— v I+ nV=(x+1)3(*
X+1 1 Ger1)3)
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2
byn TeHgikTe v '----- " -iv - BPHETiH Henre TeHecTipin, 6ygaH v=(x+1)2
X
thopmynacbiH Tabambl3.

TabbinFaHy (X)PopMynacbiHbiH MaHiH (*) TeHAiriHe KoibIn,

Tabambl3.

Byn TtabbinFaH u(x),v(x) mMaHgepiH y =r/(X)*y(x)TeHAiriHe Kolibin,
TeHAeyAiH Xannbl wewimi y=c(x+1) 1+~ ("+i)" TYPOe 60nagbl.

bacTankpbl WapTTbl eckepin,TeHAeyaiHy =— (x+1)2+— (x+1)4 pepbec
Wwewimi WhiFagbl. n n

DNEeKTUBTI KyPCTbIH MaHbI3fblbIFbl OKYLUbINapAblH FbIIbIMU KO3Kapachl
MeH HaKTbl MaTeMaTUKa/blK (hakTinepai kongaHy, MmaTeMaTnKanblk KabineTTepiH
JaMbiTyfa 6arbiTTay 601bIN Tabblnagbl. INEKTUBTI Kypc AnddepeHumnanblk
TeHAeynepaiH Herisri yFbIMaapbl MeH KacueTTepiH 6ipTiHAeN TYCiHyre MyMKIHAiIK
6epeni. AnddepeHunanablk TeH4eynep KypcbiHaa 6epineTiH matepuangapabl
»KaKCbl MEHIepy YLiH OKyLUbl 63 6eTiMeH TeHAeynepai Tangan e34iriHeH ecenTepgi
WbIFapbIn yiipeHyi kepek. Ocbl ecenTepai urepy 6apbiCbiHAa OKYLUbINapAblH
FbIbIMU Ke3KapacTapbl Ka/bINTackIn, MaTeMaTUKanbIK YFbIMAAPAbIH Nanga 6oy
TapUXblH, OHbIH 6acKa NaHAEPMEH 6aliNnaHbICbiH 83[iriHeH TYCiHyre KeMeKTeceai.

Kasipri TaHa opTa mMekTenTepae AuddepeHUnanablK TeHAeYnep KypcbiH
OKY OKyuwblnapfa 6ipwama KWUblH TUETIHAIKTEH, MeKTenTepAe 3NeKTUBTI
KYPCTbl OKbITY XOFapbl CbIHbIM OKYLUbIAbIPbIHA GiNiMAi HaKTbinan xyieneyre
KemekTecefi. OKyLUblNapAblH FblbIMU K83KapachlHbIH HETi3iH Ka/lbINTacTbipyFa
anddhepeHUManiblK TeHAEYNepAi LWellyAe XacanaTbiH KOPbITbIHAbLUIAPAbIH, AFHN
aKMKaTTblH cebenTepiH gypbiC TyCiHyre, 6yn KypcTapablH 6acka naHgepgeri
(MexaHuKa, n3mnKa, XMMusi, 61MoNorms xxaHe T.6.) KaHe eMipfe KONAaHbINaTbIH
OPHbIH KepceTyre CenTiriH Turisegi.

EHAI aneKTUBTI KypcTbiH AnddepeHunaniblk TeHAeynepre KenTipinetiH
ecenTep TakbIpblObIHAA OKbINAaTbiH NaHapasblK GakinaHbICTbI XY3€ere acblpaTbiH
ecenTepi KapacTblpaibIK.

Mbicanbl, benrini 6ip 6MiKTIKTEH Maccacbl /-re TeH AeHe NakTbIpbliAbl AeNiK.
Erep 6yn geHere aybIp/bIK KyLLiHEH 6acKa ayaHblH Xbl1LaMAblKKa MPOMOpLUOHa
Keflepri KyLi K acep eTeTiH 60/ca, OHAA AEHEHIH Kynay Xbl1aaM/iblfbl V Kanain
©3repeTiHiH Taby Kepek.

dv &
LWewyi: HblOTOHHBIH eKiHLWI 3aHbl 60/bIHWA T * — = 1 . MyHpaafbl,
dt

[eHeHiH yaeyi, F —kyw. F=mg —ayblpnbIK KyLi, i*A'v-kegepri kywi. OcblgaH
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m* — = mg—fcv (1)

_ mg
6onagbl.v —L Q m+ ——— mC - Ke3 Ke/reH TypakTbl Wama.
[eHe KynaraHaa, OHbIH 6acTankbl XblAgamablFbl VQBO/CHIH.
vQ= 0 6oncbiH. t= 0, v=vQ6ONCbIH.

VsT V=T

v=(vi- M9yeiE . Mg

t —>00, v 6acTankpl XblngaMmablkka Tayenai 6onagpl.

k =0,(1) TeHaikTeH V=gt+V QreH 60nagbl.

Ocbl ecenTepAi WewWyhiH XongapblH aguddepeHumaniblk TeH4eynep
KYPCbIHbIH Tapaynapbl kapacTelpagsl. AuddepeHunanblik TeHAeYnep KypcbiHaa
ToXipunbenik ecenTepAi WblFapy TakbIpbINTbiH KypAeniriHe, ecen wbiFapy
apic - TacingepiHe XKaHe onapAblH Kaciby 6aFbiTbiHa H6alinaHbICThl. KenTereH
FbINbIMU XXBHE TEXHUKanNbIK ecenTep AnddepeHunaniblk TeHAEYNepAi Wwewlyre
KenTipineai. MyHaal ecentep kaHgal ga 6ip M3nKanblK, XUMUANbIK XaHe
6acka fa npouecTeperi aliHbiManbl WamanapiblH, apacbiHAasFbl TayenainikTi
aHbIKTayAbl XX8HE KWCbIKTbIH HemMece 6eTTiH TeHAeYiH Tabyabl Tanan eTeai.
Kelige anddepeHunanablk TeHAeYAi kapanalibiM XOAMEH, AFHU TYbIHAbIHbIH
reoMeTpUANBIK XaHe (PU3nKanblK MaFbiHACbIH KOMAaHbIN Ta KypyFa 6onadbl. byaaH
6acka, AuddepeHunanablk TeHAEYAI KYPY Ke3iHAe, ecen WwapTbiHa 6alinaHbICTbl
(hM3MKaHbIH, MeXaHWKaHblH, XUMUAHbIH XXaHe 6acka fa FblbIMAApAbIH CaliKec
3aHdapbl KongaHblnagbl.

KenTereH KybblibicTapAblH MaTeMaTuKanblk Mogeni anghepeHLmanibik
TeHAeynep apkbinbl cunaTTanafbl. AHbIKTAlTbIH Wamanap apacblHAafbl
Toyenginik, kebiHe, wWamanap MeH onapAblH 63repy >XblagaMAablKTapsbl
apacblHAafbl 6ainaHbIc TypiHae, AFHW 6enrici3 PyHKUuManap MeH TybIHAbINAPbIH
6aiinaHbICTbIpaTbIH TEHAEY TYPiHAe anbiHagbl. AutdepeHunanablik TeHAeynepai
LeLly/e Ke3iHAe MaTemMaTuKanblk Tangay naHiHe kebipek cyileHeai. An on MekTen
6affapnamacbiHfarbl anrebpaxaHe aHann3 6actamanapbl NaHiH XeTiK MeHrepy
apKpl/bl Xy3ere acafbl.

YKofapbl KepceTinreH MakcaTTapfa XeTy YLWiH HaKTbl kafamaap aTkapblnybl
Tmic:

- bepinreH Kkenempaeri >xymbIC 6afapnaMachiH 6Ty, OHbl MEHrepy;

- KepceTinreH kenemaeri ecentepAi WoblFapy;
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- OKywWwbIinapAblH 63iHAIK aTKapaTblH TaKblpblNTapAbl TOMbIK Kenemae

opbIHAaY;

- KepceTinreH oky Kypangapbl MeH agicTemenik agedbueTrTepai MeHrepy
YK8HE 0NapMeH XYMbIC iCTeyfi YApeHy.

«AudepeHynanabik TeHgeynep» aTTbl 371eKTUBTI KYpPCTi MeKTen
6aFfapnamacbiHa eHri3y 6apbiCbiHAa MyfaniMpepre OKyLW blnapAbliH
KbI3bIFYLLbINIbIKTapbl MEH XXac epekLUenikTepiH, MaTepuangapibl 6epy KesiHae
OKYLUbLUAPAbIH 6iNiM AeHreiiH, TYCIHAIPY Ke3iHAe OKYLUbLIapFa HeFYP/bIM TYCIHIKTi,
YKEHiN, HaKTbl XX0/IMeH 6epinyiH, ecenrepAi KapacTbIpy Ke3iHAe eCenTiH XeHIiNAIriH,
LUbIFAPY XO/bIHbIH KbICKaMbIFbIH €CKEPY KaXeT. MyFanivm angdepeHumnanibiy
TeHAeynepai okylwblnapra 6epy KesiHge annbl guddepeHumaniblk TeHaeynep
Typanbl TYCiHIKTEPAi, OHbIH 6acka NaHAepMeH 6ainnaHbICbIH, AuddhepeHLanibik
TeHAeynepAai He yWiH OKbITYbIMbI3 KaXeT, SFHU KaHfjal >xaffjainapga
AnthdepeHUmanblK TeHAEYNep KONAaHbLIATBIHAIFbIH KOPCETY KEPeK.

OKylUblnapfa apHa/faH XaTTbIFy ecenTtepi:

1. AliHbIManbinapsl 6eniHeTiH TeHAeYynepai WwewiHaep:

a) (1+y2dx=(1+x2dx

b) (1+X).y<&HI-y)xdy=0
2. bipTekTi anddepeHumaNabIK TEHAEYNEPAI WeLiHaep:

a) (y-Ix"dy+Ixydx"O

b) (W&2xy-rdx” (Y+2n2\')(iy=0

BipiHWi peTTi CbI3bIKTbIK TEHAEYNEPAi LWeLiHaep:
xy' +3y =x2

& —= X
X+

OAEBNETTEP TI3IMI
1Mauwpanos, H. K., Mapwpanosa, I'. H. uddhepeHumanablk TeH4eYynep,
Mbicangap MeH ecenTtep. - lMasnogap, 2006.
2 BopoHuHa, I'. A. dnekTuBHbIe Kypcbl. - Mocksa, : 2006.
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N. K. Mashrapov, Z. N. Tleubergenova

On teaching an elective course «Differential equations» in mathematics

at comprehensive high schools
Pavlodar State Pedagogical Institute, Pavlodar.
Material received on 10.07.14.

C Lenbio NOBbILLEHNS KauyecTBa MaTemMaTNYeckoro o6pasoBaHus B
BbICLUMX y4eGHbIX 3aBefleHUsX, B CTaTbe NpeanaraloTcs uaen passuTus
a30B pa3fieNoB BbICLUE MaTeMaTWKN B 3NeKTUBHLIX Kypcax CpeaHero
yue6HOro 3aBefieHus. Mpeano>keHbl TPU He CNOXKHble TeMbl U3 Kypca
andepeHLmManbHbIX ypasHeHUiA, UMetoLLe MTPUNOXKEHUS B (U3NKE, XUMUN;
paccMoTpeHbl NPUMEPbI.

For the purpose to improve the quality o fmathematical education in
higher educational institutions, in thiswork the ideas o fdevelopment o fthe
basic elements o fhigher mathematics in elective courses at comprehensive
high schools are offered. Three easy topics of the course «Differential
equations» having applications inphysics, chemistry are offered; examples
are reviewed.

90X 004

H. H. OcnaHoBal, H. H. AtoceHrasnHaz A. O. CagbikoBaz2
In.f.k.,, C. TopainfblpoB aTblHAarbl MMY npodeccopbl, DKbITYLWbINAP,
C. TopaiifbipoB aTbiHAafbl NaBnogap MeMEKeTTiK yHUBepcuTeTI, MaBnogap K.

«AKMAPATTbIK KAYIMCI3AIK XXOHE AKMAPATTbI
KOPFAY» MOHIHEH BUPTYA/Abl 3EPTXAHAHbI
OKY YPAICIHAE KONAAHY

MaHanaga «AknapaT TbiH Layinci3fik >XaHe aknapaT Thl Hopray»
MaHiHEH BUPTYyanabl 3epTXaHaHbl nailfanaHy KOMeriMeH CTyAeH T TepaiH
GiniKTiniriH apTThIpy TacCini yCbiHbINAgbI.

KinTi co3gep: aknapaTThblK Hayinci3gik, aHnapaTThbl Hopray,
BUPTYanabl 3epTxaHa, KpUnTodXKyiie, KOMNbITEPNIK >XKyiie.

«AKnapaTTblK Kayinci3fik >xaHe aknapaTTbl KOpFay» NaHi Xannbl affaHaa,
KPUNTOXYenepaiH AypbIC XYMbIC XacayblHaH, lWndpnayabiH 8gicTepi KongaHbin
aknapatTblH TypneHyiHeH Typagbl. Anailfa, wndpnapablH, spKanceicbl TypAi
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- Kafdam, ywiHwici - angasuTTi anmMacTbipy apKblibl OpbiHAANAAbI.

«AKnapaTTblK Kayinci3fgik XKaHe aknapaTTbl KOpFay» MaHiHiH MaKcaTbl;

- MEMJIEKETTiH aknapaTTblK Kayinci3giriH kamTamachbl3 eTy;

- aKnapatThbl KOpFay XYWeCiHiH METOA0MOMUACKIH KYPY;

- aKnapatTbl XuHay, TacbiMafay XXaHe X1HaKTay;

- KOMMbIOTepAiK XylienepaiH aknapaTTblK KayincCi3firiH )XaHe KOpfaHbIC
6aFacblH KAMTaMachI3 eTy.

Ocbl MaKcaTTap XYy3ere acblpblay YLWWiH CTYeHTTep Wwudpnay TyprepimeH
TaHbICy KepeK. Byn TeK OKbITyl bl KeMeriMeH faHa eMec, COHbIMEH KaTap
OKbITYLUbIFa KOMEK peTiHAe 60naTblH BUPTYyangbl 3epTXaHaHbl Taxipnbenik
cabakTapfa eHAipy apKblibl OpbliHAaNaabl.

«AKnapaTTblK Kayinci3gik >xaHe aknapaTTbl KOpFay» MaHiHEH BUPTYyanfgbl
3epTxaHaHbl Taxipubere eHaipy ywiH C. TopaifblpoB aTbiHAaFbl MMY-ga
OKbITYLUbINAP MeH CTYAEeHTTEpre XymbIC ToapTibi TyciHAipinin, onapfa cbiHakK
eTKisingi.

OKpbITyLWbINap 63 NiKipnepiH arkpiHAaN, KEMWIiNiKTEPiH aTan KepCceTTi.
OnapfablH 6apnblK KeMwinikTepi eckepinin, 6antangbl. CbiHaK peTiHAe
«AKNapaTTbiK Kayinci3gik >KxaHe aknapaTTbl KOpFay» MaHiH OKbIN XYPreH XaHe
OCbl N3HHeH MyngeM xabapgap 60/MaFaH CTYAEeHTTEp MeH OKbITyLUblnapfa
cayasHaMa xyprisingi. CayanHamara OH afjaMm KaTbICTbl. CayanHama Xasrnbl OH eki
CypakTaH Kypangbl, TecTiney TypiHae eTkisingi. Tek 6ip gypbIc Xayan eckepinreH
6onaTblH. EH angbiMeH, CTyAeHTTepAiH KaHAal wudpnapabl 6ineTiHAiri nanbi36eH
arkblHganasl (1 cyper).

1cypet - CTyaeHTTepAiH wudpnapas! 6inyi (naibizdeH)
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CTy[eHTTep MeH OKbITYLLbLLIAPFa BUPTyanfbl 3eprxaHaHbl KongaH6aii Typsin,

6ipaeH ayan 6epy Kepekriri aiTbligbl. OCbl XYPri3ifreH cayanHama 60iiblHLIA
[ypbIc xayan 6eprengep- 30 % agam, kaTe xayan 6epreHgep- 70%agam(2 cypeT).

Jypbic xayan Kare »ayan 6epreHaep
bepreHaep
2 cypeT - LLndpnapmblH XyMbICbl Typanbl cypakTapFa
»ayan 6epreHaepaiH HaTUXeCH

CayanHaMmara KaTbICKaH CTYAEHTTep MeH OKbITyllbinap BUPTyanabl
3epTXaHameH TaHbICTbl. CTYeHTTep XKaTThbIKTbIPYLLUbIAA XXYMbIC Xacar, Taxipube
TancelpManapbiHa xayan 6epai. Ocbl BUPTYyanbl 3epTXaHaHbl KongaHa oTbipbIr,
CTYAEHTTep WundpnapablH XYMbIC TOPTIOIH XaKCbl MeHrepgi.

«AKnapaTTblK Kayincisgik xxaHe aknapaTTbl KOpFay» MaHiHEH BUPTYanibl
3epTXaHaMeH >XXYMbIC >acafaH CTyfAeHTTepre Tafbl [Ja OCbl cypakTapMeH
cayanHama XyprisinreH 6onatblH. HaTuxeciHiH, KypT XakcapfaHblH Keneci
3 CypeTTeH aHbIK Kepyre 60nagbl.

[ypsbic xxayan Kaie ykayan 6epreHzep
bepreHgep
3 cypeT - BupTtyangpl 3epTxaHameH
YYMbIC XacaFaHHaH KeiHri HaTuxe
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Caya/nHamara KaTbiCKaHJapAaH OCbl «AKMapaTTblK Kayinci3gik xaHe

aknapaTTbl KOpfay» MNaHIHEH KaHWanblKTbl 6iNiM anblHFaHbl Xainbl
cypacTbipblabl. OnapAbiH Nikipi 60MbIHLLIA, BUPryanbl 3eprxaHaHbl KonAaHyabiH,
Tnimainiri opta ecenneH - 93,2 %. «AknapaTtTblK Kayinci3gik XKaHe aknapaTTbl
KOpfay» NaHiHEH BMPTYyan[bl 3epTXaHaHblH TUIMAINITI ganengeHsi.

