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A.Kh. Attaev

Institute of Applied Mathematics and Automation of Kabardin-Balkar Scientific Centre of RAS, Nalchik, Russia
(E-mail: attaev.anatoly@yandex.ru)

On Problem of Internal Boundary Control
for String Vibration Equation

The article deals with the vibration control problem described by one dimensional wave equation with
integral type boundary condition. As usual, the initial and final moments of time for arbitrary displacements
and velocities of the wave are specified by points on a string (Cauchy data). It is shown that the minimum
time for the realizable control is uniquely determined by the condition of correct solvability to the Cauchy
problem involving data lying on disconnected manifold. This suggests that the internal boundary conditions
does not affect the minimum time value. Necessary and sufficient conditions for the existence of the desired
internal-boundary controls that move the process from the state initially specified to a predetermined final
one are obtained and written out. The controls are presented in explicit analytical form. Moreover, it
is shown that for the inner-boundary controls expressions, one should use not the representation of the
solution to the Cauchy problem in the sought-for domain, but the formula for the general solution of the
string oscillation equation (d’Alembert’s formula).

Keywords: string vibration equation, boundary control, Cauchy problem, trunk and branched pipeline
networks, nonlocal mixed problem.

Introduction

One of the main parts of systems with distributed parameters in the Control Theory is one-dimensional
distributed-parameter system for objects with the motion described by hyperbolic partial differential equations.
As a rule, these objects control requires considering oscillation and wave propagation. We refer to objects
include such technical facilities as a compressor and pumping stations providing distributing water via trunk
and branched pipeline networks at a given flow rate and pressure. The problem of pressure pulsation dampening
in pipelines is considered to be a classical one. A detailed account on engineering aspects and mathematical
formulations for this problem and also various solution techniques can be found in [1], as well as in [2, 3]. There
are many works devoted to boundary control problems for hyperbolic equations, including loaded ones, and to
optimization problems in terms of an arbitrary sufficiently large time interval, and others, we here mention only
some of them [4–14]. These papers investigated boundary control problems for hyperbolic equations with both
local and nonlocal multi-point boundary conditions. The boundary control problem is formulated as follows:
Define the control action for moving the internal state of a system from any initial state to any other final state
in a finite time interval. If the controls are determined on the boundary such problem is called the boundary
control problem. If controls are defined inside the domain as well as on the boundary such a problem is logically
called the problem of the internal boundary control. In mathematical terms, the unique solvability of the control
problem is equivalent to the well-posed solvability of the Cauchy problem with data lying on a disconnected
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On Problem of Internal Boundary...

manifold. It is this fact that makes it possible to determine the minimum time during which unambiguous
control is carried out.

The following results were obtained:
1. Necessary and sufficient conditions ϕ0(x), ϕ1(x), ψ0(x), ψ1(x), k1(x, t), k2(x, t), are established ensuring

the existence of the boundary controls µ(t) and ν(t), in the form of

ϕ
′

0(0)− ψ0(0)− ϕ
′

1(l) + ψ1(l) = 0, (1)

ϕ
′

0(l) + ψ0(l)− ϕ
′

1(0)− ψ1(0) = 0, (2)

ϕ
′′

0 (0)− ψ
′

0(0)− ϕ
′′

1 (l) + ψ
′

1(l) = 0, (3)

ϕ
′′

0 (l) + ψ
′

0(l)− ϕ
′′

1 (0)− ψ
′

1(0) = 0, (4)

ϕ0(0) + ψ0(l) +

∫ l

0

ψ0(ξ)dξ − ϕ1(0)− ϕ1(l) +

∫ l

0

ψ1(ξ)dξ = 0, (5)∫ l

0

ki(ξ, 0)ϕ0(ξ)dξ = 0,

∫ l

0

ki(ξ, l)ϕ1(ξ)dξ = 0, i = 1, 2, (6)∫ l

0

k
′

i(ξ, 0)ϕ0(ξ)dξ +

∫ l

0

ki(ξ, 0)ψ0(ξ)dξ = 0, i = 1, 2, (7)∫ l

0

k
′

i(ξ, l)ϕ0(ξ)dξ +

∫ l

0

ki(ξ, l)ψ1(ξ)dξ = 0, i = 1, 2. (8)

2. Under conditions (1)–(4) , an explicit analytical form of the sought controls is found

µ(t) =
1

2
ϕ0(t) +

1

2

∫ t

0

ψ0(ξ)dξ +
1

2
ϕ1(l − t) +

1

2

∫ l

l−t
ψ1(ξ)dξ +

1

2
ϕ0(0)− 1

2
ϕ1(l) + Uk1

(t), (9)

ν(t) =
1

2
ϕ0(l − t) +

1

2

∫ l

l−t
ψ0(ξ)dξ +

1

2
ϕ1(t) +

1

2

∫ t

0

ψ1(ξ)dξ +
1

2
ϕ0(l)− 1

2
ϕ1(0) + Uk2(t), (10)

where

Uki(t) =
1

2

∫ l−t

0

ki(t+ ξ, t)ϕ0(ξ)dξ +
1

2

∫ l

t

ki(ξ − t, t)ϕ0(ξ)dξ+

1

2

∫ l

t

ki(ξ − t, t)dξ
∫ t

0

ψ0(ξ)dξ − 1

2

∫ l−t

0

(∫ l−t

ξ

ki(t+ η, t)dη

)
ψ0(ξ)dξ+

1

2

∫ l

t

(∫ l

ξ

ki(η − t, t)dη

)
ψ0(ξ)dξ +

1

2

∫ t

0

ki(ξ + l − t, t)ϕ1(ξ)dξ+

1

2

∫ t

0

ki(ξ + l − t, t)dξ
∫ l

t

ψ1(ξ)dξ +
1

2

∫ l−t

l

(∫ t

l−ξ
ki(t− η, t)dη

)
ψ1(ξ)dξ+

1

2

∫ t

0

(∫ ξ

0

ki(η + l − t, t)dη

)
ψ1(ξ)dξ +

1

2
[ϕ0(0)− ϕ1(l)]

[∫ t

0

ki(z, t)dz −
∫ l

l−t
ki(z, t)dz

]
, i = 1, 2.

Below the problem of internal-boundary-value control for the string oscillation equation is formulated and
the possibility for obtaining unique solution in minimum time interval using the control and the Cauchy problems
is discussed.
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Main part

In the domain Ω = {(x, t) : 0 < x < l, 0 < t < T} the one-dimensional equation of string vibration is
considered

uxx − utt = 0, (11)

describing, for example, the string vibration with the ends fixed at the points x = 0 and x = l. Assume that
arbitrary displacements and arbitrary speeds are set at the initial time t = 0 and the final time t = T :

u(x, 0) = ϕ0(x), ut(x, 0) = ψ0(x), 0 ≤ x ≤ l, (12)

u(x, T ) = ϕ1(x), ut(x, T ) = ψ1(x), 0 ≤ x ≤ l. (13)

Internal boundary conditions are specified by the following relations:

u(0, t) +

∫ l

0

k1(ξ, t)u(ξ, t)dξ = µ(t), (14)

u(l, t) +

∫ 2

0

k2(ξ, t)u(ξ, t)dξ = ν(t), (15)

where k1(x, t), k2(x, t) — are the given functions, and ki(x, t), ∂
∂tki(x, t) ∈ C(Ω̄), i = 1, 2.

Further in this paper the function u(x, t) ∈ C2(Ω)∩C1(Ω̄) — is understood as the solution to equation (11).
The problem is to find such values of µ(t) and ν(t) for unambiguous moving the system from state (14) to state
(15) in the minimum time interval.

From the problem formulated above it immediately follows that µ(t) and ν(t) are uniquely determined in
the domain Ω if and only if the Cauchy problem (12), (13) for equation (11) in the domain Ω is well-posed.

Indeed, in case when the Cauchy problem (12), (13) for equation (11) occurs underdetermined, the infinite
set of (µ(t), ν(t)) can perform the desired control. This implies the non-uniqueness of the solution to the Cauchy
problem (12), (13) for equation (11) in the domain Ω. If the Cauchy problem (12), (13) for equation (11) in the
domain Ω is underdetermined, then control is possible only for linearly depend (12) and (13). These items are
discussed in [4] and in more detail in [14]. There you can also find out that the Cauchy problem (12), (13) for
equation (11) in the domain Ω is well-posed if and only if the value of T is equal to l. If T > l, the Cauchy
problem is underdetermined. IF T < l, the Cauchy problem is redefined. This suggests that the desired control
is unambiguously feasible if and only if T = l.

Consider T = l. It is well known that any regular solution to equation (11) can be represented as follows:

u(x, t) = f(x− t) + g(x+ t), (16)

where f(x) and g(x) - g(x) — are arbitrary twice-continuously differentiable functions. Further, for conveniences
for the functions f(x) and g(x) from formula (16), introduce the following notation:

f(x) = f0(x), g(x) = g0(x), x ∈ [0, l],

f(x) = f1(x), x ∈ [−l, 0],

g(x) = g1(x), x ∈ [l, 2l].

Satisfying conditions (12) for (16) and using the notation, obtain

f0(x) =
ϕ0(x)

2
− 1

2

∫ x

0

ψ0(ξ)dξ + C1, (17)

g0(x) =
ϕ0(x)

2
+

1

2

∫ x

0

ψ0(ξ)dξ − C1. (18)

Now satisfying conditions (13) for (16), as T = l, we obtain

f(x− l) + g(x+ l) = ϕ1(x),

−f ′(x− l) + g′(x+ l) = ψ1(x).

6 Bulletin of the Karaganda University
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Hence, it is obvious that

f ′(x− l) =
ϕ′1(x)

2
− ψ(x)

2
.

Using the last identity integration from l to l − x, get

f(−x) =
ϕ′1(l − x)

2
− ϕ′1(l)

2
− 1

2

∫ l−x

l

ψ1(ξ)dξ + f(0).

Taking into account that f0(0) = ϕ0(0)
2 + C1 by (17) and using our notation, obtain

f1(−x) =
ϕ1(l − x)

2
+

1

2

∫ l

l−x
ψ1(ξ)dξ +

ϕ0(0)

2
+
ϕ1(l)

2
+ C1, x ∈ [0, l], (19)

and by (13) get

g1(l + x) =
ϕ1(x)

2
− 1

2

∫ l

x

ψ1(ξ)dξ − ϕ0(0)

2
+
ϕ1(l)

2
− C1, x ∈ [0, l]. (20)

Now let us find the control actions µ(t) and ν(t). Generally speaking, the solution to the Cauchy problem
in the domain Ω as T = l could be found and the resulting expression could be substituted into (14) and (15)
respectively. We find another way that does not require solving the Cauchy problem.

Substituting (16) sequentially (13) and (14), we obtain

µ(t) = V0(t) + Vk1
(t), (21)

ν(t) = Vl(t) + Vk2
(t), (22)

Vki(t) =

∫ l

0

ki(ξ, t)f(ξ − t)dξ +

∫ l

0

ki(ξ, t)g(ξ + t)dξ, (23)

V0(t) = f1(−t) + g0(t), Vl(t) = f0(l − t) + g1(l + t), t ∈ [0, l].

Replacing t− ξ = z in the first integral of (23), and t+ ξ = l + z in the second, we obtain

Vki(t) =

∫ t

t−l
ki(t− z, t)f(z)dz +

∫ t

t−l
ki(z + l − t, t)g(l + z)dz =

=

∫ t

0

ki(t− z, t)f(z)dz +

∫ t

0

ki(z + l − t, t)g(l + z)dz+

+

∫ 0

t−l
ki(t− z, t)f(z)dz +

∫ 0

t−l
ki(z + l − t, t)g(l + z)dz.

Substituting −z = z and l+z = z in the last two integrals, respectively, and using our notation for the functions
f(x) and g(x), finally obtain the expression for Vki(t).

Vki(t) =

∫ t

0

ki(t− z, t)f1(−z)dz +

∫ t

0

ki(z + l − t, t)g1(l + z)dz+

+

∫ l−t

0

ki(t+ z, t)f0(z)dz +

∫ l

t

ki(z − t, t)g0(z)dz, i = 1, 2.

Replace f0, g0, f1, g1 with expressions from (17), (18) and (19), (20), substitute then the expressions into
(21) and (22) for Vk1

(t) and Vk2
(t), respectively, and making some transformations, obtain (9), (10).

Since the functions u(x, t) belong to the class C2(Ω) ∩ C1(Ω̄), the continuity conditions

f0(0) = f1(0), f ′0(0) = f ′1(0), f ′′0 (0) = f ′′1 (0), (24)

g0(l) = g1(l), g′0(l) = g′1(l), g′′0 (l) = g′′1 (l) (25)

and consistency conditions

µ(0) = ϕ0(0), µ(l) = ϕ1(0), µ′(0) = ψ0(0), µ′(l) = ψ1(0), (26)

ν(0) = ϕ0(l), ν(l) = ϕ1(l), ν′(0) = ψ0(l), ν′(l) = ψ1(l). (27)

Mathematics series. № 1(101)/2021 7
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Conditions (24), (25) are necessary and sufficient for the existence of a solution to the mixed problem (12),
(13) for equation (11) in the domain Ω as T = l, in the form of

u(x, t) = fi(x− t) + gj(x+ t), −il < x− t < (1− i)l, jl < x+ t < (1 + j)l, i, j = 0, 1.

Conditions (24)—(27) are necessary and sufficient for the functions ϕ0(x), ϕ1(x) ∈ C2(0, l)∩C1[0, l], ψ0(x),
ψ1(x) ∈ C1[0, l], there were internal boundary controls µ(t), ν(t) ∈ C2(0, l) ∩ C1[0, l] satisfying conditions (13)
solutions u(x, t) ∈ C2(Ω) ∩ C1(Ω̄) to the mixed problem (12) for equation (11).

The proof of the uniqueness of the solution to the mixed problem (12), (13) and nonlocal mixed problems
(12), (14), (15) and (13), (14), (15) for equation (11) is carried out the same way as in [4]. Substituting (17)
and (18) into (24) and (25), respectively, and (14) and (15), into (26) and (27), we obtain (1)—(8).
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On Problem of Internal Boundary...

А.Х. Аттаев

Iшек тербелiсiнiң теңдеуi үшiн iшкi-шеттiк
басқарудың бiр есебi жайында

Мақалада интегралды типтi iшкi-шеттiк шарттары бар бiр өлшемдi iшектiң тербелiс теңдеуiмен си-
патталатын процестi басқару есебi қарастырылған. Әдеттегiдей, уақыттың бастапқы және соңғы сәт-
терiнде еркiн ығысулар мен iшек нүктелерiнiң жылдамдығы (Коши мәлiметтерi) берiледi. Iзделiндi
басқарудың жалғыз мүмкiн болатын ең аз уақыты шекаралық үзiлiстi көпбейнелiктерiмен Коши есе-
бiнiң корректiлi шешiлу жағдайынан нақты анықталатындығы көрсетiлген. Бұл iшкi-шеттiк шарт-
тардың түрi минималды уақыт мәнiне әсер етпейтiнiн көрсетедi. Тербелмелi жүйенi бастапқы берiлген
күйден алдын-ала берiлген соңғы күйге аударатын iшкi-шеттiк басқармалардың қажеттi және жеткi-
лiктi жағдайлары алынып жазылды. Басқармалардың өздерi нақты аналитикалық түрде жазылған.
Сонымен қатар, iшкi-шеттiк басқару үшiн өрнектердi алуда iзделiндi облыстағы Коши есебiн шешi-
мiмен емес, iшек тербелiс теңдеуiнiң жалпы шешiмiнiң формуласын (Даламбер формуласы) қолдану
керек екендiгi көрсетiлген.