Erep BupTyangblk 3epTxaHaHbl OKY YpAiCiHe eHri3eTiH 6oncak, oHAaa
CTYLeHTTepAiH «AKnapaTTblK Kayinci3aik kaHe aknapaTTbl KOpFay» MaHiHe gereH
KbI3bIFYLUbI/IbIFbI OAHbIM, api 6inimaepi fe apTaTbiH 60nafbl.

SAEBNETTEP TI3IMI

1 MapueHko, A. /1., Ocsanbg, C. B./JlabopaTopHbIlii NPakTUKyM MO
371EKTPOTEXHUKE N 3NEKTPOHMKE B cpeae Multisim: yuebHoe nocobue gns By30B.
-M . : MK Tpecc, 2010. - 448 c. : un.

2 3anpsraes, C. A. / BupTyanbHble nabopatopumn B y4e6HOM npoecce
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B fiaHHOIi cCTaThe NpeanaraeTcs Cnoco6 NoBblLLEHUS KBAMGUKaLAN

CTYAEHTOB MO AucuunanHe «MHhopmayoHHas 6e30nacHoCThb M 3awmTa
MHhopmaLmm» NocpeAcTBOM BUPTYyanbHOWM nabopaTopun.

This articleprovides a method o ftraining students in the discipline of
«Information Security and information protection» through virtual labs.

YK 510.22,23

n. N. MNasniwkl NH. V. MaBnwok2 A. T. Cbi3ablikoBa3

N.p-m.H., npotheccop, Kaeapa «MaTemaTuka M MHGMOpPMaTUKa»,
X.(b-M.H., fOLeHT, Katheapa «BbluncaimTenbHas TeXHUKA M NPOrpaMmMmUpoBaHmes,
‘MarucTp mMateMaTuku, cTaplwuii npenojasaTenb, Kagenpa «MaTemaTuka
N nHopMmaTmka», MaBnoAapCcKMii rocyaapCTBEHHbIA YHUBEPCUTET UMEHU
C. Topaiirbiposa, r. MaBnogap

EOVHCTBEHHOCTb CNCTEMbI HATYPAJ/IbHbIX
UNCEN

B pa60Te yCTaHOoBNneHa eANHCTBEHHOCTDb aKCMomMaT MYeCKoii
CUCTEMbI HATYypanbHbIX YACEN.

KniouyeBble cnosa: HaTypa/bHble yucna, efUHCTBEHHOCTb,
akCnomaTunyeckana cncrema.

H. Byp6akn B cTaTbe «ApPXUTEKTYpa MaTemaTuKu» (CM. Takxe [1])
BbICKa3a NpeAnosioXKeHne, YTo «eAMHCTBEHHbIMY MaTeMaTUUYECKUMU 06LEKTaMM
CTaHOBATCS, COGCTBEHHO rOBOPS,, MaTeMaTuyeckue CTPYKTypbi». K ofHOI
13 TaKUX CTPYKTYP OTHOCMTCS CUCTeMa HaTypanbHbIX uucen. B pa6oTe AaHo
TEopeTnYeckoe 060CHOBaHME eUHCTBEHHOCTU CUCTEMbI HaTypaslbHbIX YMCes,
Kak MaTeMaTUyeckoro o6bekTa. Tem cambiM pelleHa yTBepauTeNbHO r1noTesa
H. Byp6aku /15 MaTeMaTU4eCKoi CTPYKTYpPbl - CUCTEMbI HAaTypasibHbIX YKCEN.

MpyU aKCMomMaTU4YecKOM MOCTPOEHUU CUCTEMbI HaTypanbHbIX YUCEN
YTBEPXKAAETCA, UYTO CYLLECTBYET XOTs Gbl OfHA CUCTEMA HaTypasbHbIX YKCen
[2, cTp. 120]. B HacTosLiel 3aMeTKe 40Ka3biBAeTCs, YTO NOCTPOEHHas cUcTeMa
HaTypanbHbIX Yncen Ha 6ase akcuom [efeknHaa - MeaHo efMHCTBEHHA. TaKuM
06pa3oM, cMCTeMa HaTypabHbIX YACEN eIMHCTBEHHA KaK 3Ta/loH KOMMYECTBEHHbIX
OTHOLLIEHUIA CHETHBIX MHOXECTB 06bEKTOB peasbHOro Mupa. A B 06LLEM, CAeNaH
Lar Ha MyTu 060CHOBaHMS NMPUHLIMMA KOHKPETHOCTY B aKCMOMATUUECKOI Teopui.

KaTteropus KOHKPeTHOIO TeCHbIM 06Pa3oM CBs3aHa C UCTUHOI. B MaTemMaTuke
3T0 NMPOSBASETCSA 0COB0 BbIPA3UTENbHO. KOHKPETHOE - CUHOHWUM AnaneKTU4ecKoi
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B3aMMOCBA3N pacyYNeHEHHOW LENOCTHOCTMN. A6CTpaKTHO€ - 3Tan ABMXEHWUA

KOHKPEeTHOro. AGCTPaKTHOE MbILL/IEHe NO3BONSET U3 OAHMUX 3HAHWUIA NoNyYaTb
[pyrue He o6pallasick HeNOCPeACTBEHHO K MPaKTUKeE, KOTOPas ABMISETCSA KpUTepreM
NCTUHbI. OfHOW M3 hopM abCTPaKTHOrO MbILWIEHUA ABAAOTCA NOHATUA [6]. B
HUX OTpaXatoTcs aTpMBYTUBHbIE MPU3HAKU MpeAMeTa UK Kiacca OAHOPOAHbIX
npeaMeToB [5]. B npeameTax coxpaHsieTcs KauyecTBeHHas OnpeAeneHHOCTb,
OTHOCUTENIbHO MOKOALWAACA CYLLHOCTb, KOoTopas 0603HavyaeT MMs JaHHOro
npegmeTa. Kaxgoe nMs MMeeT 3HaueHne (HOMUHAHT) U cMbIca. CMbICT UMEHU
- 3T0 MH(oOpMaLMs 0 NpeaMeTe, KOTOpPas COAEPXMTCA B UMeHW. OUH U TOT Xe
npesMeT MOXET MMEeTb MHOXECTBO Pa3NUHbIX UMeH. MpeaMeTHas BeNNUMHA B
MaTeMaTUKe MOXET BbICTYNaTb MOA Pa3IMYHbIMU UMeHaMU (2+2, 4). DNemMeHTbI
antasnTa aKCMOMATUYECKOW TEOpUW - NpesMeTHble nepemMeHHble. OHM MOryT
UMETb pa3/IMYHOE HayepTaHWe, CMbICA e OHW 06peTaroT BO B3aMMOAENCTBUN
C akcuomammu. AKCMOMBbI CBA3bIBAlOT 3/1EMEHThbI anaBnTa OTHOLIEHUSMMU.
3Ta cBA3b UM NPUAAET UM CMbICA. JTOT CMbIC/ €AMHCTBEHHO BO3MOXHbI B
aKCMOMaTVKe, MHaye He ByaeT peannm3oBaH MPUHLMN OFPaHUYEHHOCTM AaHHOM
akcmomatukoi. OTclofa cnefyeT, UTo BolIbop antaBmTa akCOMaTUYeCKO Teopun
[onycKaeT onpefieneHHy cBo6oay. CMbIC UMEHU Knacca 06bEKTOB peasbHOA
[eiCTBUTENbHOCTM BOM/OLLEHHOTO B €r0 MaTeMaTU4YecKoi MoAenu octaeTcs
(hMKCMPOBaHHbLIM 1 HeceT B cebe LIe/IOCTHOCTb U eANHCTBEHHOCTb.

Mbl MCNoMb3yeM Bblpa3nTeNbHble BO3MOXHOCTU fA3blKa MPUKIALHOTO
UCUYMNCNEHUNS NPEMKATOB, a TakXXe A3blK TeopUM MHOXeCTB [2,3]. 3To nomoraeT
LeTann3npoBaTb paccy>XieHus U npuaaBaTb QOPMYIMPOBKaM YyTBEPXAEHU
U [oKa3aTe/bCcTBaM 60/iee KOMNAKTHbIA W 3aBepLUEHHbIA BUA, a 3T0 (B CBOHO
ouyepefb) MO3BONSET CMMBONU3NPOBATL Teoputo. Anrebpa npefnkaToB
(B 0TAMUMK OT anrebpbl BbICKa3blBaHWIA) 3a CUET aHaIM3a CyObEKTHO-NPeANKATHOM
CTPYKTYpbI BbICKa3blBaTe/lbHbIX (HOpM 06/1aaeT 60MbLUMMUN BbIpa3UTeNbHbIMU
BO3MOXHOCTSIMU, YTO MO3BO/AET CPEACTBAMU €e f3blKa MOSHEe 0TpasvTb
3aKOHOMEPHOCTM IOrMYECKOr0 MbILLIEHUS, & 3TO CNOCco6CTBYeT 6osee ryboKoMy
NMPOHUKHOBEHMIO B CYTb BOMPOCA.

MpuHUMN 06BEMHOCTM B TEOPMU MHOXECTB Peann3yeTcs Yepes OTHOLLEHME
«=», KOTOpOe SIBASETCA OTHOLWEHWEM 3KBWBANEHTHOCTW, a MPUHLMUN
abcTpakumm [4] - yepes aTpMbYyTMBHbIE CBOCTBA MHOXECTBA. VI3BECTHO, UTO
aKCMOMaTMKa HaTypaslbHbIX YMCEeN ABMISETCSA KaTeropnyHoii 1 BoobLLe B anredpe
aKCMOMaTNYeCKMe CUCTEMbI PaCcCMaTPMBAIOTCS C TOUHOCTbIO [0 M30MOpdM3Ma
[4], Bonpoc 0 eAMHCTBEHHOCTM He 3aTparuBaeTcsi. OTHOLIEHWE M30MOopdKr3Ma
TaK e ABNSeTCA OTHOLUEHMEM 3KBUBA/IEHTHOCTU U KOHTPYSHTHO. OHO KnaHupyeT
aKCMOMaTNYeCKMe CUCTEMBI C fONel MyTaLum.

UTo npeAcTaBnstoT COOOM Knacchbl 3KBUBASIEHTHOCTU B (DakKTOP MHOXECTBE
MHOXECTBa M30MOP(HbIX CUCTEM MO 3TON 3KBUBANEHTHOCTU? TMOHATHO, YTO
CBOICTBa OMepaLuii OCHOBHOI CUCTEMbI HACNeYHTCA Ha CMEXHbIX Knaccax, Ho
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Pa3NNYHbIX CUCTEM CUUCNEHNA? DNEMEHTbI 3TOr0 (hakTOP MHOXECTBA PasIMyMUMBbI
W, MOHATHO, MO MOLLHOCTW OHW He MOTYT ObITb PasfinyHbl. ITO BCENAET HAAeXay
Ha yTBEPAUTENbHOE peLLeHNe BbICKa3aHHOM rMnoTesbl.

1. O cucteme HaTypasibHbIX Yucen

L Angasut 1 cnoea. AnaBMTOM Ha3blBaeTCA MPOM3BO/bHLIA Habop
CYMBOJIOB, Ha3blBaeMbIX 6ykBamu. Habop 6YKB MOXeT ObITb NpeLCTaB/eH B BUAE
KOHEYHOro MHOXeCTBa. B TakOM CrnucKe HET NOBTOPeHMU ByKB. TakuM o6pas3om,
ABe OyKBbl, BCTpevatoLmeca B andasnTe, pas3nuuHbl. OueBugHO, Nt060M CUMBON
MOXXHO NMpWHATbL 3a OYKBY angasuTa 1 Nt060IM anaBUT MOXKET COAepPXaTb, MO
KpaiHeii mepe, O4HY OyKay.

Kaxxayto KOHeuHyto noc/efoBateNlbHOCTb OykB andasuTa U Ha3blBatOT C/I0BOM.
Ecnm andhasut U={a,b,c\, 70 a, ba, baab, baach —cnoBa B 3Tom antasute. Kaxpgas
nocnefoBaTelbHOCTb 3anMCcaHHbIX ApYT 3a ApYrom OYKB angiaBuTa, ecTb CI0BO. TakuM
o6pa3om, B angasmTe U ecTb CKOMb YroAHO A/IMHHbIE CNOBA. Y 106HO BBECTY C/IOBO,
He cofepikallee HU OfHOM BykBbl. Takoe CNI0BO Ha3bIBAETCSA MYCTbIM CNOBOM. 3TO
XOpOLLIO COracyeTcs co CBOMCTBOM MyCTOro MHOXecTBa 0, KOTOpOe COLepXUTCA
B nto6om MHOXecTBe (U) 1 He COAEPXKMT HM OAHOrO 3nemMeHTa (MycToe ¢noBo). [ga
C/10Ba CUMTAIOTCA rpafryeckm paBHbIMU, eC/IM OHW COBMaAAtoT MO HaMUcaHuto, T.e.
COCTOSAT U3 OAMHAKOBbIX 3/IEMEHTOB a/ihaBrTa U 04MHAKOBO 3TN OYKBbI PACMON0XKEHbI
B pacCMaTprBaeMblx c/10Bax (CTOAT Ha COOTBETCTBYIOLLMX MeCTax).

MycTb gaHbl cnosa A 1 B B anasute U. CnoBo AB HasbiBaeTCs KOMNO3MLMEN
nnu couneHeHnem cnos A 1 B. OueBngHo, AB ecTb cnoBo. Hanpumep, nyTb A=bac,
B=aba. Torga AB=bacaba. Komnosuunsa 0A =A0= A, T.e. KOMNO3ULUA HO60r0
cnosa A ¢ NycTbiM cIoBOM 0 cuMTaeTCs Mo onpeAeneHnto paBHol caMoMy C/IOBY

A, T.e.
def

(1) 0A =A0 =A.

J1erko ycTaHoBWTb, Y4TO OMepaLMs KOMMNO3KLUS CNOB, 33laHHast HA MHOXECTBE
CNoB NpOM3BO/LHOrO angasuTa U, 06nagaeT CBOWCTBOM accoLMaTMBHOCTY, T.€.

(2) (yn. B,Ca u)(J1(BC) =(AB)C)).

CnoBa abc n cha antasuta U 3epkanbHO OTpaxaroT APYr Apyra unu
SBNSOTCA 3epKasibHbIMW 06pa3aMu 4pyr apyra.

CnoBo B HasbiBaeTca obpalieHneM cnosa A, ecnm B cocTOUT U3 Tex xe
BXOX/EHMIA BYyKB, 4TO M A, HO 3anucaHHbIX B 06paTHOM nopsake. Cnoso andasnTta
U Ha3blBaeTCca CUMMETPUYHbLIM, €CIM OHO COBMaJaeT CO CBOUM Ob6palleHUEM.
Hanpuwmep, cnoso aba B andasute U cummeTpuyHoe. A cnoso 010 sBnsetcs
CUMMETPUYHBIM B ABYX371eMeHTHOM andgasute t={0J \.

Cnoso A Ha3sblBaeTcsi MOAC/I0BOM CfioBa B, ecnu HailgyTcs Takue cnosa
CuE, uto B=CAE. Cnosa C 1 E moryT 6bITb nycTbiMu (T.e. C =E=0). MoHATHO,
YTO CNOBO A MOXET UMeTb HECKOJIbKO BXOXAEHMWI B HEKOTOPOe ApYyroe C/ioBO
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F. AcHo TakXe, 4TO NyCcTOe C/I0BO MOXET 6bITb noacsiosom ntoboro cnosa ¢

HECKO/IbKUMU BXOXAEHUSAMU.
1.2. CBOWCTBO NYCTOr0 MHOXKECTBA
Teopema. CnoBo 0 fABNseTCA eAWHCTBEHHbIM BO MHOXeCTBe M CnoB B

angasute U 0OTHOCMTENLHO OMepauumn KOMNO3nLMK CoB.
def
[JokasatensctBo. Mo onpegeneHuto i .1 \/>0.1 .10 /11

Mpegnonoxum, 4to B gaHHoMm andaBuTe U cyllecTByeT cnoBo O C TEM Xe
cBoiictBom, uTo 1 0, T.e.

(1%VAc M)(AO =0A=A)

1 0ch O. Mockonbky Oc M, To ncxoas us (1) umeem 00 =00 =0.C gpyroii
CTOPOHbI, ncxoas u3 (1Y), npn A =0, 0 =00 =0. Takum obpaszom, O =00 =00
=0 n0 =0. NMpoTnsopeune.

Teopema floKa3aHa.

1.3. MocTpoeHme CUCTEMbI HaTypasibHbIX yucen

PaccMOTpUM 04HO6YKBEHHbIV antasuT ;*=I1 }, rae «1» BepTuKasbHas YepTa.
MycTb N - MHOXeCTBO BCex CNnoB B afntasute r. MHoxecTsy N NpuHaANexxuT

nyctoe cnoso u cnosa 1, 11, 111 ut.4a. Ecnm n G | 10 TakK e C/I0BO B
andgasuTe r. Aea cnosa m v n M3 N paBHbl (T=M), €CIN OHU PaBHbl FPagMUecKu.
Ecnu ke OHW He paBHbl, TO NUWYT T .

Onpegenenvie 1. Myctb T M ne N KOMMNO3MLMA CMOB T U N Ha3blBaeTCHA
CYMMOW T 1 N 1 0603Ha4YaeTcss T® n,rae © HasbiBaeTCA Onepawuymenn CnoxeHus
3afjaHHol Ha MHOXKecTBe N. Komnosnums nto6oro cnoea N N 1 NycToro cnosa
O ecTb N0 onpesesneHnto cnoBo M. Takum obpasom,

okf

(3)(V«e NXO©n=u6 0=n).

OTMeTUM, YTO KOMMO3MLMSA CNOB Ha MHOXecTBe N 06/1aiaeT CBOICTBOM
accoumaTMBHOCTY, T.€.

@ (Vm.nJeN)(m0;?)01=T®(n 0 1.

3T0 CBOMCTBO MO3BOMAET MPOU3BOAUTL KOMMO3ULMIO NH060r0 KOHEYHOro
MHOXeCTBa CNoB 13 N, NOCKO/bKY

B)(Vm:ne bI'"rt™n=Are H).
rae k —C/I0BO B TOM Xe anfasuTe.

Onpegenenve 2. TpounssefeHne AByx cnoB T un (t®n) (neO u3s N
Ha3blBAeTCs C/NOBO pPaBHOE CyMMe N C/laraemblX, Kaxjoe U3 KOTOpbIX paBHO T.

def
Monaraem no onpegenednto T®0 =0® T =0 . Takum o0bpa3om,

(6) T®ERN =TA®T®...®T
3
Hanpuwmep, (¥YTe ®1=T, T®1 =T®T, T®111=T®T 61
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1.4. Cuctema HaTypasibHbIX YKMCeS.

Onpegenenue [2]. CcTEMOR HaTypasbHbIX YMCEN HA30BEM MHOXecTBO N
C/IOB C OMepauymen «+» CNoXeHWs, onepaunein « *» YMHOXEHNSA N HEKOTOPbIMM

anemeHTamn O n 1e N , y0B/IETBOPAIOLWVMM YCIOBUAM:

(VWwe jV)w+1 ¢ O);
YT,meN)»+1l=n+D)=>T=n);
(yDie N(G)i+0=T);

(Mw,ne VW + (@ +1) = (» +n) +1);
(y»i e N\»i «0=0);

(Vw.ne N)(mmn+1) =(m-n) +m)',

Ecnn A —NoAMHOXecTBO MHOXecTBa cnoB N Takoe, 4To

(@ 0eA

(b) Vne A)((n+le™H=>A=N)m

MpuBefeHHas cucTema akcnom npuHagnexuT Puxapgy AeneknHgy (1831—
1916) n Oky3enne MeaHo (1858-1932) - uTanbAHCKOMY MaTeMaTWKY, KOTOPbINA
3aHUMancs GopmManbHO-N0rMYecKUM 060CHOBaHWEM MaTemMaTuku. Hemeukuii
maTteMaTtuk P. [lefeKuHz nocTponn CUCTEMY aKCMOM HaTypasibHbIX YNCEeN paHbLLe
(1888r.) Ha Tpu roga [3]

OnemeHTbl MHOXecTBa N Ha3bIBalOTCA HATypPaSbHbIMW YUCnaMu. SNeMeHT
0 1 1Ha3blBalOTCSA COOTBETCTBEHHO HYNEM U efnHULIEN cucTembl N.

[Lns 3anucy yncen (Mepbl KONIMYECTBA 3/1EMEHTOB MHOXECTBa, 6YKB B C/IOBaXx,
B JaHHOM Clyyae)

(M)1+1, (1+1)+1,((1+1)+1)+1,
ncnonb3yetca 06blYHaA AecAaTUYHaa CUMBONUKA: 2, 3, 4,

B [1] npuBeaeHbl foKa3aTeNbCTBa Psfa CBOWCTB CMOXEHUA U YMHOXEHNS
HaTypasbHbIX Yncen. OCTaHOBUMCH NWLLb Ha J0KA3aTeNbCTBE HEOOXOAUMbIX HaM
CBOWCTB YMHOXEHWS HaTypabHbIX YMCEN.

Nemma 1. Ana no6oro HaTypanbHoro uncna ae N lea =a.

JokasaTenbcTtBo. Mo akcnome (V) 10=0. [MMpegnonoxum, 4to

VMWweiV)(len=n)mTorga 1n+1)=ln+1, 1t.e. 1n+l)=n+1. CornacHo
npuHumny nagykuum (V1I), hopmyna lea =a BepHa A/ N1060ro HaTypasibHOro
yucna a .

Jlemma foKasaHa.
Teopema 2. YMHOXeHWe HaTypasibHbIX YMCeN KOMMYTaTUBHO, T.e.

(8) (ya, be N)(amb=bm) m
[oka3aTenbCcTBO. VIcnonb3ys UHAYKLMIO NO &, MOKaXEM, YTO

(9)(Va,6 e V)(a*0=0+a)
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3agmkcnpyem B opmyne (8) nponsBonbHOe 3HavyeHue ci. O603Ha4YMM
yepe3 A(b) cBolicTBO onpeaensiemoe cBoicTBOM (9). MpegnonoXum, 4To Ans
NPOV3BOMLHOIO 3a(hMKCMPOBAHHOTO HATypaibHOr0 YMCN0 N BepHa (opmyna

(yn e N\a-n =n-a). Torga:
1 amn+1)=am+n (akcmoma VI);

2. amn+1) =n-a+a (akcnoma nHaykuumn VII);

3. a-(n +\) = <7+ 1-<7(nemma 1);

4. {n+1)-a (Teopema 2.10 [1]).

Takum 06pa3omM, BbINONAHAETCS ycnosue Ana.4=(«+7). CornacHo npuHuuny
nuaykumu, A{b) BepHO Ana nb6oro HatypanbHoro beN . MMoCKoAbKY
(hMKCUPOBaIOCH NPOU3BOSIbHOE 3HaYeHWe a , To hopmyna (8) UCTUHa ANs No6bIX
HaTypanbHbIX a " b.

M3 akcnom V, VI nerko cnegyet, 4yto

(10) (/w e N)(?nel=m)> (V»7eN)(m-2 =m -1+ 1) =m +m)>
(Mw; e N)(m-3=me(l+1+1l)=m+m+m)
nT.A.
2. OCHOBHOI1 pe3ynbTar
Teopema 3. MHOXeCTBO HaTypasibHbIX Yucen N eJUHCTBEHHO OTHOCUTENbHO

n3bpaHHoro angasmta u cuctembl akcmom I, 11, 111, 1V, V, VI, VII.
JokasatenbcTBO. Tak Kak yMHOXeHMe BN KOMMYTaTUBHO (Teopema 2), TO

(yine V)(V?' e V)(w mi =ii-m) n

(H)Y(Vmg N)(ihml=1Im =in)e

MpeanonoXxum, uto B N cywecTtByeT 3nemMeHT 1* Takoi, uTo
(Vni e yY)(?;F =fm =in), npuuem 17°1* (gonyckaem). Mockonbky 11*%« e N
, TO I*el=1eI*=1* C apyroin CTOPOHbl lel*=1I*e1=1. 3 ABYyX nocnegHUX
paBeHCTB crnepyeT, uTo 1=1. OgHako, 3T0O NPOTUBOPEUUT MPELNONOXKEHUIO.
TaknM 06pa3oM, HeWlTpasnbHbli 3MEMEHT B CUCTEME HaTypasibHbIX Yucen
OTHOCUTENbHO Onepaunn YMHOXEHMWS e AUHCTBEHHBIIA.

Mockonbky 0e N, a CnoXeHue HaTypasibHbIX YMCEN KOMMYTATUBHO
(Teopema 2.3 [1, cTp.124]), n a+0=a (akcuoma Il1), T0

(12) (Vae 7V)@a+0=0+a =a)-

Mpegnonoxum, uto B N cywecTtByeT 3anemeHT 0* Takoi, uTo
(Vae 7V)@@a+ 0*=0+a =a) n 0~ O*mTorga u3 o4eBMAHbIX PAaBEHCTB CNesyer,

(13)0* +0 =0+0*=0*, 0+0*=0*+0=0, 0=0*
MpoTuBopeume. [anee, U3 eANHCTBEHHOCTY 3amNMCK KaXA0ro HaTypasbHOro
yncna (7) ¥ O4HO3HAYHOCTM OMepaLUil CNOXKEHNUS U YMHOXEHUS CRefyeT, uTo
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CUCTeMa HaTypaibHbIX YnCeNn eANHCTBEHHA OTHOCUTE/IbHO AaHHOI 0 aﬂ(paBVlTa "

MPUHATON CUCTEMbI aKCUOM.
Teopema f0Ka3aHa.
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JKyMbICTa HaTypan caHAapAblH akcuoMaTUKanbly XKYAeCiHiH
>Kanebl3pblebl aHbIKTanibl.

In the work o fthe uniqueness the axiomatic system o fnatural numbers
is established.

Topalirs
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n. N. NaBntwokl NH. N. MaBniok2 M. K. KyaailibepreHn3
N.p-m.H., npotheccop, Kaeapa «MaTemaTuka M MHDOpPMaTUKA»,
X.(0-M.H., JOLeHT, Kadeapa «BbluncnntenbHas TeXHWKa U NPorpaMmMmnpoBaHune»,
‘cTapwunii npenogasaTenb, Kadegpa «MatemaTuka U MHGOpMaTUKa»,
MaBnogapckuili rocyfapcTBeHHbIN yHUBepcuTeT umeHn C. TopaiireipoBa,
r. Maenopgap

EOVHCTBEHHOCTb IMPYMMNbl KAK
AKCVIOMATUYECKOW CUCTEMBbI

B pa6oTe Joka3aHa eANHCTBEHHOCTb aKCMOMAaTWYECKO CUCTEMbI
rpynnbl.

KntoueBble cnoBa: rpynna, eguHCTBEHHOCTb, akcMoMaTuyeckas
cucTema.

B paboTe MCMonb3ytTCA BbipasnTe/bHble BO3MOXHOCTU A3blKa NPUKNaAHOIO
MCUUCNEHNS NPEeAMKATOB, a TaKXkKe A3blK TeOpUM MHOXEeCTB [4]. STo nomoraet
[leTaNIN31POBaTh PacCyXeHns 1 NpuaaBaTb AokasaTenbCTBaM M hopMy/MPOBKam
YTBEPXAEeHNI 6onee KOMMAKTHbIN 1 3aBepLUeHHbI BUf, a 3T0 (B CBOK O4epedb)
Nno3BONSET CMMBONM3NPOBATb Teoputo. Anredpa npeankaTtoB (B OTIMYMK OT
anre6pbl BbICKa3blBaHWi) 3a CYET aHa/IM3a CyObeKTHO-NPeAMKATHOM CTPYKTYpbI
BbICKa3blBaTe/bHbIX hOpPM 06/1a1aeT 60/bLUNMU BblPa3uTe/bHbIMI BO3MOXHOCTAMU,
YTO NO3BONSET CPeACTBAMM €€ A3blKa NO/HEE 0TPa3nTb 3aKOHOMEPHOCTU TOMMYECKOr0
MbILL/EHNS, @ 3TO CMOCOGCTBYET 6osiee rNy60KOMY MPOHMKHOBEHWIO B CYTh BONpOCa.

OnpegeneHne [1] Anre6panyeckoii «-MecTHOI onepauueil Ha MHOXeCTBe
G (G 20 ) (nnu 3aKOHOM KOMTMO3ULIMK) Ha3bIBAETCA NPaBWO (3aKOH), N0 KOTOPOMY
KaXX[0i ynopsagoveHHoi n-ke(alal,...,aii* anemeHTOB MHOXeCTBa G CTaHOBUTCA
B COOTBETCTBUWN €AUHCTBEHHbIN 3/1IEMEHT b M3 TOro e mMHoXxecTBa G, (beG),
rae b—pesynbTaT onepauun.

Onepauuu B MaTeMaTke 0603HavatoTes cumsonamu: f, g, f ; +,0,... Ecan
n=2, TO Onepawusa Ha3biBaeTCcs OUHAPHOW, Npy N=1- yHapHOI.

CylecTByeT MHOTO onpegeneHunii rpynnol [1]. OHW 3KBMBaNEHTHbI. Banmke
no Ayxy Teopun eAUHCTBEHHOCTU B rpynnax creaytoLlee onpeaeneHue, cBasaHHoe
C pelleHnem ypaBHeHU, a ypaBHeHue (B HalleM NOHUMaHUK) - 3TO CpaBHeHUe
OTHOCUTENIbHO OTHOLLEHWS paBeHCTBa.

OnpegeneHune [2] Epynnoii Ha3biBaeTcs HeNyCTOe MHOXeCTBO G C OAHOW
OCHOBHOI 6UHapHOI anrebpanyeckoli onepauueli « «», KoTopas y4oBneTBopaeT
cnefyowmM 4BYM aKCMOMaMm:
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1)(ya,b,c e G)((a *b)- c =a m(b X)) - accoyMaTUBHOCTb OMNepaLmm « *»;

2) (Va6 eG)(3x,veG)((a*x=b)&(y *a=b)) - ypaBHeHUs (CpaBHEHWS)
amx=Db, ym=b OTHOCUTENbHO MEPEMEHHbIX X,y paspeliMmbl B G, TO ecTb
CYLLeCTBYIOT ux peweHns R(am=b)p0, R(y m=b)¢p0 B G, rae & - 3HaK
KOHBIOHKLUN («U»).

3TV peLLeHns MOTyT 0Ka3aTbCsl pas3NUUHbIMK. 15 onepauun « ¢» B 06LLeM
CNyyae He BbIMOHAETCS 3aKOH KOMMYTaTUBHOCTY

(Ya,b e G)(a-b=bm).

Ecnn B rpynne G umeeT mecTo ¢opmyna (1), To rpynna HasbiBaeTcs
abenesoll (B 4yecTb HOpBeXCKOro matemartuka H. F. Abens (1802-1829)) wnan
KOMMYTaTWUBHO.

Bygem nonb3oBaTbCsi MYAbTUNAMKATUBHOW 3anucbl onepauum u
COOTBETCTBYIOLLE/ TepMUHOMOTMe. B ganbHellleM 3HaK onepayum «e»
onyckaeM (COXpaHss TePMUHOJIOTMK), YTO COrNTacyeTcs C MPUHLMNOM 3KOHOMUMU.

Huxe M3n0XeHbl CBOWCTBA, BbITEKatOLLMe U3 NMPUBEAEHHbIX BbILLIE aKCUOM
rpynnel.

CsoiictBo 1. B rpynne G uctuHa opmyna

(2) (VIf/iGG K i e Mlay = bLLpk- = 1) = (bx =b)).

TO €CTb 3/1eMEeHTbI FPYNnbl G 061a4at0T NpaBbIM HEATPaNbHbLIM 3/IEMEHTOM.

[oka3zatenbcTBo. PaccMoTpum npom3segeHne bx, rae b —npou3Bo/bHbIi
anemeHT rpynnbl G, a x e R(ax=s)c G. CyuwecTBoBaHMEe TaKOro x 06ecnevyeHo
akcmomoii 2) (1.1.2). Torga bx=(ya)x =j(ax)=ya =b. OTctoga bx=b.

CBOWACTBO A0Ka3aHo.

CsoiicTBO 2. B rpynne G ucTuHa opmyna

(3) (Viffee G)'3i' e Jf(va = b((i-n = n) =m (yb =b))).

TO €CTb 3/1eMeHTbI FPYNnbl G 061a4at0T SIEBbIM HEATPaSIbHbIM 3/1EMEHTOM.

[JokasaTenscTBo. PaccMoTpum npoussefeHneyb. Tak Kak y e R(ya=b)"G.
npu b =a, To ybe G nyb =y(x) =(ya)x =ax="b. Takum obpasom, yb=b.

CBolicTBa [JOKa3aHo.

CaolicTBo 3. Epynna G 061agaet eAUHCTBEHHbIM HEATPa/IbHbIM 31EMEHTOM.

[okasatenctBo. CHayana AOKaxem, 4To x=y (CcM. cBolicTBa 1 un 2).
LelicTBUTENLHO, O4EBUAHO, I.re G U yx =X NOCKO/IbKY Y - NIeBbI/i HEATPa/IbHbI
3nemeHT rpynnel G. C Apyroli CTOPOHbI yXx =y, MOCKO/bKY X - NMPaBblil HeATpanbHbIN
3neMeHT rpynnsl G. Taknum 06pas3om, x =y =e W,

(4)(Vge G)(3ee Gjeg =ge =g).

[anee, ycTaHOBUM eAMHCTBEHHOCTb B rpynne G HeWTpanbHOro

anemeHTa eeG- [Mpegnonoxum, 4to (Vg=G)(3ej =C)(e"= gel= n
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(Mgre G)(3e, e G)(e,g=ge2=g) npnuém elde2. N3 paBeHCTB ek2=e2=eck2=¢l

cnefyet, yto N =e2. lNpoTuBopeume.

CBOICTBO l0Ka3aHo.

CgolicTBo 4. B rpynne G KaXAblil anemeHT obnagaet eAMHCTBEHHbIM
06paTHbIM (CMMMETPUYHBLIM) 31EMEHTOM.

OOKA3ATEJIbCTBO. Mycts ae G . O4eBUAHO, ypaBHEHUS ax=e, ya=e

paspewnmbl B rpynne G. MNycTb a,'leR(ax=e), af &B{ya=e) —peweHuns

COOTBETCTBYHOLMNX YpaBHEHNIA, TO ecTb CrR'1=e=a'lh. [Jokaxem, 4yTo f"1=a,l
Mpegnonoxum, yto a @ a2 .PaccmMoTpuMm 3neMeHT a~laafl= d-1 =a]k=a]ll

ataaMl=(a2Bla~l=ea~r=a~'. OTclopga cnepgyet, u4T0 a[l=a2=al.
MpoTnBopeumne. Takum obpasom,

(5)(VaeG)(3aleG)(a =akh=e).
CBOIACTBO A0Ka3aHo.
Cnepctsue. B rpynne G Kaxpblii 3NEMEHT a eJMHCTBEHHbIIA.

JokaszaTtenbcTBO, 04EBMAHO, BbITEKAET 13 CBONCTBA 4, Tak Kak (cl) 1=a,

a 3/1IeMeHT a'leAnHCTBEHHbIN B G.
CsolicTBo 5. B rpynne G kaxgoe ypaBHeHue (CpaBHEHNE) ax=b, ya=b nmeeT
€ANHCTBEHHOE peLLeHme.