Кiлт сөздер: iшектiң тербелiс теңдеуi, шекаралық басқару есебi, Коши есебi, магистральдық және
тармақталған құбыр желiлерi, бейлокалды аралас есеп.

А.Х. Аттаев

Об одной задаче внутренне-краевого управления
для уравнения колебания струны

В статье рассмотрена задача управления процессом, который описывается уравнением колебания
одномерной струны с внутренне-краевыми условиями интегрального типа. Как обычно, в начальный
и финальный моменты времени задаются произвольные смещения и скорости точек струны (данные
Коши). Показано, что минимальное время, в течение которого единственным образом осуществимо
искомое управление однозначным образом, определяется из условия корректной разрешимости за-
дачи Коши с данными на граничном разрывном многообразии. Это свидетельствует о том, что сам
вид внутренне-краевых условий на значение минимального времени не влияет. Получены и выпи-
саны необходимые и достаточные условия существования искомых внутренне-краевых управлений,
переводящих колебательную систему из начально заданного состояния в наперед заданное финаль-
ное состояние. Сами управления выписаны в явном аналитическом виде. При этом показано, что для
получения выражений для внутренне-краевых управлений нужно воспользоваться не самим представ-
лением решения задачи Коши в искомой области, а формулой общего решения уравнения колебания
струны (формулой Даламбера).

Ключевые слова: уравнение колебания струны, задача граничного управления, задача Коши, маги-
стральные и разветвленные трубопроводные сети, нелокальная смешанная задача.
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Well-posedness results for the wave equation
generated by the Bessel operator

In this paper, we consider the non-homogeneous wave equation generated by the Bessel operator. We prove
the existence and uniqueness of the solution of the non-homogeneous wave equation generated by the
Bessel operator. The representation of the solution is given. We obtained a priori estimates in Sobolev type
space. This problem was firstly considered in the work of M. Assal [1] in the setting of Bessel-Kingman
hypergroups. The technique used in [1] is based on the convolution theorem and related estimates. Here,
we use a different approach. We study the problem from the point of the Sobolev spaces. Namely, the
conventional Hankel transform and Parseval formula are widely applied by taking into account that between
the Hankel transformation and the Bessel differential operator there is a commutation formula [2].

Keywords: Bessel operator, wave equation, Hankel transform, inverse Hankel transform, Sobolev type space.

Introduction

In this paper we consider the nonhomogeneous wave equation

∂2u

∂t2
− Sµu = f(x, t), x ∈ R+, 0 < t < T,

under the conditions
u(x, 0) = u0(x), ut(x, 0) = u1(x),

where T is fixed positive real number, generated by the Bessel operator

Sµ ,
d2

dx2
+

1− 4µ2

4x2
, (1)

where µ ≥ − 1
2 . The operator (1) is widely analysed in [2]. In the book [2], the author considered the Hankel

transform in the countably multinormed space H. Between the Hankel transform and (1) there is a commutation
formula. The heat equation generated by (1) was studied in [3]. In [3], it was proved that the Cauchy problem
has a unique solution u(x, t) in the space (U

q′,1/(a−d)
µ,q′,1/(b+d))

′, q′ = (2p0 − 1)/(2p0), for the interval 0 ≤ t ≤ T,

T < (4cp0)−1(d/2)2p0 , d < a. Where (U
q′,1/(a−d)
µ,q′,1/(b+d))

′ is dual for Uq
′,1/(a−d)
µ,q′,1/(b+d). Here U

q′,1/(a−d)
µ,q′,1/(b+d) is a linear space

(see [3]), where the topology over this space is generated by the norm

‖f‖δρ = sup
s∈C
|s−µ− 1

2 f(s)| · exp

(
q′
[(

1

b+ d
− δ
)
x

]
− q′

[(
1

a− d
+ ρ

)
y

])
.

A generalized Bessel operator is given by the following expression

d2

dx2
+

2µ+ 1

x

d

dx
. (2)

In [1] the author studied the operator (2) in the setting of Bessel-Kingman hypergroups and as an application
studied the homogeneous wave equation. In the paper [1] it is studied radial solutions of the Cauchy problem
for the wave equations in the multidimensional unit ball Bd, d ≥ 1. For more information about the analysis
associated with the generalized Bessel operator, we refer to [4–10].

*Corresponding author.
E-mail: bekbolat@math.kz
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1 The test function space

The space Hµ is defined for each µ ∈ R as follows (see [2]):
Definition 1. Hµ is a space of complex-valued, smooth functions and for each pair of m, k ∈ Z+ with the

seminorms
γµm,k(f) , sup

0<x<∞
|xm(x−1D)k(x−µ−

1
2 f(x))| <∞.

Lemma 1. Hµ is complete. Thus, it is a Fréchet space.
We denote by H′µ the dual of Hµ. H′µ is also complete.
We introduce following linear operators:

Nµf(x) , xµ+ 1
2Dx−µ−

1
2 f(x),

Mµf(x) , x−µ−
1
2Dxµ+ 1

2 f(x),

N−1
µ f(x) , xµ+ 1

2

∫ x

∞
t−µ−

1
2 f(t)dt.

Now, we can rewrite (1) as follows

Sµ = MµNµ =
d2

dx2
+

1− 4µ2

4x2
.

Sµ is a continuous linear mapping as

Sµ : Hµ → Hµ.

2 The Hankel transform and its inverse

If µ ≥ − 1
2 , for every φ ∈ Hµ we can define the conventional Hankel transform

Φ(y) = (hµφ)(y) =

∫ ∞
0

√
xyJµ(xy)φ(x)dx, 0 < y <∞. (3)

Here, the kernel √xyJµ(xy) is an eigenfunctions of the operator Sµ (1).
Lemma 2. ([2]) Assume that µ ≥ − 1

2 and f ∈ Hµ. Then

hµ(Sµf) = −y2hµf. (4)

Theorem 1. ([11]) Let f ∈ L1. If f is a bounded variation in a neighborhood of the point x = x0, if µ ≥ − 1
2 ,

and if F (y) is defined by (3), then

1

2
[f(x0) + f(x0 − 0)] = h−1

µ F =

∫ ∞
0

F (y)
√
x0yJµ(x0y)dy. (5)

Theorem 2. ([2]) The Hankel transformation hµ is an automorphism on Hµ, for µ ≥ − 1
2 .

Theorem 3. ([2]) Let µ ≥ − 1
2 . If f(x) and G(y) are in L1(0,∞) then∫ ∞

0

f(x)(h−1
µ G)(x)dx =

∫ ∞
0

F (y)G(y)dy.

Definition 2. ([12]) For s, µ ∈ R and 1 ≤ p < ∞ the Sobolev type space Gs,pµ is the set of all tempered
distributions u ∈ H′ such that U is locally integrable function over I := (0,∞) and

‖u‖p
Gs,pµ

:=

∫ ∞
0

(1 + y2)sp|U(y)|pdy <∞.

In view of the Parseval formula
‖u‖22 = ‖U‖22, µ ≥ −1

2
, (6)
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it follows that
G0,2
µ (I) = L2(I).

Theorem 4. ([12]) The Sobolev type space Gs,pµ , 1 ≤ p <∞, is complete.
Theorem 5. ([12]) Hµ is dense in Gs,pµ , 1 ≤ p <∞,∀s ∈ R.

3 Wave equation generated by the Bessel operator

In this section, we consider the Cauchy problem for the nonhomogeneous wave equation generated by the
Bessel operator on the QT := {(t, x) : t ∈ [0, T ], x ∈ R+}. Our aim to prove that the Problem 1 has a unique
solution in the space C2([0, T ], L2(I)) ∩ C([0, T ], G1,2

µ (I)).
Problem 1. Let T be a fixed positive number. We aim to find a function u = u(t, x) satisfying the

nonhomogeneous wave equation

utt(t, x)− Sµu(t, x) = f(t, x), (t, x) ∈ QT , (7)

under the conditions
u(0, x) = u0(x), (8)

ut(0, x) = u1(x). (9)

The Problem 1 has solution in the space C2([0, T ], L2(I))∩C([0, T ], G1,2
µ (I)) and as a result we obtain following

theorem:
Theorem 6. Let µ ≥ −1/2 and assume that f ∈ C([0, T ], G1,2

µ (I)) and u0, u1 ∈ G1,2
µ (I). Then the Problem

1 has a unique solution u and it can be represented by the expression

u(t, x) =

∫ ∞
0

√
xyJµ(xy)

∫ t

0

F (τ, y)
sin y(t− τ)

y
dτdy+

∫ ∞
0

√
xyJµ(xy)U1(y)

sin(yt)

y
dy +

∫ ∞
0

√
xyJµ(xy)U0(y) cos(yt)dy,

where F (τ, y), U0(y) and U1(y) are Hankel transforms of the functions f(t, x), u0(x) and u1(x), respectively.
Proof. By using the Hankel transform, we can show the uniqueness of the solution if the later exists. First,

we prove the existence of the solution. After using the Hankel transform hµ (3) and (4) for (7)–(9), we obtain

Utt(t, y) + y2U(t, y) = F (t, y), y ∈ R+, (10)

U(0, y) = U0(y), y ∈ R+, (11)

Ut(0, y) = U1(y), y ∈ R+. (12)

Solution of the equation (10) is

U(t, y) =

(∫ t

0

F (τ, y)

y
cos(yτ)dτ +A(y)

)
sin(yt)+

(
−
∫ t

0

F (τ, y)

y
sin(yτ)dτ +B(y)

)
cos(yt). (13)

By using initial conditions (11)–(12) for (13), we have

U(t, y) =

∫ t

0

F (τ, y)
sin y(t− τ)

y
dτ + U1(y)

sin(yt)

y
+ U0(y) cos(yt).

After using the inverse Henkel transform h−1
µ (5), we obtain that the solution of the problem (7)–(9) is given by

u(t, x) =

∫ ∞
0

√
xyJµ(xy)

∫ t

0

F (τ, y)
sin y(t− τ)

y
dτdy+

∫ ∞
0

√
xyJµ(xy)

(
U1(y)

sin(yt)

y
dy + U0(y) cos(yt)

)
dy.
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F . G denotes F ≤ CG for some positive constant C independent of F and G.
Let f ∈ C([0, T ], G1,2

µ (I)) and u0, u1 ∈ G1,2
µ (I). By taking into account the definition of the space G1,2

µ (I)
(Definition 2), we obtain

‖u(t, ·)‖2
G1,2
µ

= ‖(1 + y2)U(t, ·)‖22 =

∫ ∞
0

∣∣(1 + y2)U(t, y)
∣∣2 dy

.
∫ ∞

0

∣∣∣∣(1 + y2)

∫ t

0

F (τ, y)
sin y(t− τ)

y
dτ

∣∣∣∣2 dy +

∫ ∞
0

∣∣∣∣(1 + y2)U1(y)
sin(yt)

y

∣∣∣∣2 dy
+

∫ ∞
0

∣∣(1 + y2)U0(y) cos(yt)
∣∣2 dy.

Now, we are going to do some necessary calculations, as following∫ ∞
0

∣∣∣∣(1 + y2)

∫ t

0

F (τ, y)
sin y(t− τ)

y
dτ

∣∣∣∣2 dy
=

∫ ∞
0

∣∣∣∣(1 + y2)

∫ t

0

F (τ, y)
sin y(t− τ)

y(t− τ)
· (t− τ)dτ

∣∣∣∣2 dy . ∫ ∞
0

(
(1 + y2)

∫ t

0

|F (τ, y)|dτ
)2

dy

.
∫ ∞

0

(1 + y2)2

(∫ T

0

|F (t, y)|dt

)2

dy .
∫ ∞

0

∫ T

0

|(1 + y2)F (t, y)|2dtdy =

∫ T

0

‖f(t, ·)‖2
G1,2
µ
dt

here we used the Hölder’s inequality and∫ ∞
0

∣∣∣∣(1 + y2)U1(y)
sin(yt)

y

∣∣∣∣2 dy =

∫ ∞
0

∣∣∣∣(1 + y2)U1(y)
sin(yt)

yt
· t
∣∣∣∣2 dy

.
∫ ∞

0

|(1 + y2)U1(y)|2dy = ‖u1‖2G1,2
µ
.

Consequently, we have

‖u(t, ·)‖2
G1,2
µ
.
∫ T

0

‖f(t, ·)‖2
G1,2
µ
dt+ ‖u1‖2G1,2

µ
+ ‖u0‖2G1,2

µ
. (14)

From (14), we obtain

‖u‖2
C([0,T ],G1,2

µ (I))
:= max

0<t<T
‖u(t, ·)‖2

G1,2
µ
. ‖f‖2

C([0,T ],G1,2
µ (I))

+ ‖u1‖2G1,2
µ

+ ‖u0‖2G1,2
µ
.

Now, for utt we have

‖utt(t, ·)‖22 = ‖Utt(t, ·)‖22 =

∫ ∞
0

|Utt(t, y)|2dy =

∫ ∞
0

|F (t, y)− y2U(t, y)|2dy

.
∫ ∞

0

|F (t, y)|2dy +

∫ ∞
0

|y2U(t, y)|2dy . ‖F (t, ·)‖22 +

∫ ∞
0

|(1 + y2)U(t, y)|2dy

= ‖f(t, ·)‖22 + ‖u(t, ·)‖2
G1,2
µ
,

by using the Parseval formula (6). Thus, we obtain

‖u‖2C2([0,T ],L2(I)) . ‖f‖
2
C([0,T ],L2(I)) + ‖u‖2

C([0,T ],G1,2
µ (I))

. ‖f‖2
C([0,T ],G1,2

µ (I))
+ ‖u‖2

C([0,T ],G1,2
µ (I))

. ‖f‖2
C([0,T ],G1,2

µ (I))
+ ‖u1‖2G1,2

µ
+ ‖u0‖2G1,2

µ
.

The existence is proved.
Let us suppose that u1 and u2 are two solutions of Problem 1. Then u(t, x) = u1(t, x) − u2(t, x) is the

solution of following problem:

utt(t, x)− Sµu(t, x) = 0, u(0, x) = 0, ut(0, x) = 0.

Above problem has only trivial solution u(t, x) ≡ 0, showing the uniqueness of the solution of the Problem 1.
The uniqueness is proved.
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Б. Бекболат, Н. Тоқмағамбетов

Бессель операторы арқылы туындаған толқын теңдеуi
үшiн тұрақтылық нәтижелерi

Мақалада Бессель операторы арқылы туындаған бiртектi емес толқын теңдеуi қарастырылған. Бес-
сель операторы арқылы туындаған бiртектi емес толқын теңдеуi шешiмiнiң бар және жалғыздығы
дәлелденген. Шешiмнiң түрi келтiрiлген. Соболев типтес кеңiстiкте априорлы бағалаулар алынған.
Бұл есеп алғаш рет M. Assal [1] жұмысында Bessel-Kingman гипергруппасында қарастырылған. [1]
жұмысында қолданылған әдiс үйiрткi теоремасына және оған байланысты бағалауларға негiзделген.
Мақала авторлары бұл жұмыста басқа әдiс қолданған. Есеп Соболев кеңiстiгi көзқарасынан зерт-
телген. Атап айтқанда, Ханкель түрлендiруi және Парсеваль формуласы, Ханкель түрлендiруi және
Бессель дифференциалдық операторы арасында коммутация формуласы бар екенi ескерiле отырып
[2], кеңiнен қолданылады.