Jloka3aTenbCcTBO, OYEBUAHO, 3/1eMeHT @ b&G ecTb pelleHune ypaBHeHus
ax=b, Tak Kak npu NOACTAaHOBKE €ro B ypaBHEHWe ax=b BMecTO NnepemMeHHOM
x bygem umetb afa~Ib)={aa~)b=eb =b (T0 ecTb b=b). C gpyroi cTOpPOHbI,
ecnn npeanonoXuTb, YTO 3neMeHT cedA(T=b), To ecTb ac=b, TO
¢ =ec = (g In)c = a-1(ac) = a~Ib (popmyna (5)). Takmum obpasom, ¢ =a Ib. TO ecTb
LpYrux pelleHunii ypasHeHus ax=b (kpomea~'b) B rpynne G HeT. AHanormyHo
yCTaHaB/IMBaeTCA, YTO 3/eMeHT berl ABNAeTca efJUHCTBEHHbLIM PeLleHnEM
ypaBHeHNs ya=bh.

CBOICTBO l0Ka3aHo.

CBoiicTBO 6 (3aKOH CoKpalleHus). B rpynne G uctuHa gopmyna

(6) (ya,b,ce £2X(ae=be)v (ca=cb)O (s=h)),
rae «V » —3HaK AWU3bIOHKUUN (<nn»).

JokasatenbctBo. Heob6xoaumocTb. MycTb ac=bCc —BepHOE PaBEHCTBO B
G. PaccmoTpum peleHne R(yc=bc) ypaBHeHMs yc=bcC Ha anemeHTax rpynmsoi
G oTHOCUTENbHO MepemMeHHOW yeG. OueBngHo, b.aeA(yc=ic). Tak Kak
i?(yc=6¢)eanHcTBEeHHO B G (CBOICTBO 5), TO a=b. Ecnu e ca=ch, To pacCMOTpeB
ypaBHeHue cx=ch, nonyuum, uto a,be R(cx =ch). B cuny Csoiictsa 5, a=b.
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JocTaTouyHocTb. TakK Kak a=b, TO 13 paBEHCTBA ac=ac 04eBWAHO, CreayeT

paBeHCTBO ac=bc. AHaNOrMYHO M3 paBEHCTBA Ca=ca ClefyeT, 4To ca=Ch.

CBOWCTBO 40Ka3aHo.

CnepnctBue. MNpousseaeHne a=b 3neMeHTOB rpynnbl G eAnHCTBEHHO B G
OTHOCUTENbHO FPYNMoBOIA onepauuu.

[JokazaTenbcTBo. Tak Kak onepauus « » anredbpamyeckassB GTo am=ce G,
a Tak Kak B rpynne G KaAblli 3N1eMeHT eJMHCTBEHHbIV (CNneacTBue CBOICTBA 4)
TO U 3M1EMEHT C eANHCTBEHHbIN.

CBOWCTBO 40Ka3aHo.

Teopema. 'pynna egUHCTBEHHA OTHOCUTENbHO angasuTa, U HENYCTOro
MHOXecTBa G C rpynnoBoii 6MHapHON onepauueid, yA0BNETBOPSAIOLWEN CUCTEME
akcuom (1.1.2).

[okasatensctBo. Mo cBoicTBy 3 rpynna G o6nagaet eANHCTBEHHbIM
HelTpanbHbIM 3/IEMEHTOM €, a M0 CBOWCTBY 4 KaxAblii aneMeHT aeG
06najaeT e4UHCTBEHHbIM 00paTHbIM 3nemMeHTOM cll. [o cnefcTBUIO CBOICTBA
4 KaXablii aneMeHT g eG e4UHCTBEHHBIN B rpynne G. o cneicTBUIO CBOCTBA
6 (Va,b6G\ab=c), rae ¢ —eAuMHCTBEHHbI 3nemeHT rpynnbl G. CneacTtsue
CcBOICTBa 6 BMeCTe C akcMoMoli 1) onpegeneHus rpynnsl faeT 6a3y MHAYKUUK Ans
nonyyeHns 0606LLEHHON accoLMaTUBHOCTI FPYyNnoBoi onepauun [2], a BMecTe
C 3TUM - NOAYYeHWs NH60ro anemeHTa rpynnbl. MOCKOAbKY OH eAUHCTBEHHBIN,
To rpynna G 0THOCUTE/IbHO FPYNMoBOM onepauuy 1 angasmnTa, MCNOAb30BAHHOMO
Ana peannsaunm akcMom, eaUHCTBEHHA.

Teopema floKasaHa.

[lokasaHHOI TeopeMoii pelueHa yTBepaMTeNnbHO runote3a H. bypbaku o
eAVHCTBEHHOCTY anrebpanyeckoin cTpyKTypbl rpynnsl [5].
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S. Toraighyrov Pavlodar State University, Pavlodar.
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XKymMbicTa TONThIH aKkCcMOMaTUKabLy, >KYNECiHIH >Kanrbi3gbirbl
[anengeHai.

In the work the uniquinesess of the axiomatic system ofgroup is
proved.

YAK 512.54

E. B. Camokuwl . . MaBntok2 VH. N. MaBntokK3

Maructp matematuku, X.-m.H., npodeccop, X.p-M.H., AOUEHT, Kadegpa
BTw, MaBnogapckunii rocyfapcTBeHHbI yHUBepcMTeT uMeHn C. Topalireiposa,
r. Naenopgap

NHOEKCHAA SKBUBAJIEHTHOCTb N FC-LIEEHTP
MPYTINMbI

B paboTe ycTaHOBNEHO OTHOLIEHNE 3KBUBANEHTHOCTMU Ha
3NleMeHTax rpynnbl, KOTOPOMY COOTBETCTBYeT FC-ueHTp rpynnsl G.

Kntoyesble cnosa: rpynna, 0 THOLEHNE UHAEKCHON 3KBUBAIEHTHOCT Y,
FC-ueHTp rpynnei.

MHoxecTBOo 3nemeHToB FC(G) rpynnbel G Takoe, 4TO
Qrfge i7TC(G)X|G: C'g-j| < a) cocTaBnAT HOPMabHY NoArpynny rpynnsl G. 31a
nogrpynna i*C-ueHTp rpynnsl G. OHa UrpaeT BaXKHyt0 posb B Teopumn £ C -rpynn
[1]. MockonbKy 3aneMeHTbI CMEXHOr0 Knacca aH rpynnsl G Mo NPOM3BOLHON
nogrpynmne //cBsi3aHbl OTHOLLEHMEM 3KBMBAIEHTHOCTU, TO Hallla 3afjaya yKasaTb
3T0 OTHOLLIEHME, KOTOPOE 6bI10 6bl CBSA3aHO C XapaKTepPUCTUUYECKM CBOMCTBOMF C
-LeHTpa rpynnbl G. OueBugHo, (Yab e FC(G)X|G: C(g)riC(£)| <<9. HeTpyaHo
BugeTb, 4to (Ma_belC(*X|C(n): C(A)rnC(i)) < wn |C(6):C(a) 0 C(6)| <o00)
Takum o06pa3om, 3neMeHTbl a,b rpynnbl G MHAEKCHO-3KBUBANMEHTHbI
a;=b B rpynne G Torga u TonbKo TOraa, korga |C(s):C(a)nC(6)| < u
|C(6):C(6)nC(a)| <20, T.e. umeeT MecTo hopmyna &|Cc ) :Cd) o C(A)| <co)
Mogaynstop M(a) anemeHTa a B rpynne G 370 pelleHWs CPpaBHEHUA X ;= a
B rpynne G OTHOCUTENbHO PUKCMPOBAHHOTrO ae G, T.e. 3TO MHOXECTBO
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3NeMeHTOB rpynnbl G Takoe, 4To (V.we M(a))(\C(a):C(a)n C(x)| < co) [2].
Tenepb CHOpPMynMpyem CrelytoLnii pesynbTar:

TEOPEMA. OnemeHTbl cMeXHoro knacca aF rpynnsl G no nogrpynne
F <G wnHAOeKCHO-3KBMBANEHTHbI B rpynne G Torga v TONbKO TOrAa, Korga
F=FC(G).

OOKASATE/IbCTBO. HeobxoanMmocTb. [MycTb 31eMeHTbI CMEXHOr0 K/acca
aF MHAEKCHO 3KBMBa/eHTHbI. Tak Kak F <G, 10 (VAe F){\fae G)(a=ah);

roe h e F . W3 cpaBHeHusa at=ah cnepyet, uto M{a)=M{ah) [2]. Tak kak
M(a) - nogrpynna rpynnbl G [2], To c[le M (ah) =M (ah). OTcioga cnegyer,
yto a~l e M(ah). ATakkak oh & M (ah). To (g _1X0A)e M (a) . OTctoga,
o4eBMaHO, he M (a) ./lerko Bugeth, 4to he p|M () —F C(G) ana noboro
ars

ae FC(G) uF<FC(G). Takkak (Vie FC{G))(b EM (a)), 10 F=FC(G).

JoctarouHoctb. Myctb Clb GCIFC(G) . Torga CIFC(G) =bFC(G) un
anbe FC(G). Tak kak (Vg e G)(FC(G) <M (*», 10 a Ib GM(a) ,

bGM (a) u & =: a . AHanornuHo ycrtaHaenmsaetcs, uto a Ib GM (LU, w

a GM(b) .Ortciopga Gf =: b.Tenepb a;= b.
Teopema f0Ka3aHa.
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YKyMbICTaMaTemMaTuKanbly TYCiHiKpeTiHge FC-Ton opTanbirbiHa

G calikec KeneTiH 3KBMBANEHT TiNIKTiH HaTbIHACbIH KBpCEeTEAI.

Determined the equivalence relation on the elements, corresponding
to the FC-center ofgroup G.

YAK 512.54

E. B. Camoknwil W. W. NMaenok2 VH. L. MNMaBnrok3

MarucTp matematuku, X.(p-m.H., npodeccop, X.p-M.H., LOLEHT,
Kadegpa BTul, MaBnogapckuii rocyaapCTBEHHbIN YHUBEPCUTET MMEHM
C. Topaiirbiposa, r. MaBnogap

Ob ABEJTIEBOM HOPMAJIbHOM AEJIUTENE MPYMMNbI

B paboTe HaiiieHbl ycnoBus, nNpu KOTOPbIX rpynna obnagaeT
HOpManbHbIM AeNNTENEM.

KnioueBble cnoBa: rpynna, AGenesa rpynna, no4rpynna, HopManbHbiii
AenUTenb TPYNMbl, KNAcC COMPS>EHHbIX 3N1eMeHTOoB, KOMMyTaTop
3N1EMEHTOB, KOMMYTaHT TpPynnbl, LEHTPanM3aTop aNeMeHTa, LeHTp
rpynnbl, MHAEKC NoArpynnbl B rpwne [1, 2].

Mpobnema bepHcaiiga [1] 0 Hanuuum abeneBoro HOPManbHOrO AeNNTENS B
KOHEYHOI rpynmne HeYeTHOr o NopsaKa peLleHa yTBepaAnTeNbHO [5]. CBA3b Hanmuns
HOPManbHOro AennTeNns B MPOM3BOJILHOIM Fpynne C MOLHOCTbIO HEKOTOPOro
Knacca CONPSHKEHHbIX 371EMEHTOB FPYNMbl HE BblAeNsnach B TEOPUM rpynn Ans

nccnegosaHna. XoTA XOpOoLIO U3BECTHO, YTO MOLLHOCTL @ HEKOTOpOro Kiacca

CONPsHKEHHbIX 3M1EMEHTOB rpynnbl G, cofepxallero 3/eMeHT a onpejensercs
nHagekcom |G :C(s)| ueHTpanusatopa C(a) aToro anemeHTa B camoit rpynne G.
Mpwu kakunx ycnosuax C(a) sBnsetcs abenesoii rpynnoi nam xoTs 6bl COAEPXKUT
abenes HOpManbHbI aennTenb? Takue UCCNeA0BaHUS NPOBEAEHbI B HACTOSLLEN

pa6oTe NpPW JOCTATOUYHO XXECTKOM OFpaHMYeHUn AN HEKOTOPOro Knacca a
CONPSIKEHHbIX 3/1EMEHTOB - €ro MOLLHOCTb OrpaHMyeHa Yncnom asa. CoBrnageHue
KOMMYTaHTa rpynnbl ¢ ee MoArpynmnoi MHAaekca [pa, KOTOPOE YCTaHOB/EHO
B Teopeme 3 ABNsieTCSH YHWKaNbHbIM CBOCTBOM Tpynnbl COAepKalleit Knacc
COMPSHKEHHbIX 3/1EMEHTOB MOLLHOCTU fBa (Teopema 2).
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NEMMA L 39nemeHT a rpynnsl G TOrga v To/IbKO TOrga npuHagnexuT

c=

LeHTpy Z(G) rpynnbl G, korga A G a - Knnaccy COnpsiKeHHbIX 31eMEHTOB rpynnbl

G, cofiepXalleMy 3/IEMeHT a, MOLIHOCTb & KOTOPOro paBHa eauHULbI.

OOKA3ATE/ILCTBO. Heo6xoaumocTb. MycTs €”*aeZ(G). Torga

(Vg e G)((ag =a)<=>(C(a) =G) .OrTclopa cnegyet, uto <7=1.

c c

LocTaTtoyHocTb. MycTb € tba < a m a = 1. Torga (Vg <G)(as =a)

c
ae Z(G).B npotusHoM cnyuae, ecim (3Te G)(ar=4a),To a,a' e a u 21 >2
[NpoTuBopeune.
JleMMa floKa3aHa.
NEMMA 2. Epynna G abeneBa Torfa u To/bKO TOrAa, KOrga MOLHOCTb
KaXXOro Knacca COnpsXeHHbIX 3/IEMEHTOB rpynnbl G paBHa eAunHuLe.
OOKA3SATE/NBCTBO. HeobxoaumocTs. MycTb G abenesa rpynna, T.e.

(Ya. be G)(ab =ba) . Ecnuarotak,To(¥* e G)(Vae G)(as =a) w 1.

JocTtatoyHocTb. Myctb (VaeG)( =1). Torga no Jlemme 1

(Yae G)(ae Z(C))u G<Z(G).OTcioaa G - abenesa rpynna.

Jlemma foKa3aHa.

TEOPEMA 1. Epynnbl, B KOTOPO KaXAblii HETPUBMANbHbIW ee Knacc
CONPSXKEHHBIX 3MIEMEHTOB COLEPXUT [iBa 3/1IEMEHTA, He CYLLeCTBYET.

OJOKA3ATE/IbCTBO. Onupasck Ha leMMmy 1, 04eBUAHO, TMMNOTETMYECKAA
rpynna He abenesa. MNpeAnonoXuM, Yto cyLlecTByeT Heabenesa rpynna G Takas,

yto (Vae G\e)( =2).Torgams =2 cnepyet,uto (Vae a)(|G :C(a)| =2)

(2.5.6 [2]). Tak Kak nHaekc |G:C(s)] KOHeYeH, TO MOXHO cuMTaTb, 6e3 NnoTepu
06LHOCTK paccyxaeHnit, uto C(a)<G (12.2.2 [1]). MockonbKy thakToprpynna

G =G/C(a) wmeeT nopagkom aga, To G - abenesa LMKIMyeckas rpynna u
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G <C{a) (9.2.1 [4]). Oanee, u3 nctuHoit chopmynbl (Vg e G)(jG :C(gO| = 2)
cnegyet, uto (Vge G)(G <C(g)). OTcloga cnefyet, 4To KOMMYyTaHT G
cogepxutca B ueHTpe Z(G) rpynnbl G. MycTb anemeHT beG \e. Torga

(Vg <"G)(bE < Z(G)). Tak KaK Z(G) - MHBapuaHTHas nogrpynna rpynnsl G.

Ho (V6e Z(G))( =1) (nemma 1),anoycnosuo = 2 Haluu npeanonoxeHus

NpUBeNu K NpoTUBOPEYHIO.

Teopema foKa3aHa.

TEOPEMA 2. B HeaGenesoli rpynne G, obnagatoleid nogrpynnoin H
MHAeKca ABa, kommyTaHT G rpynnbl G paBeH H.

OOKA3ATE/IbCTBO. Tak Kak nHaekc |G:H\=2,10 G=H n aH ,
roe ae GA\H. OueBugHo, (Vge G)(H wm (aH)' =G’ =G). OTcroga
cnepyeT, uTo (aHY = H . A TaK Kak, 6e3 MoTepy 06LLHOCTM pacCy>XaeHn
MOXHO cymTaTb, 4To H <G, TO (yheH)<ygeGXhs eH). OTtcloga
n3 paseHctea agHg =aH cnegyet, yto agH =aH n ag h = ah , rge
hl,hne H . Takum o6pasom, a “ = nas = ?rge he=h2mxl e H
. OTcloga cnepyet, uTo B rpynne G cyuiecTByeT 3/1eMeHT g TaKoW, 4To

al=ah wun (Mae G\H)(\?he H)(a *=ah).. Takum 06pa3om, 371eMeHTI
CMEXHOro knacca aH conpskeHbl Mexay coboil. [anee, yCTaHOBUM, 4TO

H =G .Mpegnonoxum, uto H pC .Tak kak H > G, kak rpynna, cogepxatyas
KommyTaHT [3], T.e. G <H . Mockonbky H HC , TO KOMMYTaHT G
cobcTBeHHas nogrpynna H. MycTb anemeHT xe G \H .Takkak aeG \H ,T10
apC . MNockonbky xeH , 10 ax c=a, T.e. (ax)g =a, 415 HEKOTOPOro
ge G.Ortcioga a Icig=(x 1)ge G . Mockonbky ~ A~  T0 M x le”™ .

OTtctopga xe G _lpoTuBopeune. Takum obpasom, H=G
Teopema fokasaHa.