Кiлт сөздер: Бессель операторы, толқын теңдеуi, Ханкель түрлендiруi, керi Ханкель түрлендiруi,
Соболев типтес кеңiстiк.
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B. Bekbolat, N. Tokmagambetov

Б. Бекболат, Н. Токмагамбетов

Результаты корректности волнового уравнения,
порожденного оператором Бесселя

В статье рассмотрено неоднородное волновое уравнение, порожденное оператором Бесселя. Дока-
заны существование и единственность решения неоднородного волнового уравнения, порожденного
оператором Бесселя. Приведено представление решения. Получены априорные оценки в пространст-
ве соболевского типа. Эта проблема впервые была рассмотрена в работе M. Assal [1] в гипергруппе
Bessel-Kingman. Метод, используемый в [1], основан на теореме свертки и связанных с ней оценках.
Авторами статьи использован другой подход. Проблема изучена с точки зрения пространств Собо-
лева. А именно преобразование Ханкеля и формула Парсеваля широко применяются с учетом того,
что между преобразованием Ханкеля и дифференциальным оператором Бесселя существует комму-
тационная формула [2].

Ключевые слова: оператор Бесселя, волновое уравнение, преобразование Ханкеля, обратное преобра-
зование Ханкеля, пространство соболевского типа.
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On the boundedness of the fractional maximal operator
on global Orlicz-Morrey spaces

The article deals with the global Orlia-Morrey spaces GMΦ,ϕ,θ(R
n). We find sufficient conditions on pairs

of functions (ϕ, η) and (Φ,Ψ), which ensure the boundedness of the fractional maximal operator Mα from
GMΦ,ϕ,θ(R

n) in GMΨ,η,θ(R
n). It is proved that under some additional conditions on the function ϕ, the

conditions obtained are also necessary. In the proof, the boundedness condition is essentially used, the
maximal Hardy-Littlewood functions and the estimate of the norm of the characteristic function in global
Orlicz-Morrey spaces are used.

Keywords: Orlicz space, Morrey type space, the fractional maximal functions, the global Orlicz-Morrey
spaces.

Introduction

The classical Morrey space was introduced in the works of Charles Morrey in 1938 [1] in connection with the
study of the solution of quasilinear elliptic differential equations. Inrecent decades, the boundedness of various
operators in spaces of Morrey type has been actively studied. This paper, we consider the boundedness of the
fractional maximal functions in global Orlicz-Morrey spaces. We note that the issues of the boundedness of the
fractional maximal operator and the Riesz potential in various function spaces are well studied. For classical
Lebesgue spaces they are detailed in monographs [2, 3].

We give definitions of the classical operators of the theory of functions and various Morrey spaces of interest
to us and some papers in which the boundedness of these operators in these spaces is considered.

The Hardy-Littlewood maximal operator

Mf(x) = sup
r>0

1

| B(x, r) |

∫
B(x,r)

| f(y) | dy

is bounded on Lp for 1 < p <∞.
Let f ∈ Lloc1 (Rn). The fractional maximal operator Mα are defined by

Mαf(x) = sup
r>0
|B(x, r)|αn−1

∫
B(x,r)

|f(y)|dy, 0 ≤ α < n,

where B(x, r) is an open ball centered at a point x ∈ Rn of radius r > 0. If α = 0, then M0 ≡ M is the
Hardy-Littlewood maximal operator.

The classical Morrey spaces Mp,λ(Rn) are defined as the set of all functions f ∈ Llocp (Rn) for which

‖f‖Mp,λ(Rn) = sup
x,r>0

r−λ/p ‖ f ‖Lp(B(x,r)),

where 0 ≤ λ ≤ n, 1 ≤ p <∞. It’s clear that ‖f‖Mp,0(Rn) ≡ ‖f‖Lp(Rn), ‖f‖Mp, n
p

(Rn) ≡ ‖f‖L∞(Rn).
Let 1 ≤ p ≤ ∞, ω be measurable non-negative function on (0,∞), not equivalent to zero. The generalized

Morrey spaces Mp,ω(·) ≡Mp,ω(·)(R
n) are defined as the set of all functions f ∈ Llocp (Rn) with finite norm

‖f‖Mp,ω(·) ≡ sup
x∈Rn,r>0

(ω(r)‖f‖Lp(B(x,r))) <∞.

*Corresponding author.
E-mail: aitbekovna3@mail.ru
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The generalized Morrey space Mp,ω(·) coincides with the classical Morrey spaces for ω(r) = r−λ where
0 ≤ λ ≤ n

p .
The generalized Morrey space Mp,ω(·) ≡Mp,ω(·)(R

n) introduced by (Mizuhara, Nakai 1990, 1994) [4, 5] and
they were reviewed in [6], in which various sufficient conditions are given for the boundedness of the maximal
Hardy-Littlewood functions, the fractional maximal functions and the Riesz potential in these spaces. Global
Morrey-type spaces GMp,θ,ω(·)(R

n) and the local Morrey spaces were considered by of Burenkov V.I., Guliev
V.S., A.Gogatishvili, R. Mustafaev ([7–9]), in which various sufficient, and for some values of the parameters,
necessary conditions for the boundedness of the maximal Hardy-Littlewood functions, the fractional maximal
functions in these spaces are obtained.

Let 1 ≤ p ≤ ∞, 1 ≤ θ ≤ ∞, ω be measurable non-negative function on (0,∞), not equivalent to zero. The
global Morrey spaces GMp,θ,ω(·) ≡ GMp,θ,ω(·)(R

n) are defined as the set of all functions f ∈ Llocp (Rn) with finite
quasinorm

‖f‖GMp,θ,ω(·) ≡ sup
x∈Rn

‖ω(r)‖f‖Lp(B(x,r))‖Lθ(0,∞),

where B(x, r) is an open ball centered at a point x ∈ Rn of radius r > 0.
The spaces GMp,θ,ω(·)(R

n) coincides with the generalized Morrey space Mp,ω(·)(R
n) at θ =∞.

The results on the boundedness of various classical operators in the theory of functions in global and local
Morrey spaces (until 2013) are presented in review articles by V. I. Burenkov [10, 11].

Another well-known space that generalizes Lebesgue space Lp is the space introduced by Orlicz ([12]).
We recall the definition of Young functions.
A function Φ : [0,+∞] → [0,∞] is called Young’s function if Φ is a convex function, left continuous, and

such that
lim
r→+0

Φ(r) = Φ(0) = 0, lim
r→+∞

Φ(r) =∞.

From the convexity of the function and Φ(0) = 0 it follows that any Young function is increasing.
If there is s ∈ (0,∞) such that Φ(s) =∞, then Φ(r) =∞ for r ≥ s.
Let E be the set of all Young functions Φ such that

0 < Φ(r) < +∞,

for
0 < r < +∞.

If Φ ∈ E , then Φ is absolutely continuous on every closed interval in [0,∞) and bijective from [0,∞) to
itself.

For a Young function Φ, the set

LΦ(Rn) = {f ∈ Lloc1 (Rn) :

∫
Rn

Φ(k|f(x)|)dx < +∞, for some k > 0}

is called Orlicz space. In the works [13, 14] the questions of the boundedness of classical operators of the theory
of functions in Orlicz spaces were studied.

If Φ(r) = rp, 1 ≤ p < ∞, then LΦ(Rn) = Lp(R
n). If Φ(r) = 0 (0 ≤ r ≤ 1) and Φ(r) = ∞ (r > 1), then

LΦ(Rn) = L∞(Rn).
LΦ(Rn) is a Banach space with respect to the norm

‖ f ‖LΦ(Rn)= inf{λ > 0 :

∫
Rn

Φ(
|f(x)|
λ

)dx ≤ 1}.

We note that ∫
Rn

Φ(
|f(x)|
‖ f ‖LΦ

)dx ≤ 1.

For Young’s function Φ and 0 ≤ s ≤ +∞ let

Φ−1(s) = inf{r ≥ 0 : Φ(r) > s}.
If Φ ∈ E, then Φ−1 this is the usual inverse function for Φ. We note that

Φ(Φ−1(r)) ≤ r ≤ Φ−1(r), for 0 ≤ r <∞.
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A Young function Φ is said to satisfy the 42-condition, denoted by Φ ∈ 42, if

Φ(2r) ≤ kΦ(r), for r > 0

for some k > 1.
A Young function Φ is said to satisfy the ∇2-condition, denoted also by Φ ∈ ∇2, if

Φ(r) ≤ 1

2k
Φ(kr), r ≥ 0

for some k > 1. The function Φ(r) = r satisfies the 42-condition but does not satisfy the ∇2-condition.
If 1 < p <∞, then Φ(r) = rp satisfies the ∇2-condition but does not satisfy the 42-condition.

A Young function Φ is said to satisfy the 4′− condition, denoted also as Φ ∈ 4′, if

Φ(tr) ≤ kΦ(t)Φ(r), t, r ≥ 0

for some k > 1. If Φ ∈ ∇2, then Φ ∈ E.
The boundedness conditions for classical operators of the theory of functions in generalized Orlicz-Morrey

spaces MΦ,ϕ were considered by V.S.Guliyev, F.Deringoz, S.Samko and others [15–18].
The purpose of this paper is to consider global Orlicz-Morrey spaces GMΦ,ϕ,θ(R

n) (the corresponding
definition is given in the next section) and find conditions for the boundedness the fractional maximal functions
in these spaces.

1 Definitions, notation, and auxiliary statements

We give the definition of global Orlicz-Morrey spaces in the following way:
Definition 1. Let ϕ(x, r) be a positive, measurable function on Rn × (0,∞) and Φ be a Young function,

1 ≤ θ ≤ ∞. We defined the global Orlicz-Morrey spaces GMΦ,ϕ,θ = GMΦ,ϕ,θ(R
n) as the set of all functions

f ∈ LlocΦ (Rn) with finite quasinorm

‖f‖GMΦ,ϕ,θ
= sup
x∈Rn

‖ϕ(x, r)−1Φ−1(|B(x, r)|−1)‖f‖LΦ(B(x,r))‖Lθ(0,∞).

At θ =∞ the corresponding space is called the generalized Orlicz-Morrey space MΦ,ϕ.
Let ϕ(x, r) be a positive, measurable function on Rn × (0,∞) and Φ be a Young function. We denote by

MΦ,ϕ the generalized Orlicz-Morrey spaces, the space of all functions f ∈ LlocΦ (Rn) with finite quasinorm

‖f‖MΦ,ϕ
= sup
x∈Rn,r>0

ϕ(x, r)−1Φ−1(|B(x, r)|−1)‖f‖LΦ(B(x,r)).

At Φ(r) = rp, 1 ≤ p <∞ the corresponding global Orlicz-Morrey space is denoted by GMp,ϕ,θ(R
n):

GMp,ϕ,θ(R
n) = GMΦ,ϕ,θ(R

n)|Φ(r)=rp .

At
ϕ(x, r) = (Φ−1(r−n)/Φ−1(r−λ))

the corresponding global Orlicz-Morrey space is denoted by GMΦ,λ,θ(R
n):

GMΦ,λ,θ(R
n) = GMΦ,ϕ |ϕ(x,r)=Φ−1(r−n)/Φ−1(r−λ)

At Φ(r) = rp, 1 ≤ p < ∞ and ϕ(x, r) = (Φ−1(r−n)/Φ−1(r−λ)) the global Orlicz-Morrey space coincides
with the Morrey space, i.e. GMp,λ,∞(Rn) = Mp,λ(Rn).

Let Φ be a Young function. We denote by ΩΦ the sets of all positive measurable functions ϕ on Rn× (0,∞)
such that for all t > 0,

sup
x∈Rn

‖Φ−1(|B(x, r)|−1)

ϕ(x, r)
‖L∞(t,∞) <∞,

and
sup
x∈Rn

‖ϕ(x, r)−1‖L∞(0,t) <∞,

respectively.
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We give auxiliary statements that we will need in the proof of the main statement.
By χB we denote the characteristic function of the set B.
Lemma 1. [16] Let Φ be a Young’s function and B a set in Rn finite Lebesgue measure. Then

‖χB‖LΦ =
1

Φ−1(|B|−1)
.

Lemma 2. [16] Let 0 < α < n, 1 < θ <∞ and function ϕ(x, t) satisfies condition

tαϕ(x, t) + ‖rα−1‖Lθ(t,∞) ≤ Cϕ(x, t)β

for some β ∈ (0, 1) and for each x ∈ Rn and t > 0. Then there is pointwise inequality

Mαf(x) ≤ C(Mf(x))β · ‖f‖GMΦ,ϕ,θ
.

Lemma 3. [16] If B0 = B(x0, r0), then rα0 ≤ CMαχB0
(x) for every x ∈ B0.

A function ϕ : (0,∞) → (0,∞) is said to be almost increasing (respectively, almost decreasing) if there
exists a constant c > 0 such that

ϕ(r) ≤ Cϕ(s) (respectively ϕ(r) ≥ Cϕ(s), for r ≤ s).

For Young’s function Φ we denote by £Φ the set of all almost decreasing functions ϕ : (0,∞)→ (0,∞) such
that t ∈ (0,∞) 7→ ϕ(t)

Φ−1(t−n) is almost increasing.
Lemma 4. Let B0 := B(x0, r0). If ϕ ∈ £Φ then there exist c > 0 such that

1

ϕ(r0)
≤ ‖χB0

‖GMΦ,ϕ,θ
≤ C

ϕ(r0)
.

Proof. Let Bs = B(x, s) arbitrary ball from Rn. If s ≤ r, then ϕ(r) ≤ Cϕ(s) and according to Lemma 1 we
have:

ϕ(s)−1Φ−1(|B|−1)‖χB‖LΦ(B) ≤
1

ϕ(s)
≤ C

ϕ(r)
.

Hence
‖ϕ(s)−1Φ−1(|B|−1)‖χB‖LΦ(B)‖Lθ(0,∞) ≤

C

‖ϕ(r)‖Lθ(0,∞)
.

Means
‖χΦ‖GMΦ,ϕ,θ

≤ C

‖ϕ(r)‖Lθ(0,∞)
.

If s ≥ r then by ϕ ∈ £Φ we have:
ϕ(r)

Φ−1(|B0|−1)
≤ C ϕ(s)

Φ−1(|B|−1)

therefore
ϕ(r)−1Φ−1(|B|−1)‖χB0

‖LΦ(B) ≤
C

ϕ(r)
,

it follows that
‖χB‖GMΦ,ϕ,θ

≤ C

‖ϕ(r)‖Lθ(0,∞)
.

Lemma 4 is proved.

2 Results for fractional maximal operator in global spaces of Orlicz-Morrey type

Theorem 1. Let Φ ∈ 4′ ∩52, and 0 < α < n, 1 < θ <∞. Let ϕ ∈ ΩΦ satisfies condition

rαϕ(x, r) + sup
r<t<∞

tαϕ(x, t) ≤ Cϕ(x, r)β
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for some β ∈ (0, 1) and for every x ∈ Rn and r > 0. Define η(x, r) = ϕ(x, r)β , and Ψ(r) = Φ(r1/β). The
maximal operator M the bounded in GMΦ,ϕ,θ(R

n), then the operator Mα is bounded from GMΦ,ϕ,θ(R
n) to

GMΨ,η,θ(R
n).

Proof. By Lemma 2, we have

Mαf(x) ≤ C(Mαf(x))β · ‖f‖1−βGMΦ,ϕ,θ
, x ∈ Rn,

therefore
‖Mαf(x)‖LΨ(B)

≤ C‖(Mαf)β‖LΨ(B) · ‖f‖1−βGMΦ,ϕ,θ
, x ∈ Rn,

where B = B(x, t).
It follows from the definition of Orlicz space that∫

B

Ψ(
(Mf(x))β

‖Mf‖LΦ(B)
)dx =

∫
B

(Φ
Mf(x))

‖Mf‖LΦ(B)
)dx ≤ 1.

Hence
‖(Mf)β‖LΨ(B) ≤ ‖Mf‖βLΦ(B)

so
‖Mαf‖LΨ(B)

≤ C‖Mf‖βLΨ(B) · ‖f‖
1−β
GMΦ,ϕ,θ

.

Based on this inequality, given the boundedness of the maximal operator in GMΦ,ϕ,θ, we obtain

‖Mαf‖GMΨ,η,θ
= sup
x∈Rn

‖η(x, t)−1Ψ−1(|B|−1)‖Mαf‖LΨ(B)‖Lθ(0,∞) ≤

≤ C‖f‖1−βGMΦ,ϕ,θ
· sup
x∈Rn

‖ϕ(x, t)−1Φ−1(|B|−1)‖Mf‖βLΦ(B)‖Lθ(0,∞) =

= C‖f‖1−βGMΦ,ϕ,θ
‖Mf‖βGMΦ,ϕ,θ

≤ C · ‖f‖GMΦ,ϕ,θ
.

Theorem 1 is proved.
Theorem 2. Let Φ ∈ 4′, 0 < α < n, 1 < θ <∞, ϕ ∈ ΩΦ, β ∈ (0, 1), η(t) ≡ ϕ(t)β , and Ψ(t) ≡ Φ(t1/β).
1. Let Φ ∈ 52 and the maximal operator M the bounded in GMΦ,ϕ,θ(R

n), then the condition

tαϕ(t) + ‖rα−1ϕ(r)‖Lθ′ (t,∞) ≤ Cϕ(t)β

for all t > 0, where C > 0 does not depend on t, is sufficient for the boundedness of Mα from GMΦ,ϕ,θ(R
n) to

GMΨ,η,θ(R
n).

2. If ϕ ∈ £Φ, then the condition

‖ tα

ϕ(t)β
‖Lθ(0,∞) ≤

C

‖ϕ(t)‖Lθ(0,∞)
(1)

is necessary for boundedness of the operator Mα from GMΦ,ϕ,θ(R
n) to GMΨ,η,θ(R

n).
3. Let Φ ∈ ∇2. If ϕ ∈ £Φ satisfies the regularity condition

‖rα−1ϕ(r)‖Lθ′ (t,∞) ≤ Ctαϕ(t)

for all t > 0, where C > 0 independent of t, then the condition (1) is necessary and sufficient for the boundedness
Mα from GMΦ,ϕ,θ(R

n) to GMΨ,η,θ(R
n).

Proof. The first part follows from Theorem 1. To prove the second part, we put B0 = B(x0, t), by Lemma
3 , we have

tα ≤ CMαχB0
(x), x ∈ B0.

We estimate by Lemma 1 ana Lemma 3

tα ≤ CΨ−1(|B0|−1)‖MαχB0‖LΨ(B0).

Hence
tα

η(t)
≤ Cη−1(t)Ψ

−1

(|B0|−1)‖MαχB0
‖LΨ(B0).
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Therefore
‖ t

α

η(t)
‖Lθ(0,∞) ≤ C‖MαχB0

‖GMΨ,η,θ
≤ C‖χB0

‖GMΦ,ϕ,θ
≤ C 1

‖ϕ(r)‖Lθ(r,∞)
.

The third part follows from parts 1 and 2. Theorem 2 is proved.
Corollary 1. Let 0 < α < n, 1 < θ <∞, 1 < p < q <∞ and ϕ ∈ Ωp ≡ Ωtp .
1. If ϕ(t) satisfics

sup
r<t<∞

ess inft<s<∞ ϕ(s)s
n
p

t
n
p

≤ Cϕ(r),

then the condition
tαϕ(t) + sup

t<r<∞
rαϕ(r) ≤ Cϕ(t)

p
q ,

for all t > 0, where C > 0 independent of t, is sufficient for the boundedness of Mα from GMp,ϕ,θ(R
n) to

GM
q,ϕ

p
q ,θ

(Rn).
2. If ϕ ∈ £p ≡ £tp , then the condition

tαϕ(t) ≤ Cϕ(t)
p
q , (2)

for all t > 0, where C > 0 independent of t, is necessary for the boundedness of Mα from GMp,ϕ,θ(R
n) to

GM
q,ϕ

p
q ,θ

(Rn).
3. If ϕ ∈ £p then the condition (2) is necessary and sufficient for the boundedness of Mα from GMp,ϕ,θ(R

n)
to GM

q,ϕ
p
q ,θ

(Rn).

If we take ϕ(t) =
Φ−1(t−n)
Φ−1(t−λ)

, 0 ≤ λ ≤ n, Ψ(t) ≡ Φ(t
1
β ), β ∈ (0, 1),

η(t) ≡ ϕ(t)β =

(
Φ−1 (t−n)

Φ−1 (t−λ)

)β
=

Ψ−1 (t−n)

Ψ−1 (t−λ)

at Theorem 2 we get the following result.
Corollary 2. Let Φ ∈ 4′ ∩52, Ψ(t) ≡ Φ(t1/β) and β ∈ (0, 1). If

sup
t<r<∞

rα
Φ−1(r−n)

Φ−1(r−λ)
≤ CtαΦ−1(t−n)

Φ−1(t−λ)

for all t > 0, where C > 0 independent of t, then the condition

tα ≤ C[
Φ−1(t−n)

Φ−1(t−λ)
]β−1

for all t > 0, where C > 0 independent of t, is necessary and sufficient for the boundedness of Mα from
GMΦ,λ(Rn) to GMΨ,λ(Rn).

Remark. The Theorem 1 and 2 are an Adams type result. The similar theorem for the generalized Orlicz-
Morrey spaces MΦ,ϕ was proved in [16–18].
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Н.А. Бокаев, А.А. Хайркулова

Бөлшек максималды оператордың
Орлич-Морри кеңiстiгiндегi шекарасы

МақаладаGMΦ,ϕ,θ(R
n) ғаламдық Орлич-Морри кеңiстiгi қарастырылған. Авторлар (ϕ, η) және (Φ,Ψ)

функцияларының жұптары үшiнMα бөлшек максималды операторының шекарасын қамтамасыз ете-
тiн жеткiлiктi шарттарды тапқан. GMΦ,ϕ,θ(R

n) кеңiстiгiнен GMΨ,η,θ(R
n) кеңiстiгiне ϕ функциясы

бойынша кейбiр қосымша заңдылық шарттарында алынған шарттар да қажет екендiгi дәлелден-
дi. Дәлелдеуде негiзiнен шектiлiк шарты максималды Харди-Литтвуд функциялары және ғаламдық
Орлич-Морри кеңiстiгiндегi сипаттамалық функция нормасы қолданылған.

Кiлт сөздер: Орлич кеңiстiгi, Морри типтi кеңiстiк, бөлшек максималды функциялар, жалпыланған
Орлич-Морри кеңiстiктерi.
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Н.А. Бокаев, А.А. Хайркулова

Об ограниченности дробного максимального оператора
в глобальных пространствах Орлича-Морри

В статье рассмотрены глобальные пространства Орлича-Морри GMΦ,ϕ,θ(R
n). Авторы находят до-

статочные условия на пары функций (ϕ, η) и (Φ,Ψ), которые обеспечивают ограниченность дробно-
максимального оператора Mα из GMΦ,ϕ,θ(R

n) в пространство GMΨ,η,θ(R
n). Доказано, что при неко-

торых дополнительных условиях регулярность на функцию ϕ, полученные условия являются необ-
ходимыми. При доказательстве существенно использованы условие ограниченности, максимальные
функции Харди-Литлвуда и оценка нормы характеристической функции в глобальных пространствах
Орлича-Морри.

Ключевые слова: пространство Орлича, пространство типа Морри, дробные максимальные функции,
глобальные пространства Орлича-Морри.
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Predicting the optimal solution
in fuzzy linear programming problem

In this paper we try to define a percentage form of LR fuzzy numbers which is a useful form of fuzzy
numbers and its’ arithmetics. So, we show how the maximum variation range of optimal value of fuzzy
objective function can be predicted by using this form of fuzzy numbers. Since fuzzy problems are generally
solved through a complicated manner, the purpose of this study is releasing a kind of prediction for the final
solution in the way that the manager can access to an outlook to optimal solution (Z∗) without solving the
problem. Finally, optimal value of fuzzy objective function on fuzzy linear programming is predicted when
maximum variation range of fuzzy variable have been predetermined.

Keywords: Percentage form of fuzzy numbers, Fuzzy number, Fuzzy linear programming, Fuzzy Arithmetic

Introduction

In the recent past the fields of management science, operational research and industrial engineering have
dedicated a lot of attention to decision making theories, decision making methods and application. For the past
sixty years, many research works in these areas have been documented. However, there is a need to develop
new methods that would fit real world problems in the context of linear programming. The traditional methods
of linear programming modeling require precise model parameters and this, is not obtainable in real world
problems. So, researchers usually estimate model parameters by themselves and These estimated values of the
model parameters may not be precise.

Tanaka et al. [1] proposed the concept of fuzzy mathematical programming based on the fuzzy decision
framework of Bellman and Zadeh [2]. Zimmerman [3] introduced the first formulation of fuzzy linear programmi-
ng (FLP) to address the impreciseness of the parameters in linear programming (LP) problems with fuzzy
constraints and objective functions. A number of researchers have exhibited their interest to solve the FLP
problems [4–13] and fully FLP problems [14–23].

A new form of fuzzy numbers called percentage form of LR fuzzy numbers (PLR fuzzy number) is now
introduced in this paper. This form of fuzzy numbers are applied to many discipline such as industrial application,
mathematical modeling and management sciences. Arithmetic operations of this form of fuzzy numbers and
some properties of it is studied. Also the prediction process of fuzzy optimal solution and its variation range is
described in this paper according to properties of this form of fuzzy numbers.

The solution of FLP problems and fully FLP problems cannot be calculated by applying the majority of
existing methods in which some or all the parameters are represented by unrestricted LR fuzzy numbers. In
addition, there are large computational procedure with some existing methods [20]. By predicting the range
of fuzzy numbers’ change and reaching to an outlook of optimal solution and also having an alternating fuzzy
variables’ frequency range on demand, we are able to find the optimal solution with ideal frequency range.

Preliminary Concepts

In this section, we introduce some basic definitions on fuzzy set theory and the main concepts needed in
the paper.

Definition 1. Let X be a collection of objects denoted generically by x. Ã is called a fuzzy set in X if Ã is
a set of ordered pairs:

Ã =
{(
x, µÃ(x)

)
| x ∈ X

}
where µÃ(x) is a membership function of x in µÃ such that µÃ(x) : X → [0, 1].

*Corresponding author.
E-mail: smd1376@gmail.com
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Definition 2. A fuzzy number Ã is said to be a LR-flat fuzzy number, Ã =
(
al, au, α, β

)
LR

, if its membership
function is defined as

µÃ(x) =



L

(
al − x
α

)
, x < al

1 , al ≤ x ≤ au

R

(
x− au

β

)
, x > au

0 , otherwise

where L and R are reference functions, i.e., L,R : [0,+∞)→ [0, 1] are non-increasing that L(0) = R(0) =

1 and L(1) = R(1) = 0. The membership function of a LR fuzzy number, Ã = (a, α, β)LR, can be also
defined as

µÃ(x) =


L

(
a− x
α

)
, x ≤ a

R

(
x− a
β

)
, x > a

0 , otherwise

Definition 3. Let Ã1 = (a1, α1, β1)LR and Ã2 = (a2, α2, β2)LR be LR fuzzy numbers and r ∈ R, (r 6= 0)
then arithmetic on fuzzy numbers are defined

Ã1 ⊕ Ã2 = (a1 + a2, α1 + α2, β1 + β2)LR (28)

rÃ1 =

{
(ra1 , rα1 , rβ1)LR , r > 0
(ra1 , −rβ1 , −rα1)LR , r < 0

Ã1 ⊗ Ã2 =


(a1a2 , a1α2 + a2α1 , a1β2 + a2β1)LR , where Ã1 � 0 , Ã2 � 0

(a1a2 , a2α1 − a1β2 , a2β1 − a1α2)LR , where Ã1 ≺ 0 , Ã2 � 0

(a1a2 , a1α2 − a2β1 , a1β2 − a2α1)LR , where Ã1 � 0 , Ã2 ≺ 0

(a1a2 , −a1β2 − a2β1 ,− a1α2 − a2α1)LR , where Ã1 ≺ 0 , Ã2 ≺ 0

(29)

Remark 1. We denote the set of all LR-fuzzy numbers by F(R).
Definition 4. A linear ranking function is a function R : F(R)→ R, which maps each fuzzy number into a

real line, where there is a natural order.

R
(
Ã
)

=
1

2

∫ 1

0

(Lh(x) +Rh(x))dh

where [Lh(x), Rh(x)] is h− cute of Ã.
Let Ã = (a, α, β) be a triangular fuzzy number then

R
(
Ã
)

= a+
1

4
(β − α).

PLR fuzzy number

Here a very useful form of fuzzy numbers is discussed and the arithmetic definition of this form of fuzzy
numbers is given. We also show that the arithmetic of this form of fuzzy numbers is simple when compared
with the current form of fuzzy numbers.

Definition 5. (PLR fuzzy number) Let

Ã = (a, α, β)LR , α, β ≥ 0 and a 6= 0

be the LR fuzzy number, then

Ã =
(
a, α̂%, β̂%

)
, α̂, β̂ ≥ 0 and a 6= 0
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is called PLR fuzzy number and the α̂ and β̂ are the left and right percentage deviation from the center of
fuzzy numbers (a), respectively. The formula to convert LR fuzzy number to PLR fuzzy numbers and back are
as follows :

Ã = (a, α, β)LR =

(
a,

α

|a|
100%,

β

|a|
100%

)
,

Ã = (a, α%, β%) =

(
a,
α|a|
100

,
β|a|
100

)
LR

.

Note that, LR fuzzy numbers and PLR fuzzy number are called normal and percentage form of fuzzy
numbers respectively.

Example 1. Suppose Ã = (10, 2, 3)LR is a LR fuzzy number then its PLR form is as follow:

Ã = (10, 2, 3)LR =

(
10,

2

|10|
100%,

3

|10|
100%

)
= (10, 20%, 30%) .

Furthermore suppose Ã = (−50, 8%, 14%) is a PLR fuzzy number then its LR form is as follow:

Ã = (−50, 8%, 14%) =

(
−50,

8× | − 50|
100

,
14× | − 50|

100

)
LR

= (−50, 4, 7)LR .

Definition 6. Suppose Ã = (a, α%, β%) is PLR fuzzy number, if α = β then Ã is symmetric PLR fuzzy
number and we show Ã = (a, α%).

Arithmetic Operation on PLR Fuzzy Numbers

Let Ã1 = (a1, α1%, β1%) and Ã2 = (a2, α2%, β2%) denote PLR fuzzy numbers and r ∈ R , (r 6= 0) then LR
form of Ã1 and Ã2 are as follows:

Ã1 =

(
a1,

α1|a1|
100

,
β1|a1|
100

)
LR

, Ã2 =

(
a2,

α2|a2|
100

,
β2|a2|
100

)
LR

.

Addition (⊕): According to Equation (1),we obtain

Ã1 ⊕ Ã2 =

(
a1 + a2,

α1|a1|
100

+
α2|a2|

100
,
β1|a1|
100

+
β2|a2|
100

)
LR

=

(
a1 + a2,

α1|a1|+ α2|a2|
100

,
β1|a1|+ β2|a2|

100

)
LR

.

PLR form of above LR fuzzy number is as follow:

Ã1 ⊕ Ã2 =

(
a1 + a2,

α1|a1|+ α2|a2|
100

× 100%

|a1 + a2|
,
β1|a1|+ β2|a2|

100
× 100%

|a1 + a2|

)
=

(
a1 + a2,

α1|a1|+ α2|a2|
|a1 + a2|

%,
β1|a1|+ β2|a2|
|a1 + a2|

%

)
.

Scalar Multiplication:
Case 1: If r > 0 as a result |ra| = r|a| therefore

rÃ =

(
ra, r

α|a|
100

, r
β|a|
100

)
LR

.