TEOPEMA 3. Ecnu B rpynne G (3ae G)( £2), To oHa obnagaeT
a6eneBbIM HOPMasbHbLIM Je/TUTENEM.

AOKASATE/IbCTBO. OuesugHo, ecnu B rpynne G (YaeC)( =1),
TO OHa abeneBa n Teopema 3 cnpaBegnuea. lMycTb Ans HekoTopcrd> aeG

=2 (Teopema 1). Torga |G :C()| =2 v dakToprpynna G/A ,rge H =C(a),
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abenesa,a G <H .lMoTeopeme2 H =G =C(a).OTctoga cnegyert, YTO 3NEMEHT
aeZ(G ).Takkak a de,T70 Z(G )de n Z(G )< G.Takum obpasom, rpynna
G o6nagaet abeneBbiM HOPMANIbHLIM fJeNNTenem.

Teopema fjoKa3aHa.
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In thiswork we obtain the conditions when the group has Abel normal
subgroup.
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ON ALMOST LAYER-FINITE GROUPS

Established andproven new properties o falmost layer-finite groups.
Provides a review ofthe results on groupspossessing the infinite subsystems
ofalmost layer-finite subgroups.

Key words: group, layer of elements, finiteness conditions, almost
layerfiniteness.

Introduction

Definition. Layer-finite group is called a group in which no more than a finite
number of elements of each order.

This concept was first introduced by S. N. Chemikov in [1]. The theory of
such groups in expanded form given in the monographs [2,3].

Layer-finite groups were studied in detail by S. N. Chemikov, R. Baer,
Ch. Ch. Mukhamedjan, Ya. D. Polovitskii and other (see, e.g., [2-4].).

Definition. Almost layer-finite group is an extension of layer-finite group
by a finite group.

Almost layer-finite groups are significantly wider class of groups than a
layer-finite groups, in it, in particular, placed all Chemikov’s groups. At the
same time it is easy to give an example of Cemikov’s group that is not a layer-
finite. This group is, for example, the extension of a quasi-cyclic />group, where
pd 2 by a cyclic group of order two, involution from which inverts all elements
of quasi-cyclic group.

Layer-finite groups began to be studied by S. N. Chemikov in connection
with the study of groups with minimal condition when center has a finite index
in the group. In this case, the group has finite number of elements of each order.
The main result describing the structure of layer-finite groups was obtained by
S. N. Chemikov in 1948 [4]. It says that the group ifand only if layer-finite, when
it can be represented as a product oftwo element-wise pemiutable subgroups, the
first of which is a layer-finite complete Abelian group and the second is a layer-
finite group with finite Sylow subgroups.

Properties of almost layer-finite groups can be found in [5, 6].

Properties of almost layer-finite groups

Definition. Ifthe product of all nomial layer-finite subgroups in a group is
layer-finite, then it is called layer-finite radical ofthe group.

Layer finite radical of the groupW denoted by R(W).
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In [5, 6] it is proved that any almost layer-finite group has a layer-finite

radical which has finite index in the group. Itis also proved that any element ofthe
layer-finite radical of an almost layer-finite group is contained in the finite class
of conjugate elements of the group; any element not contained in the layer-finite
radical of an almost layer-finite group belongs to an infinite class of conjugate
elements of the group.

Centralizer ofany element ofthe layer-finite radical of an almost layer-finite
group has finite index in the group; centralizer of any element not contained in
the layer-finite radical of an almost layer-finite group has infinite index in the
group [5, 6].

Any Chemikov group is almost layer-finite, it has finitely many prime divisors
of the orders of elements. At the same time in [5, 6] shown that non-Chemikov
almost layer-finite group has an infinite number of prime divisors of its elements.

Definition. The group is called Chemikov’s group if it is either finite or a
finite extension of a direct product of a finite number of quasi-cyclic groups.

As an example of non-Chemikov almost layer-finite group can serve an
extension by a finite group of direct product of an infinite set of quasi-cyclic
groups for different primes.

In [5, 6] also proved that every complete subgroup of an almost layer-finite
group is contained in the center of its layer-finite radical.

Let us consider the properties of an almost layer-finite primary groups.

Examples of such groups include direct products of a finite number of quasi-
cyclic primary groups for the same prime numberp and extensions ofthese groups
by a finite p-groups.

For locally finite groups is valid Schmidt’s theorem talking about the closure
of locally finite groups with respect to extension by locally finite groups. For the
class ofalmost layer-finite groups analogous theorem does not hold: the extension
ofan almost layer-finite groups by almost layer-finite groups not necessary belong
to this class. The following theorem holds:

Theorem 1 Infinite almost layer-finite/>group G contains anormal subgroup of
finite index, which is a direct product ofa finite number ofquasi-cyclic groups [5,6].

Class of almost layer-finite groups is closed under taking of subgroups and
factor groups:

Theorem 2. Subgroups and factor groups of an almost layer-finite group are
almost layer-finite.

Proof. Subgroups of an almost layer-finite group are almost layer-finite
by the definition of almost layer-finiteness. Let TVbe a normal subgroup of
an almost layer-finite group G. Since by definition, the group G has the fomi
G=K-R(G), where K is a finite group, R(G) is a layer-finite radical of the group
G, then the factor group H=G/N is isomorphic to KN/N- R(G)N/N The group
KN/Nis finite, and the group R(G)N/Nis layer-finite on the note to Theorem 3.4
in [3]. The theorem is proved.
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Definition. We call an almost layer-finite group thin ifall its Sylow subgroups

are finite and thick if at least one of its Sylow subgroup is infinite.

Theorem 3. Almost layer-finite group can be represented as the product ofa
complete layer-finite Abelian group and thin almost layer-finite group.

Proof. Let G be an almost layer-finite group. By the properties of almost
layer-finite groups (see paragraph 1) group G has a layer-finite radical R(G) of
finite index in G, which contain in its center all complete subgroups of G. Then
the product A of all complete subgroups ofthe group G is a complete layer-finite
Abelian group and the subgroup A is a characteristic subgroup in R(G).

Since by Corollary 3.3 of [3] for layer-finite groupR(G) factor group R(G)/A
is a thin layer-finite group. So Sylow primary subgroups of the factor group
{G)IA do not contain infinite complete subgroups. Hence, by Theorem 2 G is an
extension of a complete layer-finite Abelian group by a thin almost layer-finite
group. The theorem is proved.

2. Properties of infinite groups having infinite subsystems of an almost
layer-finite subgroups

Like Schmidt’s problem (whether every group in which every proper
subgroup is finite be finite) legitimately ask the question: what properties are
transferred to the whole group from some system of its subgroups? Here, the
question is solved for almost layer-finiteness conditions.

First, this problem is solved in the class of locally finite groups:

Theorem 4 (V. P. Shunkov, [7]). Locally finite group G ifand only ifalmost
layer-finite, when in G the condition holds: normalizer of any nontrivial finite
subgroup of G is an almost layer-finite group.

Then, the same problem is solved in the class of periodic Shunkov’s groups
without involutions:

Theorem 5 (V. I. Senashov, [8]). Let Gbe a Shunkov’s periodic group without
involutions. If in G the normalizer of any nontrivial finite subgroup is almost
layer-finite, then the group G is almost layer-finite.

Definition. Shunkov’s group is such a group in which for any finite subgroup
K in the factor group A anyY tw® conjugate elements of prime order
generate a finite subgroup.

Condition inthe theorem that the group is a Shunkov’s group can notbe dropped
because examples of Novikov-Adian’s groups [9] and Olshansky groups [10].

Another criterion of almost layer-finiteness of the group obtained by
M. N. Ivko:

Theorem 6 (M. N. Ivko, [11]). Let G be a periodic almost locally soluble group
having elementary Abelian subgroup V oforder p2 If the centralizer in G of any
non-trivial element from Vis layer-finite, then the group G is almost layer-finite.

Definition. A group is called locally solvable if any finite set of its elements
contained in a finite solvable subgroup.
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Further continuing study on the transfer of property almost layer finiteness

from normalizers of nontrivial finite subgroups to the whole group.

The following theorem establishes almost layer-finiteness of periodic group
provided its conjugate biprimitively finiteness and when it has strongly embedded
subgroup.

Theorem 7 (V. I. Senashov, [12]). Let Shunkov’s periodic group G contains
a strongly embedded subgroup. If in G the normalizer of any nontrivial finite
subgroup almost layer-finite, then the group G is almost layer-finite.

Definition. Subgroup//ofthe group Gis called a strongly embedded in G, if
H is a proper subgroup ofthe group G containing involution and the intersection

H and X IHx does not contain involutions for x e G \H .

Theorem 8 (V.l. Senashov, [13]). Let G be a Shunkov’s periodic group
without subgroups ofthe form PSL2(q} . Ifthe normalizer in G of any nontrivial
finite subgroup is almost layer-finite, then the group G is also an almost layer-finite.

The following theorems are characterizations ofgroups with an almost layer-
finite periodic part.

Theorem 9 (V.I. Senashov, [7]). Let G be a Shunkov’s group without
involutions. Ifin Gthe normalizer of any nontrivial finite subgroup has an almost
layer-finite periodic part, then the group G has an almost layer-finite periodic part.

Theorem 10 (V.l. Senashov, [14 - 16]). Let Shunkov’s group G contains a
strongly embedded subgroup, has an almost layer-finite periodic part. Ifin G the
normalizer of any nontrivial finite subgroup has an almost layer-finite periodic
part, then the group G itselfhas an almost layer-finite periodic part.

Thiswork was supported by the grant Oil 2PK 02319 ofMinistry of Education
of the Republic Kazakhstan and by the grant of SFU (algebraic logic structures
and complex analysis).
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CanuabaTThl MieKTi ToNTapAblH >KaHa LcicueTTepi opHaTbineaH

>KoHe panengeHreH. Can kabaTThl MieKTi ilWKi TonTapgaH ToTwuagaH
TypaThblH MieKci3 iWwki >kyienepre ue 6oaraH TonTap 60MbIHULL
Ho T M>Kenep KepceTiNreH.

YCTaHOBMEHbI U l0Ka3aHbl HOBbIE CBOKCTBA NOYTU CNOAHO- KOHEYHBIX
rpynn. MpusoanTca 0630p pe3ynbTaToB Mo rpynnam, o6nagatoLux
6eCKOHEUYHLIMW NoACMCTEMAaMI U3 MOYTY CNOMHO KOHEUHbIX Moarpynm.

90X 533.9.01

A. Y. ¥Ymb6eToB] C. 6. XymabaeBa2
N-M.T.K., npodeccop, 2ara OKbITyLbl, MarucTp, bl. AATbIHCApUH aTblHAArbI
ApKanblk MEMIEKETTIK MeAarorukanblk UHCTUTYTbI, ApKanbIK K.

BIP OCTI KPUC TANAAPLAH XXACATbIHFAH
OMTUKAMBIK XXYVNENEPAIH TYPNEPI

KBaHTThl 31eKTPOHNKA MEH KOTepeHTTi ONTWKaHbIH AaMyblHA
6aiinaHbICTbl 3p TYpPAi KpUcTangbl ONTUKanbL, XKYAenepais roiibiMu
TEeXHUKanbly, >XaHe OHAIPICTIK KypbiAbiMAapAa KONAaHbINybl KeH
Typae apTThl. KpucTangsl onTuKanbly KOHAbIPrbIapAblH, KOMeriMeH
nasep caynenepiH 6ackapy, amnanTyAacbiH, XKWiniriH, ¢asacblH
>KaHe nondpusayusacblH 6acHapy caTTi wewinegi. CoHbiMeH 6Gipre
>Kapbly CayneciH y34IKTI >KaHe y3fiKci3 ckaHepney, moaynauuanay
>KaHe ONTUKabll pe30HaTOPAbIH MOATapbiH 60in any, onTuKabLy
coynenepain y3akThirbl MEH TYPiH 6acHapy caT Ti wewwinegi. Kpucrangbl
ONTUKanbLL XKYenep KeHiCTIiKTiK KOAMPOBKanay >KaHe AeKoAMpoBKanay
YLWiH, 6acuapmanbl KeHIiCTIK Cy3riliTep Lypy YWiH ya>keT. KpucTangpl
ONTUKanbL >XYienep Herisinge nonspusaynansly, MHTepdepomeTphikK
KOHAbIPrbinap anyra 6onafbl. XXyMbicTa Keiibip KpucTanisl onTyKanbLy
>KyienepiiH Typnepi HapacTbipbinagbl.

KinTico3gep: 6ipocTbl, iMH3anap, npu3Manap, OnTuKabLy, ociTTep,
KaAIMTi To.lWbIHAApP, 8AeTTerigeii eMec TO.UbIHAAP, NonsapusaLuns.

Bip ocTi KpuctangapgaH >acanblHFaH ONTWKanblK Xyienep nasepni
nonapusauusanblk MHTepepomeTpaepai KypacToipyAa KongaHbinagsl. byn
NHTephepomeTpaep ap TYPNi METPONOrusblK G6aFblTTapAa KaXKeTTi eflleriw
Kypangap 6onbin Tabbinagsl. CoHAbIKTaH 6ip OCTi KpucTangapAaH xacanblHFaH
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ONTUKANbIK XYAenepaiH TypaepiMeH Kypblay NpUHLUNTEPIH 3epTTey nasepnep
TEXHONTMACbIHAAFbI MaHbI3Abl MacenenepaiH 6ipi 6onbin Tabbinags.

KpucTanabl onTuKanblK Xylienepain XyMbiCbl KpUCTangapaa XapblKTbiH,
KocapnaHbIn CbiHY Ky6blbICbiHA Heri3genreH. Kpuctangap xyiienepre aptyphi
KOMOUHaumsanap TypiHge eHedi. Kagimri xargaliga KpucTtangbl ONTUKablK
Xyienep eki Typni KpucTangapfaH Kypanagbl. ByHaai npusmanap WafbiCbiHAaHAA
CbI3bIKTbI Monspu3auuanaraH cayne 6epegi (monspusaunsnbik npusmManap).

KacueTTepi 3epTTeniHreH KocapiaHbiM CbIHABIPFbIL MpU3ManapiblH
Typnepi ken. Mpu3amMaHbl KypainTbiH KpUcTangapAblH ONTUKa/bIK OCTEPiHiH 63apa
6afbITTaNbIHYbI Aa ap Typai. ONTuKanblK OCTepiHiH 63apa 6afbITTaNbiHYbIHbIH
HOTUXKECIHAE KAaCWEeTTepAiH ap TYPANi Xylienep anyra MyMKiHAiK anambi3. 1,2,3,
cypeTTepae OKynblikTapga 6enrini [1,2,3] kocapnaHbin CbIHAbIPFbILW NpU3Manap
KenTipinreH. byn npusmanap 6ip oCTi KpucTangapAbiH eKi CbiHaCbIHaH KypasiFaH.
Kpuctangapgafbl ONTUKanblkK OCTEPAiH 6aFbiTTapbl XXKaHe onapAafbl Kagimri (0)
KaHe Kafimri emec (e) caynenepfiH TpaekTopuscbl KenTipinreH. KepceTinreH
XarF fainnap weHobepni nonspusaunanaHFaH XXapblk MpU3MaHbIH Kipic KabblpFacbiHa
HOpMasib TYCKEH Xaffana opbIH anagbl.

th g

CypeT 1- a) BonnacTtoH npu3ma; 6) POLIOH npusmachl;
B) CeHapMOH npusmachl.

Mpu3ma 6acTankbl CayneHi cUMeTpusabl TypAe eKi caynere XikTeigi.
CaynenepgiH apacbiHAafbl Oypbll - X, 0N MNPU3Ma CblHACbIHbIH, CbIHALIPY
6ypbiWwbiHa () XK8He e >K8He Mo CblHY KepceTKilTepiHe Tayenai. MyHgarbl
no (kagimri), ne (Kaaimri emec) caynenepgin CbiHy KepceTKiluTepi.

Mpu3MaHbIH KipiciHAeri WekapacblHa Xapblk HOPMasb TYCKEH XaFaaiaa;

X =2(n0- n™lg® 1)

2. PowoH npusmacsl (1 - cypet (6)).

Monsipusaymscel KaLiMri TONKbIHFA CAAKEC Cay e MPU3MaHbIH WbIFbICbIHAA
6acTankbl 6afbITbiH cakTainabl. Kegimri(o) aHe Kagimri emec(e) coynenepiHin
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apacblHfafbl €KineHy 6ypbillbl € - C3Y/MEeCiHiH aybITKybIMeH aHblKTanaipl.

COHbIMEH NpU3MaHbIH eKifleHy GypbILLbl BoiniaToH NpuM3mMackIMeH Ca/lbICTbIpFaHaa
€Ki ece a3 6onagpl.

3. CeHapmoH npuamachl (1 - cypet (B)).

CblHanap/blH CbIHABIPY GYPbILLbl 45° XYbIK )XaHe KpUCTaabl KongaHyna eH
Tnimai. byHaa ga PowaH npu3mMacbiHa Calikec TeK e-Cayneci aybITKAAbI.

1. 30TponTbl XXaHe KpUCTa/Abl CbiHanapfaH KypanfaH npusma (2 - cypet
(a)). bByHaai npuamaga Kogimri o - cayneci aybITKMAbl, K8AIMTi eMeC e- Cayneci
6afbITbIH CakTaligbl.

2. CoBap nnacTuHachl (2 - cypet (6)).

Bip ecTi kpucTangapfaH KypanfaH XasblK napanenbfi nnacTuHKa.
OnTukanblK ociHe 45° 6ypbIWNeH KeCinreH aHe 6ip - 6ipiHe onTuKanblK 6cTepi
nepneHAuKynsp 6onatbiHAali eTin XeniMaeHreH. by NpuamMaHbIiH WhbIFbICbIHAA
Kagimri (0) XaHe Kagimri emec (e) caynenep e3fepiHiH 6acTankbl 6afFbiTTapblH
caKTaifbl. 0 KaHe e - caynenep e3apa 6ip OipiHEH NpU3MaHbIH KablHAbIFbIHA
XK9He KpUcTangapablH aHU30TPONThIbIFbIHA CAMKEC bIFbICAfbI.