PLR form of above LR fuzzy number is as follow:

rÃ =

(
ra, r

α|a|
100
× 100%

|ra|
,
rβ|a|
100

× 100%

|ra|

)
=

(
ra, r

α|a|
100
× 100%

r|a|
,
rβ|a|
100

× 100%

r|a|

)
= (ra, α%, β%) .

Case 2: If r < 0, similar to Case 1 we have

rÃ = (ra, β%, α%) .
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Multiplication:
Case 1: LetÃ1 and Ã2 be non-negative PLR fuzzy numbers then |a1| = a1, |a2| = a2 and |a1a2| = a1a2.
According to Equations (2),we have

Ã1 ⊗ Ã2 =

(
a1a2,

α1a1

100
a2 +

α2a2

100
a1,

β1a1

100
a2 +

β2a2

100
a1

)
LR

=

(
a1a2,

a1a2(α1 + α2)

100
,
a1a2(β1 + β2)

100

)
LR

.

PLR form of above LR fuzzy number is as follow:

Ã1 ⊗ Ã2 =

(
a1a2,

a1a2(α1 + α2)

100
× 100

|a1a2|
%,
a1a2(β1 + β2)

100
× 100

|a1a2|
%

)
⇒Ã1 ⊗ Ã2 = (a1a2, (α1 + α2)%, (β1 + β2)%) .

Case 2: Let Ã1 = (a1, α1%, β1%) and Ã2 = (a2, α2%, β2%) be non-positive PLR fuzzy numbers then

Ã1 ⊗ Ã2 = (a1a2, (β1 + β2)%, (α1 + α2)%) .

Case 3: Let Ã1 = (a1, α1%, β1%) is non-negative and Ã2 = (a2, α2%, β2%) be non-positive PLR fuzzy
numbers then

Ã1 ⊗ Ã2 = (a1a2, (α2 + β1)%, (α1 + β2)%) .

Case 4: Let Ã1 = (a1, α1%, β1%) is non-positive and Ã2 = (a2, α2%, β2%) be non-negative PLR fuzzy
numbers then

Ã1 ⊗ Ã2 = (a1a2, (α1 + β2)%, (α2 + β1)%) .

In summing up, if Ã1 = (a1, α1%, β1%) and Ã2 = (a2, α2%, β2%) be PLR fuzzy numbers then

Ã1 ⊕ Ã2 =

(
a1 + a2,

α1|a1|+ α2|a2|
|a1 + a2|

%,
β1|a1|+ β2|a2|
|a1 + a2|

%

)

rÃ =

{
(ra , α% , β%) , r > 0
(ra , β% , α%) , r < 0

Ã1 ⊗ Ã2 =


(a1a2, (α1 + α2)%, (β1 + β2)%) , Ã1 � 0 , Ã2 � 0

(a1a2, (α1 + β2)%, (α2 + β1)%) , Ã1 � 0 , Ã2 � 0

(a1a2, (α2 + β1)%, (α1 + β2)%) , Ã1 � 0 , Ã2 � 0

(a1a2, (β1 + β2)%, (α1 + α2)%) , Ã1 � 0 , Ã2 � 0

Proposition 1. Let Ã1 = (a1, α1%, β1%) , Ã2 = (a2, α2%, β2%) , . . . , Ãn = (an, αn%, βn%) be PLR fuzzy
numbers and

P =
{
i
∣∣∣ Ãi � 0 , i = 1, 2, . . . , n

}
N =

{
i
∣∣∣ Ãi ≺ 0 , i = 1, 2, . . . , n

}
then

Ã1 ⊗ Ã2 ⊗ · · · ⊗ Ãn =

(
a1a2 · · · an,

(∑
i∈P

αi +
∑
i∈N

βi

)
%,

(∑
i∈N

αi +
∑
i∈P

βi

)
%

)
.
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Proposition 2. Let Ã1 = (a1, α1%, β1%) , Ã2 = (a2, α2%, β2%), . . . , Ãn = (an, αn%, βn%) be non-negative
PLR fuzzy numbers then

Ã1 ⊗ Ã2 ⊗ · · · ⊗ Ãn = (a1a2 · · · an, (α1 + α2 + · · ·+ αn)%, (β1 + β2 + · · ·+ βn)%) .

Proposition 3. Let Ã1 = (a1, α1%, β1%), Ã2 = (a2, α2%, β2%), . . . , Ãn = (an, αn%, βn%) be non-positive
PLR fuzzy numbers then

Ã1 ⊗ Ã2 ⊗ · · · ⊗ Ãn = (a1a2 · · · an, (β1 + β2 + · · ·+ βn)%, (α1 + α2 + · · ·+ αn)%) .

Example 2. Let Ã1 = (4, 2%, 3%) , Ã2 = (−5, 8%, 4%) , Ã3 = (6, 9%, 5%) , Ã4 = (3, 2%, 8%) and
Ã5 = (−3, 1%, 6%) be PLR fuzzy numbers. Then P =

{
i
∣∣∣ Ãi � 0

}
= {1, 3, 4} andN =

{
i
∣∣∣ Ãi ≺ 0

}
=

= {2, 5}. Multiplying these fuzzy numbers is calculated as follows:

Ã1 ⊗ Ã2 ⊗ Ã3 ⊗ Ã4 ⊗ Ã5

=

4× (−5)× 6× 3× (−3),

 ∑
i∈{1,3,4}

αi +
∑

i∈{2,5}

βi

%,

 ∑
i∈{2,5}

αi +
∑

i∈{1,3,4}

βi

%


=
(

1080, [(2 + 9 + 2) + (4 + 6)]%, [(8 + 1) + (3 + 5 + 8)]%
)

=
(

1080, 23%, 25%
)
.

According to Proposition 1, it is observed that multiplication of fuzzy numbers by PLR fuzzy numbers is
simple and uncomplicated in contrast to LR fuzzy numbers.

Predicting fuzzy optimal solution

In this section, we describe how the maximum variation range of optimal solution (Z̃∗) can be predicted
respectively for general form of fuzzy linear programming and special form of fuzzy linear programming problem
when the maximum variation range of fuzzy variable is predetermined.

Proposition 4. Let Ã1 = (a1, α1%, β1%) and Ã2 = (a2, α2%, β2%) be PLR fuzzy numbers and a1a2 > 0 then

Ã1 ⊕ Ã2 =
(
â, α̂%, β̂%

)
then

min {α1, α2} ≤ α̂ ≤ max {α1, α2}

min {β1, β2} ≤ β̂ ≤ max {β1, β2}

Proof. Without prejudice to the generality of the problem suppose α1 ≤ α2 as a result max{α1, α2} = α2

and min{α1, α2} = α1. In addition,

a1a2 > 0⇒ |a1 + a2| = |a1|+ |a2| 6= 0

then

α1 ≤ α2

⇒ α1|a1| ≤ α2|a1|
⇒ α1|a1|+ α2|a2| ≤ α2|a1|+ α2|a2|
⇒ α1|a1|+ α2|a2| ≤ α2(|a1|+ |a2|) = α2|a1 + a2|

⇒ α1a1 + α2a2

|a1 + a2|
≤ α2 = max {α1, α2}

⇒ α̂ ≤ max {α1, α2} (30)
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α2 ≥ α1

⇒ α2|a2| ≥ α1|a2|
⇒ α1|a1|+ α2|a2| ≥ α1|a1|+ α1|a2|
⇒ α1|a1|+ α2|a2| ≥ α1(|a1|+ |a2|) = α1|a1 + a2|

⇒ α1a1 + α2a2

|a1 + a2|
≥ α1 = min {α1, α2}

⇒ α̂ ≥ min {α1, α2} (31)

(3) and (4)⇒ min {α1, α2} ≤ α̂ ≤ max {α1, α2} .

Proof for β̂ is similar to the proof for α̂.
Proposition 5. Let Ã1 = (a1, α1%, β1%) , Ã2 = (a2, α2%, β2%), . . . , Ãn = (an, αn%, βn%) be PLR fuzzy

numbers and aiaj > 0, i 6= j then

Ã1 ⊕ Ã2 ⊕ · · · ⊕ Ãn =
(
a1 + a2 + · · ·+ an, α̂%, β̂%

)
then

min {α1, α2, . . . , αn} ≤ α̂ ≤ max {α1, α2, . . . , αn}

and
min {β1, β2, . . . , βn} ≤ β̂ ≤ max {β1, β2, . . . , βn}

Predicting maximum variation range of objective function

Now we show how the maximum variation range of fuzzy objective function is predicted for general form of
fully fuzzy linear programming problems.

Let a fully fuzzy linear programming be defined as follow:

Min
or
Max

Z̃ =

n∑
j=1

c̃j ⊗ x̃j

s.t.

n∑
j=1

ãij ⊗ x̃j

�
or
≈
or
�

b̃i , i = 1, 2, . . . ,m

x̃j � 0

(32)

where x̃j =
(
xj , αxj%, βxj%

)
, c̃j =

(
cj , αcj%, βcj%

)
, ãij =

(
aij , αaij%, βaij%

)
and b̃i = (bi, αbi%, βbi%) be PLR

fuzzy numbers for i = 1, . . . ,m, j = 1, . . . , n.
Theorem 1. Let c̃j =

(
cj , αcj%, βcj%

)
and x̃j =

(
xj , αxj%, βxj%

)
, j = 1, 2, . . . , n be non-negative PLR fuzzy

numbers and x̃j be feasible solution of fully fuzzy linear programming problem (5) also

Z̃ =
(
ẑ, α̂%, β̂%

)
=

n∑
j=1

c̃j ⊗ x̃j

is the objective function of fully fuzzy linear programming problem (32) then

ẑ = c1x1 + c2x2 + · · ·+ cnxn

and

αmin ≤ α̂ ≤ αmax, βmin ≤ β̂ ≤ βmax
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where

αmin = min
{
αci + αxi

∣∣∣ i = 1, 2, . . . , n
}

αmax = max
{
αci + αxi

∣∣∣ i = 1, 2, . . . , n
}

βmin = min
{
βci + βxi

∣∣∣ i = 1, 2, . . . , n
}

βmax = max
{
βci + βxi

∣∣∣ i = 1, 2, . . . , n
}

Theorem 2. Let c̃j =
(
cj , αcj%, βcj%

)
and x̃j =

(
xj , αxj%, βxj%

)
, j = 1, 2, . . . , n be non-negative PLR fuzzy

numbers as well as αxj ∈ [0, sj ] and βxj ∈ [0, rj ] also

Z̃ =
(
ẑ, α̂%, β̂%

)
=

n∑
j=1

c̃j ⊗ x̃j

is the objective function of fully fuzzy linear programming problem (5) then

min
j=1,2,...,n

{
αcj
}
≤ α̂ ≤ max

j=1,2,...,n

{
sj + αcj

}
min

j=1,2,...,n

{
βcj
}
≤ β̂ ≤ max

j=1,2,...,n

{
rj + βcj

}
Proof.

∀ j = 1, . . . , n , αxj ∈ [0, sj ] and βxj ∈ [0, rj ]⇒ 0 ≤ αxj ≤ sj and 0 ≤ βxj ≤ rj
⇒ ∀ j = 1, 2, . . . , n , αcj ≤ αxj + αcj ≤ sj + αcj , βcj ≤ βxj + βcj ≤ rj + βcj

So

min
j=1,...,n

{
αcj
}
≤ min
j=1,...,n

{
αxj + αcj

}
max

j=1,...,n

{
αxj + αcj

}
≤ max
j=1,...,n

{
sj + αcj

}
min

j=1,...,n

{
βcj
}
≤ min

{
βxj + βcj

}
max

j=1,...,n

{
βxj + βcj

}
≤ max
j=1,...,n

{
rj + βcj

}
According to Theorem 1 and above inequalities we obtain

min
j=1,2,...,n

{
αcj
}
≤ α̂ ≤ max

j=1,2,...,n

{
sj + αcj

}
min

j=1,2,...,n

{
βcj
}
≤ β̂ ≤ max

j=1,2,...,n

{
rj + βcj

}
Example 3. Consider the following fully fuzzy linear programming problem:

Min Z̃ = c̃1 ⊗ x̃1 ⊕ c̃2 ⊗ x̃2

s.t. ã11 ⊗ x̃1 ⊕ ã12 ⊗ x̃2 � b̃1
ã21 ⊗ x̃1 ⊕ ã22 ⊗ x̃2 � b̃2
x̃1, x̃2 � 0

where c̃1 = (12, 6%, 4%) , c̃2 = (20, 5%, 5%) , ã11 = (8, 5%, 4%) , ã12 = (10, 5%, 4%) , ã21 = (15, 10%, 8%) ,

ã22 = (18, 6%, 5%) , b̃1 = (60, 10%, 6%) , b̃2 = (120, 6%, 8%) , x̃1 = (x1, αx1
%, βx1

%) and x̃2 = (x2, αx2
%, βx2

%)
be PLR fuzzy numbers. An addition maximum variation range of x̃1 and x̃2 are predetermined in Table 1.

T a b l e 1
Maximum variation range of x̃1 and x̃2

x̃1 x̃2

s1 r1 s2 r2

Maximum variation range 6% 4% 3% 4%
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Therefor

0 ≤ αx1 ≤ s1 ⇒ αc1 ≤ αx1 + αc1 ≤ s1 + αc1
⇒ 6 ≤ αx1

+ αc1 ≤ s1 + 6 = 6 + 6 = 12
0 ≤ αx2

≤ s2 ⇒ αc2 ≤ αx2
+ αc2 ≤ s2 + αc2

⇒ 5 ≤ αx2
+ αc2 ≤ s2 + 5 = 3 + 5 = 8

0 ≤ βx1
≤ r1 ⇒ βc1 ≤ βx1

+ βc1 ≤ r1 + βc1
⇒ 4 ≤ βx1 + βc1 ≤ r1 + 4 = 4 + 8 = 8

0 ≤ βx2 ≤ r2 ⇒ βc2 ≤ βx2 + βc2 ≤ r2 + βc2
⇒ 5 ≤ βx2

+ βc2 ≤ r2 + 5 = 4 + 5 = 9

Thus

min {αc1 + αx1
, αc2 + αx2

} ≥ min {6, 5} = 5

max {αc1 + αx1
, αc2 + αx2

} ≤ max {12, 8} = 12

and

min {βc1 + βx1
, βc2 + βx2

} ≥ min {4, 5} = 4

max {βc1 + βx1
, βc2 + βx2

} ≤ max {8, 9} = 9

According to Theorem 1 we find

5 ≤ α̂ ≤ 12, 4 ≤ β̂ ≤ 9

where x̃1 and x̃2 are feasible solutions and Z̃ =
(
ẑ, α̂%, β̂%

)
is a value of objective function proportional to x̃1

and x̃2. The variation range of α̂ and β̂ indicate that, for each fuzzy feasible solutions, α̂ vary between 5% and
12% and β̂ vary between 4% and 9% (See Figure 1). Especially, if x̃∗1 and x̃∗2 are optimal feasible solutions then
variation range of Z̃∗ can be predicted as follows:

Z̃∗ =
{

(z∗, α∗%, β∗%)
∣∣∣ α∗ ∈ [5, 12] , β∗ ∈ [4, 9]

}

Figure 1. The variation range of left and right side of Z̃

Note that Theorem 2 imply that the maximum variation range of left and right side of Z̃∗ may be changed
if the maximum variation range of left and right side of fuzzy variable is changed.
In other words:
• The minimum variation range of left and right side of Z̃∗ is independent of fuzzy variables’ variation

range.
• The maximum variation range of left and right side of Z̃∗ is dependent on fuzzy variables’ variation range.

Predicting optimal value of objective function

Here, we describe how the optimal value of objective function in fully fuzzy linear programming problems
are predictable when all of the parameters and variables are symmetric triangular fuzzy numbers.
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Theorem 3. If Ã = (a, α%) and B̃ = (b, β%) are symmetric PLR fuzzy number and a + b 6= 0, then Ã ⊕ B̃
is symmetric PLR fuzzy number.

Proof. Ã = (a, α%) and B̃ = (b, β%) are symmetric PLR fuzzy number, then we can show Ã = (a, α%, α%)

and B̃ = (b, β%, β%) and we have

Ã⊕ B̃ =

(
a+ b,

α|a|+ β|b|
|a+ b|

%,
α|a|+ β|b|
|a+ b|

%

)
.

Shows that Ã⊕ B̃ is symmetric PLR fuzzy number.
Theorem 4. If Ã = (a, α%) and B̃ = (b, β%) are symmetric PLR fuzzy number and Ã, B̃ 6≈ 0 , then Ã⊗ B̃

is symmetric PLR fuzzy number.
Proof. Analogous to the proof of Theorem 3.
Lemma 1. Let Ãj = (aj , αj%) and B̃j = (bj , βj%), j = 1, 2, . . . , n be non-negative symmetric PLR fuzzy

numbers and

Z̃ =

n∑
j=1

Ãj ⊗ B̃j

then Z̃ is symmetric PLR fuzzy numbers.
Lemma 2. If Ã = (a, α%) is symmetric triangular fuzzy number then R

(
Ã
)

= a.
Suppose all the parameters and variables in the fully fuzzy linear programming (5) are triangular symmetric

fuzzy numbers, then as a consequence of Lemma 1 the result of
∑n
j=1 c̃j ⊗ x̃j and

∑n
j=1 ãij ⊗ x̃j are symmetric

triangular fuzzy numbers. In addition

R

 n∑
j=1

c̃j ⊗ x̃j

 =

n∑
j=1

cjxj

R

 n∑
j=1

ãij ⊗ x̃j

 =

n∑
j=1

aijxj , i = 1, 2, . . . ,m

R
(
b̃i

)
= bi, i = 1, 2, . . . ,m

R (x̃j) = xj , j = 1, 2, . . . , n

In fact, the left and right sides of PLR fuzzy parameters and variables are ignored by applying defuzzifi-
cation. Hence the fully fuzzy linear programming (5) with using ranking function is converted to crisp linear
programming as follows:

Min
(Max)

Z =

n∑
j=1

cj xj

s.t.

n∑
j=1

aij xj

≥
=
≤

bi , i = 1, 2, . . . ,m

xj ≥ 0

(33)

Assume that x∗j , j = 1, 2, . . . , n are optimal feasible solutions of linear programming (6) then Z̃∗ = (z∗, α∗%) is
a prediction for the optimal objective function of model (5) where

z∗ = c1x
∗
1 + c2x

∗
2 + · · ·+ cnx

∗
n

and

min
j=1,...,n

{
αcj
}
≤ α∗ ≤ max

j=1,...,n

{
αcj + sj

}
.

Example 4. A company produces 3 kinds of goods with high profitability. Market estimation shows that
each of these products can be sold at $865, $580 and $470 with maximum variation rate of 9%, 7.5% and 12%
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respectively. The company has 3 stages of production and each of these products require a proportion of the
capacity of these stages. Maximum capacity of each production stages and proportion of the needed capacity
for each product with its’ maximum variation rate are given in Table 2.

T a b l e 2
Require a portion of the capacity of production stages for each products

Production Stage 1 Production Stage 2 Production Stage 3
Products Value α Value α Value α

P1 1 0% 5 3% 3 1%
P2 0.8 0% 3 5% 2 2%
P3 2 0% 2.5 4% 1.2 4%
Maximum Capacity 200 2% 680 6% 400 3%

α : Maximum variation rate of each data

Since these goods are all best-selling, the company wants to get maximum production capacity. Here the
manager really wants to know the amount of maximum profit and variation rate of profit when maximum
variation rate of products is predetermined to be 5% and 10% respectively. This problem of goods production in
the way that profit is maximized and the restrictions are met, is formulated as the following fully fuzzy linear
programming.

Max Z̃ = (865, 9%)⊗ x̃1 ⊕ (580, 7.5%)⊗ x̃2 ⊕ (470, 12%)⊗ x̃3

s.t. (1, 0%)⊗ x̃1 ⊕ (0.8, 0%)⊗ x̃2 ⊕ (2, 0%)⊗ x̃3 � (200, 2%)

(5, 3%)⊗ x̃1 ⊕ (3, 5%)⊗ x̃2 ⊕ (2.5, 4%)⊗ x̃3 � (680, 6%)

(3, 1%)⊗ x̃1 ⊕ (2, 2%)⊗ x̃2 ⊕ (1.2, 4%)⊗ x̃3 � (400, 3%)

x̃1, x̃2, x̃3 � 0

(34)

By appealing to the ranking function for defuzzification, the above fully fuzzy linear programming is converted
to simple crisp linear programming as shown by the following

Max Z =865x1 + 580x2 + 470x3

s.t. x1 + 0.8x2 + 2x3 ≤ 200

5x1 + 3x2 + 2.5x3 ≤ 680

3x1 + 2x2 + 1.2x3 ≤ 400

x1, x2, x3 ≥ 0

(35)

The maximum value of objective function of linear programming problem (8) is (Z∗) equal to 2520. Since fully
fuzzy linear programming problem (7) is simplified to crisp linear programming problem (8), Z∗ = 2520 is
an appropriate approximation for optimal profit irrespective of variation range of fuzzy parameters and fuzzy
variables. Then, by applying Theorem 2, according to maximum variation range of products, maximum variation
rate of optimal profit is calculated, as given in Table 3.

T a b l e 3
Maximum variation range of products and profit for Example 4

Maximum variation range of products Maximum variation Z̃∗

P1 (x1) P2 (x2) P3 (x3) range of profit
1 5% 5% 5% 17 % (2520, 17%)
2 10% 10% 10% 22 % (2520, 22%)

Conclusion

The given approach of in this paper differs significantly from other similar research studies which were
conducted in the class of fuzzy linear programming problems. Here we introduced the PLR fuzzy numbers
which are applicable to many branches of knowledge. In addition, in contrast to arithmetic operations on LR
fuzzy numbers which are usually very complicated and voluminous, we have developed PLR fuzzy numbers
with simpler multiplication operations and fewer computational procedures. Therefor in this method we are
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able to reduce the lengthy numerical algorithms required in an arithmetic operations on fuzzy numbers when
the number of multiplication operations are more than the number of additional operations. Furthermore, by
applying our percentage form of fuzzy numbers in fuzzy linear programming problem, we are able to predict
maximum variation range of optimal value of objective function when the maximum variation range of variables
are predetermined.
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С.М. Давуди, Н.А. Абдул Рахман

Анықемес сызықтық бағдарламалау есебiндегi
оңтайлы шешiмдi болжау

Мақалада анықемес сандардың пайдалы түрi мен оның арифметикасы болып табылатын, анықемес
сандардың LR пайыздық түрiн анықтауға тырысқан. Авторлар анықемес сандардың осы формасын
қолдана отырып, анықемес объективтi функцияның оңтайлы мәнiнiң өзгеруiнiң максималды диапазо-
нын қалай болжауға болатындығын көрсеткен. Анықемес мәселелер әдетте күрделi түрде шешiлетiн-
дiктен, бұл зерттеудiң мақсаты — менеджер мәселелердi шешпестен оңтайлы шешiм болжамына (Z∗)
қол жеткiзе алатындай етiп түпкiлiктi шешiм үшiн болжам түрiн шығару болып табылады. Со-
ңында, анықемес сызықтық бағдарламалау кезiнде анықемес объективтi функцияның оңтайлы мәнi
анықемес айнымалының өзгеруiнiң максималды диапазоны алдын-ала анықталған кезде болжанады.

Кiлт сөздер: анықемес сандардың пайыздық түрi, тақ сан, анықемес сызықтық бағдарламалау, анық-
емес арифметика.

С.М. Давуди, Н.А. Абдул Рахман

Прогнозирование оптимального решения в задаче
нечеткого линейного программирования

В статье предпринята попытка определить процентную форму LR нечетких чисел, которая является
полезной формой нечетких чисел и ее арифметикой. Авторы показывают, как можно предсказать
максимальный диапазон изменения оптимального значения нечеткой целевой функции с помощью
этой формы нечетких чисел. Поскольку нечеткие проблемы, как правило, решаются сложным обра-
зом, цель этого исследования – выпустить своего рода прогноз для окончательного решения таким
образом, чтобы менеджер мог получить доступ к прогнозу оптимального решения (Z∗), не решая
проблемы. Наконец, оптимальное значение нечеткой целевой функции при нечетком линейном про-
граммировании предсказывается, когда предопределен максимальный диапазон изменения нечеткой
переменной.

Ключевые слова: процентная форма нечетких чисел, нечеткое число, нечеткое линейное программи-
рование, нечеткая арифметика.
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To the solution of the Solonnikov-Fasano problem with boundary
moving on arbitrary law x = γ(t).

In this paper we study the solvability of the boundary value problem for the heat equation in a domain
that degenerates into a point at the initial moment of time. In this case, the boundary changing with time
moves according to an arbitrary law x = γ(t). Using the generalized heat potentials, the problem under
study is reduced to a pseudo-Volterra integral equation such that the norm of the integral operator is equal
to one and it is shown that the corresponding homogeneous integral equation has a nonzero solution.
Key words: heat equation, moving boundary, degenerating domain, pseudo-Volterra integral equation.

Introduction

In many practically important engineering problems, the process of forming a temperature field in the
structure under study is accompanied by the removal of a part of the substance from the surface, which leads
to a change in its boundaries over time. The need to take into account the of the boundaries mobility of the
studied domain significantly complicates the solution of the corresponding problems [1-5].

For example, in mathematical modeling of thermophysical processes in an electric arc of high-current di-
sconnecting devices, the heat equation is used, which takes into account the effect of heat sources in the arc and
the effect of contracting the axial section of the arc in the cathode region into the contact spot [6]. Moreover,
the diameter of the contact spot is much less than the section diameter of the developed column of the arc,
which makes it possible to consider it as a mathematical point. At the initial moment of time, the contacts are
in a closed state and solution domain of the problem is absent; then, the solution domain changes over time
according to the conditions for opening the contacts.

From a mathematical point of view, the singularity of the problem under consideration lies, firstly, in
the presence of a moving boundary, and secondly, in the degeneration of the solution domain at the initial
moment [7, 8]. Problems in domains with moving boundaries are also relevant in modeling physical processes
in a gas discharge plasma, during melting of electrical contacts, the effect of an electric arc on contacts, in
studying the problems of thermal shock in domains with a moving boundary, in solving a number of problems
in hydromechanics [9-13].

Applying the method of generalized heat potentials, a number of similar problems can be reduced to the
solution of sinqular Volterra type integral equations of the second kind. It is essential here that if in the
boundary value problem the variable domain does not degenerate into a point at the initial moment of time,
then the integral equation equivalent to it is solved by the method of successive approximations. If the domain
degenerates into a point at the initial moment of time, then the integral equation of the boundary value problem
has a singularity, which is that the integral from the kernel tends to unity as the upper limit of integration tends
to the lower one, and this means that the method of successive approximations is not applicable to it.

Statement of the problem

Let’s study the solvability issues of the following boundary value problem:

∂u

∂t
− a2 ∂

2u

∂x2
= f (x, t) , {0 < x < γ(t), t > 0} (1)
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∂u

∂x

∣∣∣∣
x=0

= u0(t),
dũ(t)

dt
+
∂u

∂x

∣∣∣∣
x=γ(t)

= u1(t), (2)

where ũ(t) = u(γ(t), t), γ(0) = 0 for γ(t) = [t(1 + α0(t))]
ω
, ω > 1

2 .
Function γ(t) : (0,∞)→ (0,∞) satisfies the following conditions:
1. asymptotics of the function γ(t) as t→ 0 and as t→∞ has the form tω, where ω > 1

2 ;
2. starting from some moment of time t∗1 until moment of time t∗2 the function γ(t) is arbitrary, strictly

monotone and one-to-one, i.e. there is a reverse transformation γ−1(t).

We introduce the classes of solutions and data of the problem as follows:

(x+ [γ(t)]
3

2ω−1)−1u(x, t) ∈ L∞(G), i.e. u(x, t) ∈ L∞(G; (x+ [γ(t)]3/2ω−1)−1),

f(x, t) ∈W 1,0
∞

(
G; [γ(t)]3/2ω−1 exp

{
[γ(t)]

2ω−1
ω /(4a2)

})
;

u0(t) ∈ L∞
(
R+; [γ(t)]−(3/2ω−1)

)
; u1(t) ∈ L∞

(
R+; [γ(t)]3/2ω−1

)
.

This kind of boundary value problem (1) arises, for example, in studies of the Stefan problem [14].

Transformation of problem (1) and reduction of it to the integral equation

Introducing a new unknown function v(x, t) = ∂u
∂x , we transform problem (1)–(2) to the next problem:

∂v

∂t
− a2 ∂

2v

∂x2
= f̃ (x, t) , {0 < x < t, t > 0} (3)

v(x, t)|x=0 = v0(t),

(
∂v

∂x
+

1 + γ′(t)

a2
v

)∣∣∣∣
x=γ(t)

= v1(t), (4)

where f̃(x, t) ≡ ∂f(x,t)
∂x , v0(t) ≡ u0(t), v1(t) ≡ u1(t)

a2 + f(x,t)
a2

∣∣∣
x=γ(t)

.

Remark 1. Each solution to boundary value problem (3)–(4) defines a unique solution (up to a constant) of
boundary value problem (1)–(2).

We will find the solution of problem (3)–(4) as the sum of heat potentials [15]:

v(x, t) =
1

2a
√
π

∫ t

0

∫ ∞
0

1

(t− τ)1/2
exp

{
− (x− ξ)2

4a2(t− τ)

}
f̃(ξ, τ)dξdτ+

+
1

4a3
√
π

∫ t

0

x

(t− τ)3/2
exp

{
− x2

4a2(t− τ)

}
ν(τ)dτ+

+
1

2a
√
π

∫ t

0

1

(t− τ)1/2
exp

{
− (x− γ(τ))2

4a2(t− τ)

}
ϕ(τ)dτ.

(5)

The function defined by equality (5) satisfies the equation (3) for any functions ν(t) and ϕ(t), which are
still unknown and are to be determined further.

Satisfying solution (5) with boundary conditions (4), we obtain the following integral equation:

ϕ(t) +

∫ t

0

Kγ(t, τ)ϕ(τ)dτ = F (t), (6)

kernel Kγ(t, τ) of which can be represented as a sum:

Kγ(t, τ) =

4∑
i=1

K(i)
γ (t, τ),
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where:

K(1)
γ =

1

2a
√
π

γ(t) + γ(τ)

(t− τ)
3
2

exp

{
− (γ(t) + γ(τ))

2

4a2 (t− τ)

}
;

K(2)
γ = − 1

2a
√
π

γ(t)− γ(τ)

(t− τ)
3
2

exp

{
− (γ(t)− γ(τ))

2

4a2 (t− τ)

}
;

K(3)
γ = − 1

a
√
π

1 + γ(t)′

(t− τ)
1
2

exp

{
− (γ(t) + γ(τ))

2

4a2 (t− τ)

}
;

K(3)
γ =

1

a
√
π

1 + γ(t)′

(t− τ)
1
2

exp

{
− (γ(t)− γ(τ))

2

4a2 (t− τ)

}
.