3. EKineny aliHbiManbl 6ypbIWTbl KOC CbiHAbIPFbIW npu3Ma (EABKIM) (2 -
cypeT (B)). EMpr3ma cbiHanapbIHbIH ONTUKaNbIK OCTepi e3apa NeprneHAnKynsp,
KipiC )8He WbIfbiC KabblpFanapbiMeH 45° Gypblll XKacalk opHanacafbl, XXaHe
NPU3MaHbIH, KipiC XX8He LWbIFbIC KabbIpFanapbl XXaTKaH Xa3blKTbIKTa XaTafpbl.

B

CypeT 2 - a) N30TponTbl XX3He KpuCTanipbl CbiHanapAaH KypanfaH npusma;
6) Cosap nnacTuHacol; B) EKineHy aliHbiManbl 6ypbILWThI
KOC CbIHABIPFbILL NpU3Ma.

XKofapblga ainTblafFaH KOC CbIHABIPFbLILL NpU3Manap XapblKTblH, HOpManibl
TYCYy peXxuMiHAe KonaaHbinaabl. bynxaraaiifa o-xaHe e - caynenepgiH 6actankp
6ypbIWThIK Hemece Gyiipni (CoBap naacTWHAaChl) biFbiCynapbl KamTamachi3
eTinegi. blfbicy wamacbl Npu3MaHblH MaTepuanbiHa XXaHe FreoMeTpUsACbiHA
6alinaHbICTbl XaHe OepinreH NpusMa yWiH TypakTbl Wama 60nbin Tabblnagbl.
Byn epekiuenik npusmanapabl KeH TYpAe KongaHy MyMKIHAITIH WwekTelgi, ce6ebi
Kenbip >xafpalinapaa caynenepaiH XikTeniHyiH XaHe YKeH apanbiKTapaafbl
bIFbICYbIH 6ackapy kaxkeT 601aab!.



cepusa ®N3NKO sMATEMATUYECKASA. 2014. Ne 3. 61

BraTWw Braeuw w ew TWw W aWw W W Traw W BLW W eTH
4. bunonapusaunanbik nMH3a (3 - cypeT (a)).

ByHAal nMH3a 0-)XaHe e-caynenepi ap TypAi HyKTenepae (oKycTangbl.

5. budokanabl nnH3a (BS1) (3 - cypeT (6)).

BJ1 KypblnbiMbl BONIOTOH MpU3MachkIHbIH XXYMbICbIHA HerisgenreH (1 - cypet
(a)). BonnoToH npuamacbiHAaFbl CbiHanapAblH Kenbey >asblKTblfbl Cepanblk
6eTneH a/IMacTbIpbIIFaH.

CypeT 3 - a) bunonapusaumsanbik n1MH3a; 6) bugokangbl nnMH3a

Ctepanblk 6eTTep BJ1 WbIFbICbIHAA KWbIIbICATbIH XaHE LWallblpaifiTbiH
nonsipusauusnaHFaH caynenep Tyabipaabl. byn xarFfain kpuctangbl ONTUKaNbIK
Xyinenepai KongaHyfAblH XaHa MYMKiHAiIKTepiH 6epegi. KocbimMwa Ty3eTKiLu
LWbIHbI NMH3aHbIH 601Yybl - eKi WbIH hOKYyCTap anyfa MyMKiHAiK 6epegi.

BepinreH xymbicta bJ1-4iH KeMeriMeH (hn3mka MeH TEXHMKA YLLUiH MaHbI3Abl
macenenepgiH 6ipi, aHanm3aTopablH KeMeriHci3 nonspusayusanaHFaH caynenepain
NHTepdepeHUUACHIH any MyMKIHAITIH anambl3 XXaHe MaHbl3Abl Xaf gainabliH 6ipi
B/1- Fa TyCKeH nonspusauusanbik caynenepaiH eki HykTeae dokycTanybl 60bIn
Tabblnagbl. KapacTbipblibiM 6TKEH KpUCTaAbl ONTUKAbIK XYyiAenep ap Typhi
MaKcaTTapa Ko/AaHblnaTbiH NOMSpU3aLus/bIK MHTEPthepoMeTp/IEp KypacTbipyFa
MYMKIHAIK 6epegi.
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Crystal optics system of uniaxial crystals
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C pa3sBMTMEM KBAHTBOW 3NeKTPOHUKU W KOTepeHTHOM
ONTUKN 3HAYMTENbHO BO3POCNO MCNO/Mb30BaHWE Pa3HOOGpPa3HbIX
KPUCTANNoONTUYECKNX CUCTEM B HAYUYHO-TEXHUUYECKUX U
NPOMbILLNEHHbIX pa3paboTKax. B pa6oTe paccMOTPeHbl pasnnyHble Biabl
KpUCTannoonTuyeckux cucTem. C MUX MOMOLLbIO YCMEWHo pellanTes
3afaul ynpasneHns W3nyyeHMeM Nasepos, ynpasneHue amnauTymoi,
YacTOoTOIA, tha3oit M NonspusaLeit, Co3aaHNs HeMpPepPbIBHOTO U AUCKPETHOTO
CKaHWpOBaHNA CBETOBOrO Nlyya, MOAYNSLMN AO6POTHOCTM W CenekLum
MO/, ONTUYECKOT0 Pe3oHaTOopa, YNPOBAEHUS ANMTeNbHOCTbio 1 (DOPMOi
MMMNYNbCOB ONTUYECKOTO U3NydeHns. KpucTannoonTnyeckne CUCTEMbI
NPUMEHSIOTCSA TakK>Ke 415 CO3/aHuns ynpaBnsieMblX MPOCTPaAHCTBEHHbIX
(unbTpoB. Ha 6ase KPpUCTaNN0ONTUYECKUX CUCTEM CO3AaH Lenblit psag
nasepHbIX MONAPU3aLMOHHBLIX UHTEP(epoMeTpUUeCcKUX yCTPONCTB,
M03BONAIOLLMX C BbICOKOM TOYHOCTbIO NCCNEf0BATh KaueCTBO 06paboTKM
ONTUYeCKNX AeTaneil, reoMeTpUUeckue napameTpbl Na3epHbIX MyuKoB,
MPOCTPAHCTBEHHYID KOPPEnsauMOHHYI0 (DYHKLUIO NONsS NasepHoro
M3NYYeHUst U CTeneHb KOrepeHTHOCTW. B paboTe paccmaTpuBaloTcs
HEKOTOpble Pa3HOBUAHOCTYW KPUCTaNoonTUYECKUX CUCTEM.

With the development o fquantum electronics and coherent optics the
use o fvarious crystal-optical systems in scientific-technical and industrial
development considerably increased. In the work different types o fcrystal
-optical systems are considered. With their help the problems of
management are successfully solved o fthe radiation oflasers, management
ofamplitude, frequency, aphase andpolarization, creations o fcontinuous
and discrete scanning ofa light beam, modulation ofgood quality and
selection offashions ofthe optical resonator, management ofduration and
aform ofimpulses ofoptical radiation.

Crystal optical systems are applied as to creation of operated
spatialfilters. On the basis ofa crystal ofoptical systems a number laser
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polarizing the devices allowing with high precision to investigate quality

ofprocessing ofoptical details, geometrical parameters oflaser bunches,
spatial correlation function ofafield of laser radiation and coherence
degree is created.

UDC 517.958
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department of Applied Mathematics, Universidad Politecnica de Valencia,
Valencia, Spain, Department «Mathematics», S. Toraighyrov Pavlodar State
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INHOMOGENEOUS STEFAN PROBLEMS

Two-phase physical systems with sources and mobile interfaces are
modeled by inhomogeneous parabolic problems which are considered
as extensions ofthe classical problem ofStefan. The solutions in linear,
cylindrical and spherical geometrical setups are found as a series in
orthogonal (Hermite or Laguerre) polynomials. Some particular cases
are considered.

Key words: Stefan problem, mobile interface, inhomogeneous heat
equation.

1. Introduction

Although much of attention has been paid in mathematical and engineering
literature to various extensions of the Stefan problem (cylindrical and spherical
geometries, heat loss by either Newton cooling or by black-body radiation
instead of prescribing the temperature on the interface, etc.) [1], [2], [3]. [4],
inhomogeneous problems have not yet been considered with sufficient depth [2].

On the other hand, under certain physical conditions, a strong electrical
discharge in dense media [5] (for recent experiments, see [6]) can be modeled as
a cylindrical two-phase physical system with a mobile interface, see [8] where the
nonsingular solution within the phase with energy sources was found as a series
in Laguerre polynomials.

The cooling of a white or brown dwarf [7] can also be considered as a
spherical parabolic problem (perhaps inhomogeneous) analogous to the classical
problem of Stefan.

Here (Sects. 3and 4) an inhomogeneous Stefan problem in linear, cylindrical
or spherical geometries is considered. The heat equation with the source term
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(in the first phase) is reduced to a homogeneous equation operating an unknown

function transformation, which in turn affects the boundary condition on the
free interface, which becomes nonstandard (Sect. 2). This condition prevents the
application of classical self-similarity methods. The problem is solved by means
of functional series in terms ofthe confluent hypergeometrical function reduced
to Hermite or Laguerre polynomials.

Notice that by virtue ofthe problem linearity the contributionto its solution due
to the initial conditions must be added to the contribution generated by the sources.

The deviation of the interface movement law from the classical is also
determined. Some specific cases of boundary conditions are treated as well, see
Appendices.

Inhomogeneous Stefan problem

The mobile interface condition. Consider first a cylindrical two-phase sys-
tem with the phase transition taking place on the mobile interface. Presume also
that there are sources within the first phase (subscript 1). The inhomogeneous
equation in this phase will be

(2.1) Nj-=zul+f(t), 0 < 7 R(0)=0,

Where X\ is the «heat conductivity» ofthe first phase, and f(f) is the sources
density within this phase presumed to be distributed homogeneously. The function

f(t) is also assumed to be analytical.
There are no sources in the second phase:

2.2) ~ ) = u2,R(t)<r<cc,
al

The function R (t) is the mobile interface «radius», so that the transition
condition can be written as

(2.3) W(R(t),t) =v2(R(t\t) =1.
To obtain the Stefan mobile interface condition, suppose that in dt seconds
the interface has moved from the surface r = Rto r =R + dR\ and the «mass»

2TiRIpMdR has transformed into the first phase (/ is the system «length» in the
orthogonal direction if ever, and p-,j= 1, 2 stands for the «mass» density of
the j-th phase). The «lenergy» necessary to realize this elementary transition is

dO =2xAIRdR, /1 being the volume density of the transition «heat».

1991 Mathematics Subject Classification. Primary 35K05; Secondary 35K20.

I.M. T.isgratefulto A.W. DeSilvaand H.E. DeWitt for providing their materials priorto publication.
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~ee, nevertheless, Appendix 1, where in the cylindrical setup the energy injection mechanism is
simplified to preserve the self-similarity.
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The balance condition requires dQ to be equal to the difference between the

«heat» delivered from the first and the second phases to the interface:

2.4) M =2xIRdt.

Dividing by the «channel» area 2nIR and dt, we get the Stefan condition
( du, ann . dR
(24 x'1T n=irh =qan’
where 4 is the transition «latent heat» normalized to the transition temperature.

Notice that Kj =CpjXj,7=1,2, where C is the thermal (isobaric) capacity of the
y'-th phase. We also assume that the temperature ofthe first phase at t = 0 is higher
or equal to the transition «temperature»(=I), and that

(2.6) v2(r >0,0) =ea 1
The inhomogeneous equation (2.1) can be easily reduced to the homogeneous
one, ifinstead of u one introduces a new unknown function

@7 (1 1) = dj(r. 1) - j;/ (t)dt',

which satisfies the equation

<28)"dt- =N 4 -
The interface condition (2.3) then becomes
(2.9) 4 (R(1), t) +£ f{t)dt' =v2(R(t),t) =1

and the Stefan condition (2:5) is not affected by the transformation of
Eq. (2.7):
( owm anon drR
(2-10) =N—
Since f (t) was assumfedAo”be analytic, the function (t) = RO*f (t°) dt° is ana-
lytic as well:

[¢0]
—y Am
211)® (0 =X 7~
We want to include in our treatment three inhomogeneous problems with
N
y
«radial» symmetry, and thus define the Laplace operator as A = PP with
r2 rdr

v=0, 1or 2 for linear (r =x> 0), cylindrical or spherical geometrical conditions,
respectively [2]. As it is well known, the latter case is easily reducible to the first
(linear) one by means of the function transformation: u (r, t) =w (r, t) / r. Thus in
what follows we consider only the linear and cylindrical cases (v=0, 1). Actually,
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the one-dimensional case can be considered as a «boundary condition» for our

development: the solution ofthe homogeneous (f(t) =0) one-dimensional problem
due to its similarity property is representable as [13]

(2.12) A +3erf(z.) =A'+B’'erfc(z.)
where z. is the similarity parameter (see further), A and Bor A *and B "are constants
depending on the initial conditions, and erf (&) is the error function [10]:
9 9 \
2.13)en/(.y) =—= f exp(-tDdt =l-erfc(x) =—=xAI\ |, —-x2 .
()(v),—ﬁ p(-t2 ()ﬁn\z)
Here M (a,b,y) is Kummer’s confluent hypergeometric function [10].
In the cylindrical case the equation
it f a2 137
(21454 =+ T A
a rd- rad
also admits a z2-dependent general solution [8]
(2.15)A" +B"E](z;),
where

(@ ds
{2A6)EI{y)=\ e-s—
Jy S

is the integral exponential function [10].
2.2. General solution ofthe inhomogeneous equation. Following the work by
Tao ([9]), letus seek the solution of the mobile interface problem Egs. (2.8, 2.2,
2.9, 2.10), which lacks the classical similarity property, as a linear combination
of the solutions of the homogeneous equation (2.8) or (2.2),

(AT ul(rd) =ur(rd) +fAr-t"G I;\zi),i=1,2,
7O ul

where v\ = v\°)(zf) is a general solution of the homogeneous problem

(Egs. (2.12) or (2.15), respectively), and is presumed that for any n the function
{2AZ)g{:\r,t) =fG I;\z)

is a particular solution of

(ZAQ&‘ =xXAvr

In Eqg. (2.17) and in what follows, z., i = 1, 2; are effective dimensionless
similarity parameters:

(2.20)z, = -jL =
The substitution of Eq. (2.18) into Eqg. (2.19) leads to the following effective

equation for the unknown functions G{\z) : (we omit the super - or subscript i
where possible)
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az" \% z) dz

This equation has a regular pole atr = 0, i.e., at least one of the linearly
independent solutions of Eq. (2.21) possesses a singularity (at least a logarithmic
one) at r=0 for any n=0, 1, 2, ...

The solutions of Eq. (2.21) can be sought as G (z) =/,(—z2). Using the
notation x = —z", Eq (2.21) can be rewritten as

(2.22) xf(x) +17-"- - xj T *(x) +nfn(x) = 0;

which is the confluent hypergeometric equation ([10]).

This equation has two linearly independent solutions. Due to the energy
conservation it is evident then that the nonsingular solution will describe the
“temperature” distribution within the first phase which contains the energy sources,
while the singular one corresponds to the second, subdued, phase.

The "temperature” distribution within the first phase is generated by the
regular particular solutions of Eq. (2.22):

while the solution within the second phase not containing the point ;= 0 is related
to the singular solution of (2.22):

(2.2A)fi-x2) =U \-n 21 x

In the latter equations we have recovered the phase distinction:

r2
4xil

The same result can be obtained, looking for the functions G (z) as even
moments of the Eq. (2.19) Green’s function [9].

It is evident that the presence of the source term violates the similarity
property. On the other hand, if the sources are switched off the similarity must
«return», i.e., the coefficients inEq. (2.17) depend significantly on the sources
presence. Since the solution ofthe initial problem can also be written as Eq. (2.17),
we conclude that if/(0 =0 we have that a(,)=0 for Vw> 1

3. Solution of the Stefan linear inhomogeneous problem

One can use now (v = 0) the Kummer’s transformation to show that both
non-singular and singular solutions of the confluent hypergeometric equation in

| 1
this case, ~Zj2) and are closely related to the multiple
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probability integrals i"erfc{zj) [10]. Notice that here is not the m-th power
of the complex i, rather

f'erfc(z) =

(3.1) i
r'erfc ()= X%exp(-z 2).ferfc (z) =erfc(z).

)ds.(m =0,1,2,...),

Notice also that the multiple probability integrals are in turn related to the
Hermite polynomials of imaginary argument [10]:

3.2) (-1N -'erMz) +i"erfc{—z) = ]

(3:2)( ) ivered) =

In addition one can observe that the functions inerfc(r) and inerfc(-r) are two
independent solutions of the differential equation

y +2zy - 2my =0,
which coincides with Eq. (2.21) for m =2n. Using these notations we redefine the
unknown coefficients of the series (2.17) to write the "temperature” distributions
in both phases as

(3.3) 4 (rj)= AQrf(zl)+

\(/3.4)7 ird)=B-1 +208ﬁ('22)+§n'ﬁ'1 fFIn(z2X

(3.5)FIn{z)) = i2*erf(-Zl)+ iZerfc{z{).

The expansion law for the interface will deviate now from the simple 'ft
dependence due to the similarity property.

It seems to be natural to assume that the function R (t)/* , which describes
the expansion of the first phase, the one with the sources ofheat”, is an analytic
function satisfying the initial condition R (0) = 0; i.e., that

(3.6)

«0 n!
with C0= 1.

Certainly, we presume the series (3.3), (3.4), and (3.6) to be uniformly
convergent V't >0: The three sets of parameters ~An} ; “Bn} ; and ~Cn} can be
simultaneously determined from the conditions at the interface (valid atVt> 0)
and the initial condition (2.6) in an iterative manner.

Indeed, let
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then it stems from the conditions (2.6) and (2.9) and (2.10), and their first

derivatives at t = 0 that

4>=— >1To=Tr(0)= =9
erf(To) V4.

erfiS») N4b
(3.8)

4 = w §j_ 2floa PC~4p)

The expansion law initial factor p can be determined from the transcendental
equation similar to the one corresponding to the inhomogeneous case:

(3.9) ="fexp(-*@+bEiexp(-d’@) >0.
2 \Ne
It is also easy to find an expression for the first correction coefficient of the
expansion law:

(3.10) cx= - ys3fiF®

(3.11) £\ (rf3 =[lerfc{-y0)+ilerfc(j0>]
Further, the same procedure leads to a general expression for An,n> 1:
ml np \ , 4
a,K(ro)r
B.12)n =
F2,(ro)

where [/(?)]A |-0is the value of the k-th time derivative of the function f(t)
at t=0. Thus Eq. (3.12) will contain the coefficients Ck with k <n-1 notice
that [KO]1'l o Y<fk. The latter, in turn, are connected to An via the relations
analogous to Eq. (3.10), which follow from the first time derivative of (2.10) and
its consecutive time derivatives att = 0.

Thus the iteration procedure can be closed, and, in principle, all terms ofthe
series (3.3), (3.4), and (3.6) can be found.

4. Solution of the Stefan cylindrical inhomogeneous problem

Notice that in this case (v = 1) the regular Kummer solutions M ( -n; 1; x)
are virtually the Laguerre polynomials [10]

(4.1) ur,t) =bi +bCEI{z;) +Y " t"Lii{-z;).
won -
Particularly,

(4.2)M(-n,1,-22)=— L (-22)=— f — -

., ), ko(n-k)\ (Q\)’ L A-z2)=1
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We assume that the solution within the first phase with uniformly distributed

sources has no singularity atr = z = 0 whatsoever, thus

(4.3)u (/) =

=0 »!

with the coefficients a to be determined. Since Eq. (2.21) has a singularity at z
= 0, and also possesses an irrational singularity at z = co, this solution (4.3) is an
entire function of the effective parameter z :

The solution in the second phase can also be constructed on the basis of the
Laguerre polynomilas [10]:

4.Hu2AIV)=b_,+b,EM)+* T Y H{-r;\

=0 H!

Once more the initial and interface conditions can be made use ofto give:

a0d=1lax=--—-—-—
AW
(4.5)b ,-8,b, =-b4- b, .
E x(x2) 1+ x2

c KisH  exp(-x2dLx2)
1 2x2(\-8) (I1+xjXI+xf)
The following notations are introduced here:

»,=0 unl!

-z-{R{t) =""a{t),x-=a{0),

Z-{R{t) =A A T { 1), x 2=TH0).

5. Underwater discharge
Consider the now a strong underwater discharge with [11]

" <PZ) =Z 'Iy(2),
Jv(z) being the Bessel functions of the first kind. Then the coefficients qn

are determined explicitly:
c/l2i ~DIA(2r + 2A+ 1)
(B.2)qtl ~ 2j ~ £ 12A+( + k)+’\
%k =0, A=0, 1,2, 3,... ,
where (z) is the Euler’s E- function [10].
For the conditions characteristic for underwater discharges [12] we can
estimate that
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(5.3) x? =0.2-10ii Xj=1.5-10",
and thus

GAHN =CpR

If the expansion parametr/?is detemiined experimentally, [11], one can
effectively resolve the problem [8] to find:

( 5 4,=-"-,
Cr,J- Lt(x;) X;
Numerical estimates based on the data of [11] produced the following
estimates:
(5.6) ,4=0.5 -I04s'L, cr -0.08s'] a, - 0.255'1,6-0.
Finally, with a satisfactory precision level, and foe the times of the t—106-

10-5s; we can neglect the corrections to the expansion law p = and with the
precision of about 5%, find the temperature distribution within the plasma channel
produced by the discharge, otherwise quite difficult to determine,

1

The effective expansion law p = was confirmed experimentally [11,12].

6. Appendix 1. Cylindrical problem of Stefan: simplified model

Here we will consider a simplified cylindrical problem of Stefan analogous
to the classical one dimensional model, see, e.g. [13].

The movement of the interface is to be studied in the case of the uniform
injection of energy into the first phase in the way that the “temperature” u ofthis
phase and of its surface is kept invariant and equal to 1. The “temperature” ofthe
second phase u2far away, formally, at infinity, is presumed to be equal to 6< 1

Let us determine the distribution u2 (r, t), and simultaneously, find the first
phase channel expansion law p =p(t).

Thus our problem of Cauchy is formulated as:

6.1 ul(r,t) =T, 0<r<p(t) p(0)=0;

du2 %2 S ( du2

<< >IT-td4rav

(6.3) u2(r>0,0)=6< 1
the notations are as in Sect. 2.

Use the similarity method to resolve the above problem. It is easily seen that
Eq. (6.2) is invariant under the transformation

(6.5) /* =hr, t'=kx
i.e., the solution u (r,t) must satisfy the similarity condition
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(6.6) n}(r,t)=u}(kr, k)

for all possible values ofr, t, and k. Put now k=1/2-jl to obtain:

6.7)n2(rj) =u2 =/2 /200 .

Thus u2 (as well asul) depends only on the effective parameter z = r/2-Jt .
Standard transformations based on Eq. (6.7) lead to the problem for the function
n=n():

(6.8) Xifi"="“(2z+222)/2,

(6.9)/ 2(co)=8 [ 2(p/2ni7) =1
with the immediate solution

A J

(6.10)fAz)=A+B | e=—.

a2 S

where the constants A and B are to be obtained from Eq. (6.9):

(6.11) A=1 B ] e-—=6-1
A* S
These conditions hold for any value of t, and hence imply the relation p =p~ft,
P being a constant. This last relation defines the channel expansion law in this
simplified case, see Sect. 3. The corresponding «temperature» distribution in the
second phase is

I-0 ~4K  ds .
(6.12) il J e'l—, p-ji <>,

it can be expressed in terms of the incomplete '-function [10].

7. Appendix 2. Cylindrical problem of Stefan: axial injection of energy

The simplified model considered in Appendix lisunsatisfactory fortwo reasons:

The solution in the first phase is considered to be uniform;

It is neglected that a significant fraction of the injected energy is spent to
produce the shock wave

Here we will consider the two-dimensional Stefan problem without these
limitations.

Suppose that the energy is injected into the first phase by the sources located
along the channel axes. Then the following boundary condition substitutes the
inhomogeneity term of Eq. (2.1)

(7.1) ~icl2 2m i=w,
so that the problem (6.1-6.4) of Appendix 1 will be complemented by Eq. (7.1)

and Eq.(2.1)2 These changes do not affect the solution in the second phase, so
that Eq. (6.12) is still valid, and the solution for the first phase becomes
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w ds .
(7.2) bl(r,0 =1+ —---- ] e "—>r<p-jt, f>0.
DKCy d i

Observe that the natural condition p (0) = 0 leads to the result

u (0; 0) = 1 consistent with Eq. (6.3); it means that at the moment t = 0 the
first phase is created instantaneously. The solution Eq. (7.2) was used in [8] to
estimate the efficiency of conversion of the electrical discharge energy into the
thermal one, and the energy of the shock wave.

8. Appendix 3. Spherical problem of Stefan

Consider now the spherical problem of Stefan. In addition to its value for
astrophysics, this problem is important from the methodological point of view.

As before, we will look for a solution parametrized by the effective parameter

r/Ji,where r is the radial spherical coordinate now.

Analyze the behavior of the expanding sphere in the case of a stationary
energy injection into the first phase. Suppose that the «energy» source is located
in the sphere center, and the boundary condition (7.1) will be substituted by

i, n
(8.1)-"i— 4®- U 0=AXO

and the equations (2.1) and (2.2) turn into

( )dt r-af drj ¢ ’
applicable within the respective phase; all other conditions do not change. The
similarity method once more proves to be applicable, and we get:

i P d
(8.3) Uj(rn)=AJ+BI | expf-j1) /=1,2,

The insertion of Eq. (8.3) in the condition (8.1) leads to the conclusion:
the spherical problem ofStefan can possess a solution parametrized only by the
effective parameter r/4t ifand only ifthe power ofthe «energy» source located

in the sphere center is N (tf) =NO-Jt ,NO being a constant.
In this particular case we have:

(8.4) MO,0=1+— 33— f expC-j2)—, r<pft, t>Q
8n*i-jzi r s

2W is the linear density ofthe power sources; notice that the problem variables
uj.,J/ = 1; 2 are dimensionles
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16 "l ~Nds
(8.5) u2(r,f)y=1-—-—- — f exp(-8:)—, p-ft <r<sg.

where p =p(/)//, and

(8.6) G2(x) = JTexp(-j:
Finally, it was shown in [8] that in the particular case of stationary sources,

i.e.,, whenN (t)=N = const the sphere expands with p{t) = olin crbeing a constant.
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COMPARISON OF ELECTROMAGNETIC RADIATION
LIMITS FOR EXTREMELY LOW FREQUENCIES IN
EUROPEAN COUNTRIES

Almost every member of modern societies constantly live in
electromagneticfields (EMF) which are much higher than thosefound in
nature. Power lines, computer monitors, different electrical equipments,
radio, television, mobile phones, microwave ovens can be given examples
ofthese EMF sources. Their potential effects o fhealth continue to be the
subject o fcontroversy. Extremely lowfrequency (ELF, 0-3000 Hz) region
of spectrum is radiated by transformers, household equipments, high
power lines, and by electrical goods is investigated in this study. Since
more than 25 years research efforts to find a correlation between the
electromagneticfield and their effects on health ofhuman are going on,
but without significant success. Generally, countries accept the standarts
of International Commission on Non-lonizing Radiation Protection
(ICNIRP), WorldHealth Organization (WHO), and European Committee
for Electrotechnical Standardization (CENELEC). Some countries apply
more strict limit values than abovefoundations. The International Agency
for Research on Cancer (IARC) reviewed EMF3% and cancer in June 2001,
and classified magneticfields as «possibly» carcinogenicfor lowfrequency
region. Therefore, exposure limit values ofEMFs are really important.
The bestway is acceptance o fAs Low As Reasonably Achievable (ALARA)
principle as long as have not exact scientific results.

Keywords: Electromagnetic Radiation (EMR), Electromagnetic
Pollution, Extremely Low Frequency (ELF), Exposure Limits, Magnetic
Field, High Power Lines.

1 Introduction

Some natural and man-made sources generate electromagnetic fields.
According to frequency, electromagnetic spectrum is divided such as radio
frequency (RF), microwaves, infra-red, visible light, ultra-violet, X and y rays.
While ultra-violet, X and y rays are ionizing radiation type, others are non-ionizing
type. These types are defined as follows: Non-ionizing radiation is «low to mid-
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frequency radiation which is generally perceived as harmless due to its lack of

potency.» and ionizing radiation is «mid to high-frequency radiation which can,
under certain circumstances, lead to cellular and or DNA damage with prolonged
exposure.» RF (10 kHz-300 GHz) isused in communications, radio and televion
broadcasting, radar systems, base stations, cordless phones, mobile phones, remote
control systems, etc. ELF region of spectrum is radiated by high power lines,
transformers, household equipments, and electrical equipments.

THE ELECTROMAGNETIC SPECTRUM

CC®3»" 3Ne” SOt IFIIFIHFMLWF 305m - f300&s 43D TO0H Rt 3BC  30EK
non-ionizing ionizing
fdret’]a'r,y)—C (Speed of I|£ﬁt)/A<\A<kdaoh}

«

Qeomegnetc exirsmefy  very rado frequency gamma
&SUbELF  low low spectrum infrared || ] lll Itraviolet cosmic
sources  frequency frequency Imicrowaves visible ¥~ Krays  rays

EMF Sources
B a m / i €1 1 &
earthS ac poner mobile cell/  microwave sunlightt medical  radioactive

subways “ monitors MVFM PCS & sateliite x-rays sources
Gipihertx (GHz) 10-9 Tcnhtftz (THz) 10-12 Prlabortx (PHx) 10-15 llx*hcrtz (EHz) 10-18 ZetuheftE (ZHz) 1021 Vonabritz (YHz) 11>24

Figure 1- Electromagnetic Spectrum (Nucleargraduates)

Electric field are associated only with the presence of electric charge, but
magnetic fields are the result of the physical movement of electrical charge.
Describing the exposure to electromagnetic fields shall be used following physical
quantities. Contact current (Ic) between a person and an object is expressed in
amperes (A). A conductive object in an electric field can be charged by the field.
Current density (J) is defined as the current flowing through a unit cross section
perpendicular to its direction in a volume conductor such as the human body or
part of it, expressed in amperes per square metre (A/m2. Electric field strength is
a vector quantity (E) that corresponds to the force exerted on a charged particle
regardless ofits motion in space. Itis expressed in volts per metre (VV/m). Magnetic
field strength is a vector quantity (H), which, together with the magnetic flux
density, specifies amagnetic field at any point in space. It is expressed in amperes
per metre (A/m). Magnetic flux density is a vector quantity (B), resulting in a force
that acts on moving charges, expressed in teslas (T). In free space and in biological
materials, magnetic flux density and magnetic field strength can be interchanged
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using the equivalence 1A / m = 4;r1(I'7T . The last two quantities are related by the
expression: B =jiH , where o is the magnetic permeability; in air and a vacuum,
also in non-magnetic materails, it has the value 4;r1 7. In addition, B is expressed
in Gauss (G) and conversion equation is 1(uT) =10(mG). Power density (S), specific
energy absorption (SA), and specific energy absorption rate (SAR) are also other
physical quantities for describing the exposure to electromagnetic fields, but they
are used for high frequencies. Some epidemiological studies are shown exposure
electromagnetic field at different frequencies cause some hazardous effects for
human health. Since the first report suggesting an association between residential
ELF electric and magnetic fields and childhood leukaemia was published in
1979, dozens of increasingly sophisticated studies have examined this association
(Wertheimer and Leeper, 1979; Tomenius, 1986; Feychting and Ahlbom, 1993).
In addition some studies claim association between some cancer types that are
observed adults and exposure to ELF electric and magnetic fields (Wertheimer
and Leeper, 1982; Floderus, Persson and Stenlud, 1992; Tynes and Andersen,
1990). Distribution of electricity and working electrical equipments are generally
extremelly low fruency that 50 Hz in european countries. Environmental levels of
ELF fields are very low. Exposure levels for the general population are typically
5-50 V/m for electric fields and 0.01-0.2 mT for magnetic fields. Considerably
higher exposure occurs for shorter durations and in some occupational settings.
It should be noted that the earth’s magnetic field (25-65 mT, from equator to
poles) is a static field to which everyone is exposed. Measurements of electric
and magnetic fields are used to characterize sources and levels of exposure to
humans. The limiting factor in exposure assessment is not instrumentation but the
lack of a consensus as to what exposure characteristics should be measured that
are biologically relevant. Computational methods are available to calculate fields
and their parameters for instrument calibration, laboratory exposure systems and
certain categories of indoor and outdoor sources. Where computational methods
are used to calculate human exposure in epidemiological studies, it is desirable
to understand the overall uncertainty in the calculated values.

In order to understand the effects of electric and magnetic fields on animals
and humans, their electrical properties have to be considered. Static magnetic fields,
which are not attenuated by the organism, can exert forces on moving charges,
orient magnetic structures and affect the energy levels of some molecules. Static
and ELF electric fields are greatly attenuated inside the body (WHO, IARC Report,
2002). Therefore, studies are more focused on the effects of ELF magnetic field
(Barnes, 1995). Effects of magnetic fields have been studied with different methods
and purposes for a few centuries, and researchers have noticed that biological
systems have been effected by magnetic fields. But, it is stil unsolved problem that
magnetic field effects which frequencies, what is its effect ofthreshold level, and
potential effect mechanisms. (Repacholi and Greenebaum, 1999). There have been
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numerous omprehensive reviews, meta-analyses, and two recent pooled analyses.

In one pooled analysis based on nine well conducted studies, no excess risk was
seen for exposure to ELF magnetic fields below 0.4 mT and a twofold excess
risk was seen for exposure above 0.4 mT. The other pooled analysis included 15
studies based on less restrictive inclusion criteria and used 0.3 mT as the highest
cut-point. A relative risk of 1.7 for exposure above 0.3 mT was reported. The two
studies are closely consistent. In contrast to these results for ELF magnetic fields,
evidence that electric fields are associated with childhood leukaemia is inadequate
for evaluation. The association between childhood leukaemia and high levels of
magnetic fields is unlikely to be due to chance, but it may be affected by bias.
In particular, selection bias may account for part ofthe association. Case-control
studies which relied on in-home measurements are especially vulnerable to this
bias, because ofthe low response rates in many studies. Numerous studies of the
relationship between electrical appliance use and various childhood cancers have
been published. In general, these studies provide no discemable pattern ofincreased
risks associated with increased duration and frequency ofuse of appliances. Since
many of the studies collected information from interviews that took place many
years after the time period of etiological interest, recall bias is likely to be a major
problem. Studies on parental occupational exposure to ELF electric and magnetic
fields in the preconceptional period or during gestation are methodologically
weak and the results are not consistent (WHO, IARC Report, 2002). Applying
magnetic field on cells, also low level like 0.20-20 mT, has changed speed of cell
division. Particularly, on the studies of neurons that is stimulated by low electric
current and low frequency magnetic field has been expressed decreasing of mitotic
division (Walleczek, 1992). A lot of studies have shown effects of magnetic fields
on potantial of cell membrane. 10 mT amplituded magnetic field with changing
ionic currents effected on neurons prevents creation of action potential (Kema
and Lucchinett, 1992).

The only way ofunderstanding electromagnetic field is measurement. These
measurement data are evaluated according to international or national limit values
that was thought not harmful for human health. It is an assumption that harmless
for human health if measured values under these limit values.