The free term of equation (6) has the following form:

F (t) = − a√
π

∫ t

0

[
1

(t− τ)3/2
− γ2(t)

2a2(t− τ)5/2

]
exp

{
− γ2(t)

4a2(t− τ)

}
v0(τ)dτ+

−1 + γ′(t))

a
√
π

∫ t

0

γ(t)

(t− τ)3/2
exp

{
− γ2(t)

4a2(t− τ)

}
v0(τ)dτ + 2a2 · v1(t)−

− 1

2a
√
π

∫ t

0

∫ ∞
0

[
γ(t) + ξ

(t− τ)3/2
exp

{
− (γ(t) + ξ)2

4a2(t− τ)

}
− γ(t)− ξ

(t− τ)3/2
exp

{
− (γ(t)− ξ)2

4a2(t− τ)

}]
f̃(ξ, τ)dξdτ−

− 1

a
√
π

∫ t

0

∫ ∞
0

1 + γ′(t)

(t− τ)1/2
· exp

{
− (γ(t)− ξ)2

4a2(t− τ)

}
· f̃(ξ, τ)dξdτ.

We will find the solution of integral equation (6) in the class of functions:

[γ(t)]
3

2ω−1ϕ(t) ∈ L∞(0,∞), т.е. ϕ(t) ∈ L∞
(

0,∞; [γ(t)]
3

2ω−1
)
.

For convenience, we represent equation (6) as follows:

ϕ1(t) +

∫ t

0

[
γ(t)

γ(τ)

] 3
2ω−1

Kγ(t, τ)ϕ1(τ)dτ = F1(t), (7)

where
ϕ1(t) = t

3
2ω−1 · ϕ(t), F1(t) = t

3
2ω−1 · F (t).

Remark 2. ([16], p.183) If the (particular) solution of the integral equation

y(x) +

∫ x

a

K (x, t) y(t)dt = f(x)

is given by formula

y(x) = f(x) +

∫ x

a

R (x, t) f(t)dt,

then the (particular) solution of the integral equation (with a modified kernel)

y(x) +

∫ x

a

K (x, t)
g(x)

g(t)
y(t)dt = f(x)

is given by the formula

y(x) = f(x) +

∫ x

a

R (x, t)
g(x)

g(t)
f(t)dt.

The same is true for the solutions of the corresponding homogeneous equations.
Such kind of the Volterra integral equations were considered in the papers [17, 18].
Note that a feature of integral equation (7) is the following property of the kernel Kγ(t, τ):

lim
t→0+

∫ t

0

Kγ(t, τ)dτ = 1.

In order to solve integral equation (7), consider the corresponding characteristic integral equation.
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Characteristic integral equation. Estimates for kernels of integral operators

For integral equation (7) we will construct a characteristic equation

ϕ(t) +

∫ t

0

[
γ(t)

γ(τ)

] 3
2ω−1

Kh(t, τ)ϕ(τ)dτ = g(t), (8)

where

Kh(t, τ) =

4∑
i=1

K
(i)
h (t, τ),

K
(1)
h (t, τ) =

1

2a
√
π
·

(2ω − 1)
3
2

(
[γ(τ)]

2ω−1
ω · [γ(t)]

2ω−2
ω + [γ(t)]

4ω−3
ω

){
[γ(τ)]

1
ω

}′
(

[γ(t)]
2ω−1
ω − [γ(τ)]

2ω−1
ω

) 3
2

·

· exp

−
(2ω − 1)

(
[γ(t)]

2ω−1
ω + [γ(τ)]

2ω−1
ω

)2

4a2
(

[γ(t)]
2ω−1
ω − [γ(τ)]

2ω−1
ω

)
;

K
(2)
h (t, τ) = − 1

2a
√
π
·

(2ω − 1)
3
2 · [γ(t)]

2ω−2
ω ·

{
[γ(τ)]

1
ω

}′
(t2ω−1 − τ2ω−1)

1
2

· exp

−
(2ω − 1)

(
[γ(t)]

2ω−1
ω − [γ(τ)]

2ω−1
ω

)2

4a2
(

[γ(t)]
2ω−1
ω − [γ(τ)]

2ω−1
ω

)
;

K
(3)
h (t, τ) = − 2

2a
√
π
·

(2ω − 1)
3
2 · [γ(t)]

2ω−2
ω ·

{
[γ(τ)]

1
ω

}′
(t2ω−1 − τ2ω−1)

1
2

· exp

−
(2ω − 1)

(
[γ(t)]

2ω−1
ω + [γ(τ)]

2ω−1
ω

)2

4a2
(

[γ(t)]
2ω−1
ω − [γ(τ)]

2ω−1
ω

)
;

K
(4)
h (t, τ) =

2

a
√
π
·

(2ω − 1)
3
2 · [γ(t)]

2ω−2
ω ·

{
[γ(τ)]

1
ω

}′
(t2ω−1 − τ2ω−1)

1
2

· exp

−
(2ω − 1)

(
[γ(t)]

2ω−1
ω − [γ(τ)]

2ω−1
ω

)2

4a2
(

[γ(t)]
2ω−1
ω − [γ(τ)]

2ω−1
ω

)
;

Next, we show that it is indeed characteristic equation for the equation (7). Firstly, we note that the kernel
Kh(t, τ) has the property:

lim
t→0

∫ t

0

K(1)
γ (t, τ)dτ = 1.

Equation (8), using the following the change of variables:

γ(t) =
(

1
2ω−1 · t1

) ω
2ω−1

, γ(t) =
(

1
2ω−1 · τ1

) ω
2ω−1

,

ϕ

[(
1

2ω−1 · t1
) ω

2ω−1

]
= ϕ1 (t1) , g

[(
1

2ω−1 · t1
) ω

2ω−1

]
= g1 (t1) ,

reduces to the following integral equation [8]:

ϕ1 (t1) +

∫ t1

0

√
t1
τ1
K1 (t1, τ1)ϕ1 (τ1) dτ1 = g1 (t1) . (9)

The kernel K1(t1, τ1) has the form:

K1(t1, τ1) =

4∑
i=1

K
(i)
1 (t1, τ1),
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where

K
(1)
1 (t1, τ1) =

1

2a
√
π
· t1 + τ1

(t1 − τ1)
3
2

· exp

{
− (t1 + τ1)

2

4a2 (t1 − τ1)

}
;

K
(2)
1 (t1, τ1) = − 1

2a
√
π
· t1 − τ1

(t1 − τ1)
3
2

· exp

{
− (t1 − τ1)

2

4a2 (t1 − τ1)

}
;

K
(3)
1 (t1, τ1) = − 2

a
√
π
· 1

(t1 − τ1)
1
2

· exp

{
− (t1 + τ1)

2

4a2 (t1 − τ1)

}
;

K
(4)
1 (t1, τ1) =

2

a
√
π
· 1

(t1 − τ1)
1
2

· exp

{
− (t1 − τ1)

2

4a2 (t1 − τ1)

}
.

Solution of integral equation (9) has the form [8]:

ϕ (t1) = g (t1) +

∫ t

0

√
t1
τ1
·R (t1, τ1) · g (t1) dτ1 + C · ϕhom (t1) , (10)

which also belongs to the class L∞
(
R+;
√
t1 exp

{
t1

4a2

})
.

Moreover, the following Lemma holds for the resolvent [8].
Lemma 1. The resolvent R(t1, τ1) admits an estimate

|R(t1, τ1)| ≤ C τ1
(t1 − τ1)3/2

exp

{
− t1τ1
a2(t1 − τ1)

}
, 0 < τ1 < t1 < +∞.

.

Solution of characteristic integral equation (8)

Returning to the old variables, in equality (10), we obtain the solution of characteristic equation (8):

ϕ (t) = g (t) +

∫ t

0

(
t

τ

) 3
2ω−1

Rh (t, τ) g (t) dτ + C · ϕhom

(
(2ω − 1) (2ω − 1) [γ (τ)]

2ω−1
ω

)
,

and the resolvent Rh (t, τ) satisfies the estimate

Rh(t, τ) ≤ C1 (ω) ·
[γ(t)]

5ω−3
ω

{
[γ(τ)]

1
ω

}′
(

[γ(t)]
2ω−1
ω − [γ(τ)]

2ω−1
ω

) 3
2

· exp

−
(2ω − 1) [γ(t)]

2ω−1
ω · [γ(τ)]

2ω−1
ω

a2

(
[γ(t)]

2ω−1
ω − [γ(τ)]

2ω−1
ω

)
 . (11)

Theorem 1. For any right side g (t) ∈ L∞

(
R; [γ (t)]

3
2ω−1

)
integral equation (8) has a general solution

ϕ (t) ∈ L∞
(
R; [γ (t)]

3
2ω−1

)
:

ϕ (t) = g (t) +

∫ t

0

(
γ(t)

γ(τ)

) 3
2ω−1

Rh (t, τ) g (t) dτ + C · ϕhom

(
(2ω − 1) t2ω−1

)
,

where ϕhom(t) is the solution of the homogeneous equation, and for the resolvent Rh(t, τ) we have estimate (11).

Solution of integral equation (7). (Regularization method for solving the characteristic equation)

Using Remark 2, we consider equation (6), which we represent as:

ϕ (t) +

∫ t

0

Kh (t, τ)ϕ (τ) dτ =

∫ t

0

[Kh (t, τ)−Kγ (t, τ)]ϕ (τ) dτ + F (t). (12)
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Assuming the right-hand side of equation (12) is temporarily known, we write its solution as:

ϕ (t) =

t∫
0

[Kh (t, τ)−Kγ (t, τ)]ϕ (τ) dτ +

t∫
0

Rh (t, τ)


τ∫

0

[Kh (τ, τ1)−Kγ (τ, τ1)]ϕ (τ1) dτ1

 dτ+

+F (t) +

t∫
0

Rh (t, τ) · F (τ)dτ + C0 · ϕhom

(
(2ω − 1) · t2ω−1

)
.

In the iterated integral, we change the order of integration and change the roles of the variables τ and τ1,
then we obtain

ϕ (t) +

∫ t

0

¯̃K (t, τ) · ϕ (τ) dτ = C0 · ϕhom

(
(2ω − 1) · t2ω−1

)
+ F̂ (t) (13)

The kernel ¯̃K (t, τ) has the form:

¯̃K (t, τ) = K̃ (t, τ) + K̄ (t, τ)

where

K̃ (t, τ) = Kh (t, τ)−Kγ (t, τ) , K̄ (t, τ) =

∫ t

τ1

R (t, τ1) [Kh (τ1, τ)−Kγ (τ1, τ)] dτ1.

Let’s introduce the following notations:

K
(i)
h (t, τ) = P

(i)
h exp

{
−Q(i)

h

}
; K(i)

γ (t, τ) = P (i)
γ exp

{
−Q(i)

γ

}
, i = 1, 2, 3, 4,

where

P
(1)
h (t, τ) =

1

2a
√
π
·

(2ω − 1)
3
2

(
[γ(τ)]

2ω−1
ω · [γ(t)]

2ω−2
ω + [γ(t)]

4ω−3
ω

){
[γ(τ)]

1
ω

}′
(

[γ(t)]
2ω−1
ω − [γ(τ)]

2ω−1
ω

) 3
2

,

Q
(1)
h (t, τ) =

(2ω − 1)
(

[γ(t)]
2ω−1
ω + [γ(τ)]

2ω−1
ω

)2

4a2
(

[γ(t)]
2ω−1
ω − [γ(τ)]

2ω−1
ω

) .

P (1)
γ (t, τ) =

1

2a
√
π
· γ(t) + γ(τ)

(t− τ)
3
2

, Q(1)
γ (t, τ) =

(γ(t) + γ(τ))
2

4a2 (t− τ)
.

Now we prove the following theorem.
Theorem 2. If function γ(t) = [t(1 + α0(t))]

ω, where α0(t) = tβσ(t), β > 0, and function σ(t) is twice
continuously differentiable for 0 < t <∞, and |σ(t)| ≤ C, σ(t) 6= 0, then we have an estimate:

|Kγ(t, τ)−Kh(t, τ)| ≤ C(ω)
tω−1

√
t− τ

× [exp (−Qγ(t, τ)/2) + exp (−Qh(t, τ)/2)] (14)

and the limit relation:

lim
t→+0

t∫
0

[Kγ(t, τ)−Kh(t, τ)] dτ = 0 (15)

holds.
Note that estimate (14) is obvious for the terms∣∣∣K(i)

h (t, τ)−K(i)
γ (t, τ)

∣∣∣ for i = 2, 3, 4.

Now we prove the estimate (14) for i = 1.
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Lemma 2. If α0(t) is monotonically increasing function, then the inequalities:

2ω − 1 ≤ [t(1 + α0(t))]
2ω−1 − [τ(1 + α0(τ))]

2ω−1

[t(1 + α0(t))]
2ω−2

(1 + α0(t1) + t1α′0(t1))(t− τ)
≤ 1 for

1

2
< ω < 1,

1 ≤ [t(1 + α0(t))]
2ω−1 − [τ(1 + α0(τ))]

2ω−1

[t(1 + α0(t))]
2ω−2

(1 + α0(t1) + t1α′0(t1))(t− τ)
≤ 2ω − 1 for ω ≥ 1,

hold, where t1 = τ + θ1(t− τ), 0 < θ1 < 1.
Proof of the Lemma 2. It’s obvious that [20; 456]:

2ω − 1 ≤ 1− x2ω−1

1− x
≤ 1, if

1

2
< ω < 1, 0 ≤ x ≤ 1;

1 ≤ 1− x2ω−1

1− x
≤ 2ω − 1, if ω ≥ 1, 0 ≤ x ≤ 1.

Let ω ≥ 1, then for 0 ≤ τ ≤ t we get

[t(1 + α0(t))]
2ω−2

(t− τ + tα0(t)− τα0(τ)) ≤ [t(1 + α0(t))]
2ω−1 − [τ(1 + α0(τ))]

2ω−1 ≤

≤ (2ω − 1) [t(1 + α0(t))]
2ω−2

(t− τ + tα0(t)− τα0(τ)).

Using Lagrange’s interpolation formula, we have

tα0(t)− τα0(τ) = (α0(t1) + t1α
′
0(t1))(t− τ),

where t1 = τ + θ1(t− τ), 0 < θ1 < 1.
The proof is analogously for the case 1

2 < ω < 1.
The following lemmas are proved in a similar way.
Lemma 3. If the function γ(t) = [t(1 + α0(t))]

ω, where α0(t) = tβσ(t), β > 0 and the function α0(t) increases
monotonically for 0 < t <∞, and |σ(t)| ≤ C, then estimate:∣∣∣P (1)

h (t, τ)− P (1)
γ (t, τ)

∣∣∣ ≤ C2 (ω)
tω+β

(t− τ)
3
2

holds.
Lemma 4. Under the conditions of Lemma 3, estimate:

∣∣Q1
h(t, τ)−Q1

γ(t, τ)
∣∣ ≤M1

t2ω+β

t− τ
+M2t

2ω−1

holds.
Proof of the Theorem 2. First, we establish the following inequality:

P2(t, τ) = · [t(1 + α0(t))]
ω

2
√
π(t− τ)3/2

≤M3 (ω) · tω

(t− τ)3/2
.

For those values of parameter ω, 0 < τ < t <∞, for which
∣∣Q1

h(t, τ)−Q1
γ(t, τ)

∣∣ > 0, the required estimate
follows from the following inequalities:∣∣K1

h(t, τ)−K1
γ(t, τ)

∣∣ ≤ ∣∣(P 1
h (t, τ)− P 1

γ (t, τ)
)

exp {−Qγ(t, τ)}
∣∣+

+
∣∣P 1
γ (t, τ) exp

{
−Q1

h(t, τ)
} (

1− exp
{
−Q1

γ(t, τ) +Q1
h(t, τ)

})∣∣ ≤
≤
∣∣P 1
h (t, τ)− P 1

γ (t, τ)
∣∣ exp

{
−Q1

γ(t, τ)
}

+
∣∣P 1
γ (t, τ)

(
Q1
γ(t, τ)−Q1

h(t, τ)
)

exp
{
−Q1

h(t, τ)
}∣∣ .