2. ELECTROMAGNETIC RADIATION AND LIMIT VALUES

ICNIRP are the International Commission on Non-lonizing Radiation
Protection was formed in 1992. The functions ofthe Commission are to investigate
the hazards that may be associated with the different forms of non-ionizing
radiation, develop international guidelines on non-ionizing radiation exposure
limits, and deal with all aspects of non-ionizing radiation protection. The main
objective of ICNIRP guidelines will provide protection against known adverse
health effects. An adverse health effect causes detectable impairment ofthe health
of the exposed individual or of his or her offspring; a biological effect, on the
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other hand, may or may not result in an adverse health effect. Studies on both

direct and indirect effects of EMF are described; direct effects result from direct
interaction of fields with the body, indirect effects involve interactions with an
object at a different electric potential from the body. Results of laboratory and
epidemiological studies, basic exposure criteria, and reference levels for practical
hazard assessment are discussed, and the guidelines presented apply to occupational
and public exposure can be seen in Table 1 and Table 2. Only related ELF part
of guidelines is shown here.

Table 1- Reference levels for occupational exposure to time-varying electric and
magnetic fields (ICNIRP Guidelines, 1998)

Frequency range E-field Strength H-field strength B-field
(V/m) (A/m) un
Upto 1Hz - 1.63x10s 2x10s
1-8 Hz 20.000 1.63x10s//2 2x10s//2
8-25 Hz 20.000 2x10Vf 2.5x104/
0.025-0.82 kHz 500// 201f 251f
0.82-65 kHz 610 24.4 30.7

Table 2 - Reference levels for general public exposure to time-varying electric
and magnetic fields (ICNIRP Guidelines, 1998)

Frequency range E—fiel(ii//sr:"r)ength H—fie(li/sr;r)ength B(—S_Ie_;d
Upto 1Hz - 3.2x104 4x104
1-8 Hz 10.000 3.2x104/2 4x104f2
8-25 Hz 10.000 4,000// 5.0001f
0.025-0.8 kHz 2501f 41f 51f
0.8-3 kHz 2501f 5 6.25

/ as indicated in the frequency range column for these two tables.

In 1998 ICNIRP published its thermal (heating and shock) guidelines. These
have been widely criticized for rejecting evidence of adverse health effects at
sub-thermal or biological and cancer levels. Many scientists now feel that, unless
ICNIRP adopts appropriate biological guidelines, it should be disbanded or its
membership should be replaced by those who accept biological evidence. Such
scientists could be drawn from the authors of the Bioinitiative Report in 2007 or
the International Commission for Electromagnetic Safety (ICEMS) or the many
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medical doctors who have petitioned governments to set new standards, along with

the many other concerned scientists around the world who argue that to protect
the human race it is essential to have biological and cancer safety guidelines.

Table 3 - Electric, magnetic, electromagnetic, and dosimetric quantities and
corresponding Sl units (ICNIRP Guidelines, 1998)

Quantity Symbol Unit
Conductivity a Siemens per meter (S/m)
Current | Ampere (A)
Current density J Ampere per square meter (A/m2)
Frequency f Hertz (Hz)
Electric field strength E Voltper meter (V/m)
Magnetic field strength H Ampere per meter (A/m)
Magnetic flux density B Tesla (T)
Magnetic permeability Henry per meter (H/m)
Permittivity S Farad per meter (F/m)
Power density S Watt per square meter (W/m2)
Specific energy absorption SA Joule per kilogram (J/kg)
Specific energy absorption rate SAR Watt per kilogram (W/kg)

A general summary of EMF and dosimetric quantities and units used in these
ICNIRP guidelines is provided in Table 3.

Importantly, ICNIRP guidelines are not intended to be a complete system
for protecting the public that should be applied in different countries as it stands.
They say that their guidance considers only the science, and Governments will
need to look at other factors before deciding whether and how to implement the
guidelines. Thus, for example, the EU Recommendation uses the numbers out of
ICNIRP 1998 but expects them to be applied only where the time of exposure is
significant. The European Union passed a Directive on occupational exposure in
2004 that would have implemented the ICNIRP 1998 values. In 2008, however,
they delayed the implementation so that the Directive could be revised. In 2011,
the Commission have issued the proposed replacement. This now has to go through
a process of debate and approval in the European parliament and the Council.
The proposed Directive introduces a distinction between «safety» effects (effects
in the central nervous system of the head), and «health» effects (including the
peripheral nervous system as well).

The Directive uses the ICNIRP values but gives them different names. The
basic restriction becomes the limit value and the reference levels become the
action values.
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Table 4 - Limit values of EU Directive 2004 for 50 Hz

Exposure Limit Value: 10 mAm'2in the central nervous system
(identical to ICNIRP’s basic restriction)

Magnetic fields Electric fields
Action level: 500 uT Action level: 10 kV/m
Field actually required: 1800 uT Field actually required: 46 kV/m

Table 5- Limit values of EU Directive 2011 Proposal for 50 Hz

Exposure Limit Value for health Exposure Limit Value for safety
0.8 VIm 0.1 Vim

Action Value (for health effects) Orientation Value (for safety effects)
20 kV/m 10kV/m
13.32mT ImT

Table 6 - The position on exposure limits in each country in Europe

More restrictive

EU Recommendation quantitative limits

(or ICNIRP or (ether in addition Additional protective
similar quantitative or instead of EU ° No, k
imifar qu: Recommendation; Fnrﬂ%%(spressed as 0, known
limits designed to T
often apply quantitative limits)

prevent acute effects) . -
only in specific

circumstances)

Bulgaria

Cyprus Austria

Czech Republic Belgium

Estonia Bosnia and

Finland Herzegovina

France Croatia

Germany Italy ek Albania
Greece Lithuania Norway Iceland
Hungary Luxembourg , cedonia
Ireland Netherlands ewbpun Irj{y-gntenegro
Latvia Poland

Malta Serbia

Portugal Slovenia

Romania Switzerland

Slovak Republic

Spain

Turkey
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Table 7 - European countries that have different limit values from ICNIRP.

Country Comment

requires high-voltage lines to be placed underground within 200 m or

Austria 400 m ofresidential areas, but only if «technically and economically
efficient»
Belgium 5-10 kV/m depending on land use. Electric fields only.

Bosnia&Herzegovina 2 kV/m, 40 jiT

Croatia 2 kV/m, 40 jiT new facilities

Denmark 0.4 LI,T evaluation level used as trigger to investigate possible
reduction methods

Ital ICNIRP + 10 uT attention value + 3 uT quality target, specific

y circumstances

Lithuania Electric fields only, plus distance restrictions

Luxembourg Plus advice on not building near power lines

Netherlands 0.4 uT, dwellings and power lines, new construction

Norway 0.4 LI,T evaluation level used as trigger to investigate possible
reduction methods

Poland 1kV/m residential areas, 48 jiT

Serbia 2kV/m, 40 uT

Slovenia 500 V/m, 10 uT, new facilities, designated areas
Meaures at reasonable expense to reduce fields when radically

Sweden L
deviating from normal

Switzerland ICNIRP plus 1 uT for new power lines, exemptions possible

UK ICNIRP where time of exposure significant plus optimal phasing of

power lines

3. CONCLUSION

In this study, | collected data about health effects of ELF electromagnetic
radiation and applied limit values in European countries. It is easly seen from
studies and limit values was accepted different countries the health effects of
ELF electromagnetic radiation is still unclear. Some countries accepted ICNIRP
limit values, but some countries accepted more strict limit values than these
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limit values. The Parliamentary Assembly of the Council of Europe passed

a resolution concerning EMFs in 2011. Much of the detail is concerned with
microwaves but there are some references to power frequencies, that “ introduce
town planning measures to keep high-voltage power lines and other electric
installations at a safe distance from dwellings; apply strict safety standards for the
health impact of electrical systems in new dwellings;...”. Epidemiological studies
have consistently found that everyday chronic low-intensity (above 0,3-0.4 uT)
power frequency magnetic field exposure is associated with an increased risk of
childhood leukemia. IARC has classified such fields as possibily carcinogenic.
However, a causal relationship between magnetic fields and childhood leukemia
has not been established nor have any other long term effects been established.
The absence ofestablished causality means that this effect cannot be addressed in
the basic restrictions. However, risk management advice, including considerations
on precautionary measures, has been given by WHO and other entities (ICNIRP
Guidelines, 2010).
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HAYUYHbTAXXYPHAM MY UMEHU C. TOPANTbIPOBA
(«<BECTHUK MIY», «<HAYKA U TEXHUKA KASAXCTAHA»,
«KPAEBEJEHVIE»)

PefakLMOHHas Konnerns npocuT aBTOPOB NPU NOAFOTOBKE cTaTel A ony6anKoBaHWA
B )XYpHasie pyKOBOACTBOBATLCS CNeAYyOWMI NpaBunamu.

HayuHble cTaTby, NpefcTaBnsemble B pefakLuio XXypHana fO/mMKHbI 6bITb 0hOpMIeHbI
cornacHo 6a3oBbIM U3faTeNIbCKUM CTaHAapTaM no OOPM/IEHNIO CTaTell B COOTBETCTBUN
¢ FOCT 7.5-98 «>XKypHanbl, c60pHNKMN, MHOPMAaLMOHHbIE M3faHus. V3gaTensckoe
othopmeHve Ny6nKyeMbIX MaTeprnanos», NpucTaTeliHbix 6ubanorpagpyecknx cnmckos
B cooTBeTcTBUM ¢ TOCT 7.1-2003 «Bubnuorpaduyeckas 3anucb. bubnvnorpagpuyeckoe
onucanune. O6Lve Tpe6oBaHUA 1 NpaBKIa COCTaBNEHUA».

CT1aTby [ONXHbI 6bITb OOPMEHBI B CTPOFOM COOTBETCTBUM CO
cnegyowmMy npasnnaMun:

1. B XypHanbl NPUHUMAIOTCA CTaTbW MO BCEM Hay4HbIM HanpasfieHusm B 1
IK3emnnspe, HabpaHHble Ha KOMMblOTEpe, HarnevyaTaHHble Ha OfHOW CTOPOHe fucTa ¢
MEXCTPOYHbIM UHTepBasoM 1,5, ¢ nonsamu 30 MM CO BCeX CTOPOH NNCTa, 3NEKTPOHHbIN
HOCWTeNb CO BCEMU MaTepuanamu B TeKCTOBOM pegakTope «Microsoft Office Word (97,
2000, 2007, 2010) ansa WINDOWS».

2. O6wwii 06bem CTaTbi, BKNOYAA aHHOTALUW, NUTepaTypy, TabnunLbl, PUCYHKU 1
maTematuyeckme hopMysbl He AO/MKEH NpeBbilwaTb 8-10 CTpaHWUL, NeYaTHOro TeKCTa.
TeKCT cTaTbu: Kernb - 14 NyHKTOB, rapHuTypa - Times New Roman (gns pycckoro,
aHrNIACKOro N Hemeukoro A3bikoB), KZ Times New Roman (415 Ka3axckoro s3blka).
MeXCTpOUHbIiA uHTepBan - 1,5 (NONYTOPHBINA);

3. Y AK no Tabnuuam yH1BepcanbHOM SeCATUYHON KnaccudukaLmm;

4. 'Hnymans! v hamunmns (-u) aBTopa (-0B) - Ha Ka3axCKOM, PyCCKOM W aHTIMIACKOM
A3blkax, ab3al, no 1eBOMY Kpato (CM. obpaseL);

5.Ha3BaHue cTaTby - Ha Ka3aXCKOM, PYCCKOM ¥ aHFIMACKOM A3bIKax, 3arnaBHbIMu
6yKBaMV XXMPHbIM WpUdTOM, ab3al, No NeBoMy Kpato (CM. obpaseL);

6. AHHOTaLMA AaeTcA B Hayane TEKCTa Ha Ka3axCKOM, PYCCKOM W aHFAUIACKOM
A3blKax: Kerfb - 12 NyHKTOB, KypcuB, OTCTYN cneBa-cnpasa - 3 cM, nHTepsan 1,5 (8-10
CTpOK, 100-250 cnoB). AHHOTALMA ABNSETCA KPaTKUM U3N10XKEHNEM COAEPXaHNUS HAYyYHOT O
npousBefieHns, gatolas 0606LeHHoe NpeAcTaBNeHne 0 ero TeMe U CTPYKType, (CM.
obpaseL);

7. KnioyeBble c10Ba 0PoOpMAAIOTCA Ha A3blke Ny6AMKYeMOro matepuana: Kerfib
- 12 nyHKTOB, KypCWB, OTCTYN CneBa-cnpasa - 3 cM, UHTepsan 1,5, [1ns kaxaol ctatbu
3afjaiite 5-6 KNOYEBbIX CNOB B NOPSAKE MX 3HAYMMOCTHU, T.e. CaMOe BaXHOE KNHOYeBOe
CMI0BO CTaTby LOMKHO 6bITb NEPBbLIM B CNINCKe, (CM. 06paseL);

8. CnNnCcoK 1Cnonb30BaHHOWN NMTepaTypbl AOMKEH COCTOATL He 6onee yem n3 20
HauMeHOBaHWIA (CCbINKM M NPUMeYaHUs B CTaTbe 0603HAYatOTCA CKBO3HON HymepaLmeii
1 3aKN0YalTCA B KBagpaTHble CKOOKM). CTaTba M CNUCOK NMTepaTypbl AOMKHbI ObiTh
oopmeHbl B cootBeTcTBum ¢ FTOCT 7.5-98; TOCT 7.1-2003 (cMm. o6paseL).
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9. nnocTpauunn, nepeyeHb PUCYHKOB W NOLPUCYHOUHbIE HAAMUCK K HUM
NpeAcTaBnAtoT N0 TeKCTY CTaTbW. B 3NEKTPOHHON BEPCUM PUCYHKU U UANKOCTPaLMm
npeacraenstotcs B opmate TIF nam JPG ¢ paspeweHnem He meHee 300 dpi.
10. MaTemaTuuyeckue opmysnbl AOMKHbI 6bITb HabpaHbl B Microsoft Equation
Editor (kaxgas hopmyna - 0gUH 00bEKT).

Ha oTgenbHoli cTpaHuue

B 6yMaXXHOM U 3/1eKTPOHHOM BapuaHTax NpUBOAATCA:

- Ha3BaHWe CTaTbM, CBeAEHUS 0 KaXaoM 13 aBTopoB: @.11.0. NONHOCTLIO, yUeHast
CTeneHb, YYeHoe 3BaHMe M MeCcTO pPaboTbl HA Ka3axCKOM, PYCCKOM W aHTINACKOM
A3blKax);

- NosiHble MOYTOBbLIE ajpeca, HOMepa CMy>Ke6HOro U AoMallHero TenetoHoB,
e-mall (gnsa cBs3M pefakumm ¢ aBTopaMmn, He Ny6AnKyHOTCA);

MHhopmauunsa ana aBTopos

Bce cTaTby fOMKHbI CONPOBOXAATLCA ABYMS PELLEH3NAMM JOKTOPa UNW KaHanaaTa
HayK fins BCeX aBTOPOB. [ins cTaTelt, Ny6NnKyembIX B XXypHane «BecTHUK MFY» xumuko-
610NOrnYecKo cepun, TpebyeTcs IKCNEPTHOE 3aK/HYEHNME.

Pepakums He 3aHMMaETCA NNTEPaTYPHOR N CTUINCTUYECKOM 06paboTKOM CTaTbW.
Mpun He06X0AMMOCTM CTaTbA BO3BPALLAETCA aBTOPY Ha A0paboTKy. 3a CoAepXKaHue cTaTbu
HeceT 0TBETCTBEHHOCTb ABTOP. CTaTbW, 0(hOPMIIEHHbIE C HAapyLLeHeM TpeboBaHuU, K
ny6avMKaumy He NPMHMMAIOTCA M BO3BpaLLalTcsa aBTopam. [laToil NnocTynneHuns craTbm
cuMTaeTca Aarta nonyyveHns pefakuuneli ee OKOHYaTeIbHOro BapuaHTa.

Ctatby Ny6MKYIOTCA MO MepPe NOCTYM/IEHNS.

MepnoanyHOCTb U3aHNA XXYPHAOoB - YeTbIpe pasa B rof (eXXekBapTanbHO).
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CEMEWHO-POACTBEHHbIE CBA3M KAK
COUMNANBHbIV KAMUTA B PEANTN3ALIN
PEMPOAYKTUBHOIO MATEPNANA

B HacTosWwell cTaTbe aBTOpP AaeT aHanM3 OT/MUYUTENbHbIX
0COGEHHOCTEN PenpoayKTUBHOMO NMOBE/IEHUs >KEHLMH CKBO3b MPU3MY
CeMeiiHO-PO/CTBEHHbIX CBS3€A.

KntoueBble cnoBa: penpoAyKTUBHOe MOBEAEHMe, CeMeiiHo-
POACTBEHHbIE CBA3N.

Ha coBpeMeHHOM 3Tane ecTb TEHAEHLUWUMU K CTaBUNLHOMY YBENUYEHUHO
CTY[IeHTOB C HapYLUEHWUSAMM B COCTOSIHWU 3[0pOBbS. B CBA3M C 3TVM NOABASETCS
HEo6X04MMOCTb KOPPEKTUPOBKM COflepXKaHusl yUeB6HO-TPEHUPOBOYHBIX 3aHATUI
Mo (hM3UYECKO KynbType CO CTy[eHTamMu, MOCEeLalluMK crelnanbHble
MeAMLMHCKIUE FPYnMbl B.

Mpoaon>KeHne TeKcTa ny6barkyemMoro MaTepuana

Mpumep ohopMNeHns TabnL, PUCYHKOB, CXEM:

Ta6bnuuya 1 - CymMMapHbIi KO3(G(UUMEHT POXAAEMOCTM OTAENbHbIX
HalMOHa/IbHOCTEl

CKP, 1999 . CKP, 1999 .
Bcero 1,80 2,22

[Ovarpamma 1 - Mokasatenu penpoayKTUBHOIO NoBeaeHUs!
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