Hence, taking into account the Lemmas 2 – 4, we get:

|Kh −Kγ | ≤
{
M̄

tω+β

(t− τ)
3
2

+M3
tω

(t− τ)
3
2

(
M1

t2ω+β

t− τ
+M2t

2ω−1

)}
e−Qh ≤
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≤ · tω−1

(t− τ)
1
2

(
M̄

tβ+1

t− τ
+ M̄1

t2ω+β+1

(t− τ)2
+ M̄2

t2ω

t− τ

)
· e−Qh ≤

≤ · t
ω−1

√
t− τ

(
t

t− τ
· e
−Qh

2 · M̄tβ +
t2

(t− τ)2
e
−Qh

2 · M̄1t
2ω+β−1+

+
t

t− τ
e
−Qh

2 · M̄2t
2ω−1

)
e
−Qh

2 ≤ C(ω)

[
α(t)

α(τ)

] 3
2
−ω
ω

· tω−1

√
t− τ

e
−Qh

2 .

If the values of the parameter ω and 0 < τ < t <∞ are such that the difference Qγ(t, τ)−Qh(t, τ) < 0, then
it is enough in the same inequalities to interchange the functions Qγ(t, τ) and Qh(t, τ), Pγ(t, τ) and Ph(t, τ)
accordingly.

The validity of inequality (14) shows that the difference Kγ(t, τ)−Kh(t, τ) has a weak singularity and the
limit relation (15) holds.

lim
t→+0

∫ t

0

tω−1

√
t− τ

[exp (−Qh(t, τ)/2) + exp (−Qγ(t, τ)/2)] dτ = 0.

Consequently, equation (8) is indeed characteristic equation for equation (7). Theorem 2 is proved.
In order to obtain estimates for K̄ (t, τ), and at the same time for ¯̃K (t, τ) estimate for the resolvent, we

represent in the form:∣∣∣∣R{ 1

2ω − 1

(
[α(η)]

1−2ω
ω − [α(t)]

1−2ω
ω

)}∣∣∣∣ ≤ M̃2
t3/2η

3
2 (2ω−1)

(t− η)3/2
exp

(
−C2(ω)

tη2ω−1

t− η

)
. (16)

Here Cj(ω), M̃j(ω), j = 1, 2 are constants depending only on ω.
Using estimates (14) and (16), we obtain the following theorem:
Theorem 3. If function γ(t) = [t(1 + α0(t))]

ω
, where α0(t) = tβσ(t), β > 0, and the function σ(t) is twice

continuously differentiable for 0 < t < ∞, and |σ(t)| ≤ C, σ(t) 6= 0, then the kernel K̃(t, τ) has a weak
singularity, i.e. we have an estimate:∣∣∣ ¯̃K (t, τ)

∣∣∣ ≤ t1/2+ε

τ3/2−ω+ε (t− τ)
1/2

, 0 < ε < ω − 1

2
, 0 < τ < t <∞, (17)

which means that integral equation (7) for any f (t) , [γ(t)]
3

2ω−1 · f(t) ∈ L∞ (R+) has a unique nonzero
solution:

ϕ (t) ∈ L∞
(
R∞; [γ(t)]3/2ω−1

)
.

Proof. Since ¯̃K (t, τ) = K̃ (t, τ) + K̄ (t, τ), then estimate (17) follows from (14), estimates for resolvent (16)
and below relations. Using the following double inequality [19; 55]:

C1t
ρ−1(t− τ) ≤ tρ − τρ ≤ C2τ

ρ−1(t− τ), где C1 = min {1, ρ} , C2 = max {1, ρ} ,

first we get (ρ = 2ω − 1):

K̄ (t, τ) ≤M2(ω)

∫ t

τ

η−γ−1
(η
τ

)1−γ/2 ηω−1

√
η − τ

t3/2η3ω3/2

(t− η)3/2
exp

(
−C2(ω)

tη2ω−1

t− η

)
dη = I2(t, τ).

We represent the function I2 as a sum of two terms:

I2(t, τ) = I21(t, τ) + I22(t, τ),

for each of which we will have:

≤ 1√
t− τ

[C1(ω) + C2(ω) (τ/t)
ε · ln |τ/t| · (t/τ)

ε
] =

1√
t− τ

[C1(ω) + C3(ω) (t/τ)
ε
] .
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For the second term

I22(t, τ) =

t∫
t+τ

2

tηω−1

√
η − τ(t− η)

3
2

exp

(
−C2(ω)

tη2ω−1

t− η

)
dη ≤

≤ C(ω)√
t− τ

t∫
t+τ

2

tηω−1

(t− η)
3
2

exp

(
−C3(ω)

t(t+ τ)2ω−1

t− η

)
dη ≤

≤ C(ω)√
t− τ

t∫
t+τ

2

tηω−1

(t− η)
3
2

exp

(
−C3(ω)

t2ω

t− η

{
1 +

τ

t

}2ω−1
)
dη ≤

≤ C(ω)√
t− τ

t∫
0

tω

(t− η)
3
2

exp

(
−C4(ω)

t2ω

t− η

)
dη =

C5(ω)√
t− τ

∞∫
t

2ω−1
2

exp
{
−z2

}
dz ≤ C5(ω)√

t− τ
.

In these inequalities, the constants C(ω), Cj(ω), j = 1, 2, 3, 4, 5 are different and depend only on ω. The
obtained inequalities imply the required estimate (17). This completes the proof of the Theorem.

Remark 3. From relation (13) it follows that homogeneous equation

ϕ(t)−
∫ t

0

Kω(t, τ)µ(τ)dτ = 0, t ∈ R+,

is equivalent to the nonhomogeneous equation:

ϕ (t) +

∫ t

0

¯̃K (t, τ) · ϕ (τ) dτ = C0 · ϕhom

(
(2ω − 1) · t2ω−1

)
.

Study of the boundary value problem

A solution of the original boundary value problem (1)–(2) have the form:

u(x, t) =

∫ x

0

v(ξ, t)dξ, (18)

where v(x, t) = vhom(x, t) + vpart(x, t), and

vhom(x, t) =
1

2a
√
π

∫ t

0

1

(t− τ)1/2

[
− exp

{
− (x+ γ(τ))2

4a2(t− τ)

}
+ exp

{
− (x− γ(τ))2

4a2(t− τ)

}]
· ϕ0 (τ) dτ (19)

vpart(x, t) =
1

2a
√
π

∫ t

0

1

(t− τ)1/2

[
− exp

{
− (x+ γ(τ))2

4a2(t− τ)

}
+ exp

{
− (x− γ(τ))2

4a2(t− τ)

}]
· ϕpart (τ) dτ+

+
1

2a
√
π

∫ t

0

∫ ∞
0

1

(t− τ)1/2

[
− exp

{
− (x+ ξ)2

4a2(t− τ)

}
+ exp

{
− (x− ξ)2

4a2(t− τ)

}]
· f̃(ξ, τ)dξdτ+

+
1

2a
√
π

∫ t

0

x

(t− τ)3/2
exp

{
− x2

4a2(t− τ)

}
v0(τ)dτ, (20)

where the functions (γ(t))
3/2−ω
ω ·ϕ(t) and (γ(t))

3/2−ω
ω · f̃(x, t) are bounded and continuous functions on R+ and

Q, respectively.
From (18)–(20) we obtain the following estimates:

uhom(x, t) ≤ a
√
π

{
−2 erf

(
x

2a
√

2ω − 1· [γ(t)]
2ω−1

2ω

)
+

Mathematics series. № 1(101)/2021 45



M.T. Jenaliyev, M.I. Ramazanov, A.O. Tanin

+2 exp

{
(2ω − 1) [γ(t)]

2ω−1
ω

4a2

}
erfc

(√
2ω − 1 · [γ(t)]

2ω−1
2ω

2a

)
−

− exp

{
2x+ (2ω − 1) [γ(t)]

2ω−1
ω

4a2

}
erfc

(
x+ (2ω − 1) [γ(t)]

2ω−1
ω

2a
√

2ω − 1 · [γ(t)]
2ω−1

2ω

)
−

− exp

{
−2x− (2ω − 1) [γ(t)]

2ω−1
ω

4a2

}
erfc

(
−x− (2ω − 1) [γ(t)]

2ω−1
ω

2a
√

2ω − 1 [γ(t)]
2ω−1

2ω

)}
.

For upart(x, t), we have that

upart(x, t) ≤ a
√
π

{
−2 erf

(
x

2a
√

2ω − 1· [γ(t)]
2ω−1

2ω

)
+

+2 exp

{
(2ω − 1) [γ(t)]

2ω−1
ω

4a2

}
erfc

(√
2ω − 1 · [γ(t)]

2ω−1
2ω

2a

)
−

− exp

{
2x+ (2ω − 1) [γ(t)]

2ω−1
ω

4a2

}
erfc

(
x+ (2ω − 1) [γ(t)]

2ω−1
ω

2a
√

2ω − 1 · [γ(t)]
2ω−1

2ω

)
−

− exp

{
−2x− (2ω − 1) [γ(t)]

2ω−1
ω

4a2

}
erfc

(
−x− (2ω − 1) [γ(t)]

2ω−1
ω

2a
√

2ω − 1 [γ(t)]
2ω−1

2ω

)}
+

1√
π

erf

(√
2ω − 1 [γ(t)]

2ω−1
2ω

2a

)
.

Therefore estimates of these integrals give the statement of the Theorem.
Theorem 5. For any right side f(t) ∈ L∞

(
R+; [γ(t)]

3/2 − ω
ω exp

{
γ(t)/(4a2)

})
and for given functi-

ons f(x, t) ∈ W 1,0
∞

(
G; [γ(t)]3/2ω−1 exp

{
[γ(t)]

2ω−1
ω /(4a2)

})
, u0(t) ∈ L∞(R+; [γ(t)]

ω−3/2
ω ); u1(t) ∈ L∞(R+;

[γ(t)]
3/2−ω
ω ) boundary value problem (1)–(2) has a general solution u(x, t) ∈ L∞(G;

(
x+ [γ(t)]3/2ω−1)−1

)
,

which is determined from formula (18)–(20).
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М. Т. Дженалиев, М.И. Рамазанов, А.О. Танин

Шекарасы x = γ(t) заңдылығымен қозғалатын
Солонников-Фазан есебiнiң шешiмi туралы

Жұмыста бастапқы мезетте жойылатын облыстағы жылуөткiзгiштiк теңдеу үшiн шекаралық есептiң
шешiмi зерттелген. Мұнда, шекарасы уақытқа байланысты x = γ(t) заңдылығымен өзгередi. Қа-
растырылып отырған есеп жалпыланған жылу потенциалдарының көмегiмен псевдо-вольтерралық
интегралдық теңдеуге келтiрiледi. Ал интегралдық оператордың нормасының бiрге тең болуы оның
ерекшелiгi болып табылады. Сонымен қатар, сәйкес бiртектi интегралдық теңдеудiң нөлдiк емес ше-
шiмiнiң болатыны көрсетiлген.

Кiлт сөздер: жылуөткiзгiштiк теңдеу, жылжымалы шекара, жойылатын облыс, псевдо-вольтерралық
интегралдық теңдеу.
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М.Т. Дженалиев, М.И. Рамазанов, А.О. Танин

К решению задачи Солонникова-Фазано при движении
границы по произвольному закону x = γ(t)

В работе исследованы вопросы разрешимости граничной задачи для уравнения теплопроводности в
области, которая вырождается в точку в начальный момент времени. При этом изменяющаяся со
временем граница движется по произвольному закону x = γ(t). С помощью обобщенных тепловых
потенциалов исследуемая задача редуцируется к псевдо-вольтерровому интегральному уравнению,
особенность которого заключается в том, что норма интегрального оператора равна единице. Пока-
зано, что соответствующее однородное интегральное уравнение имеет ненулевое решение.

Ключевые слова: уравнение теплопроводности, подвижная граница, вырождающаяся область, псевдо-
вольтерровое интегральное уравнение.
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Approximate Solution of Volterra Integro-Fractional Differential
Equations Using Quadratic Spline Function

In this paper, we suggest two new methods for approximating the solution to the Volterra integro-fractional
differential equation (VIFDEs), based on the normal quadratic spline function and the second method used
the Richardson Extrapolation technique the usage of discrete collocation points. The fractional derivatives
are regarded in the Caputo perception. A new theorem for the Richardson Extrapolation points for using the
finite difference approximation of Caputo derivative is introduced with their proof. New techniques using
the first derivative at the initial point such that obtained by follow two cases the first using trapezoidal rule
and the second using the first step of linear spline function using the Richardson Extrapolation method.
Specifically, the program is given in examples analysis in Matlab (R2018b). Numerical examples are available
to illuminate the productivity and trustworthiness of the methods, as well as, follow the Clenshaw Curtis
rule for calculating the required integrals for those equations.

Keywords: Integro-fractional differential equation, Caputo derivative, Quadratic spline, Extrapolation me-
thod, Clenshaw.

1 Introduction

In this research we will improve a proximity based on the quadratic spline to attain the numerical solution
of the following Volterra integro- fractional differential equation (VIFDE’s) of the second kind of the form:

C
aD

αn
t u(t) +

n−1∑
i=1

Pi(t)CaD
α(n−i)
t u(t) + Pn(t)u(t) = f(t) +

m∑
`=0

λ`

∫ t

a

K`(t, s) CaD
βm−`
t u(s)ds, t ∈ [a, b] (1)

Subject to
[u(t)](t=a) = ua, (2)

where αn > αn−1 > · · · > α1 > α0 = 0 and βm > βm−1 > · · · > β1 > β0 = 0

0 < αi, βj ≤ 1.

Connected with N−condition; N = max{ni,mi for all i and j}, where αi, βj ∈ R+, ni − 1 < αi ≤ ni and
mj − 1 < βj ≤ mj , ni = dαie and mj = dβje for all i = 1, 2, . . . , n and j = 1, 2, . . . ,m, u(t) is the unknown
function and K : S × R → R (with S = {(t, s) : a ≤ s ≤ t ≤ b}) denote a given functions, f(t), Pi(t);
(i = 0, 1, 2, . . . , n) are given continuous real valued function on I, and λl is a scalar parameter.

In Eqn.(1), CaD
α

t and C
aD

β

t denotes fractional differential operator where n− 1 < α, β < n ∈ N in the sense
of Caputo and is given by

C
aD

α

t u(t) =


1

Γ(n− α)

∫ t
a

u(n)(s)

(t− s)α+1−n ds n− 1 < α < n ∈ N

dn

dtn
u(t) α = n ∈ N

*Corresponding author.
E-mail: karwan.jwamer@univsul.edu.iq
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Properties of the operator CaD
α

t can be found in [1–5], we mention the following

i. C
aD

α

t (t− a)p =

0 if p ∈ {0, 1, 2, . . . , n− 1}
Γ(p+ 1)

Γ(p− α+ 1)
(t− a)p−α if p ∈ N and p ≥ n or p /∈ N and p > n− 1

ii. Let n−1 < α < n, n ∈ N and α,A ∈ R and functions u(t) = A is constant function such that CaD
α

t u(t) = 0

iii. If 0 < α ≤ 1, tr ∈ R and m ∈ R+ and for any arbitrary tr ≥ a = t0. Then, for all a ≤ t ≤ b [6].

C
aD

α

t (t− tr)m =

[
m−1∑
i=0

(−1)iΓ(m+ 1)(t− a)m−a

i!Γ(m+ 1− i− a)

(
tr − a
t− a

)i]

where dαe denote the smallest integer greater than or equal to α. In the present research.
Several methods have been introduced in the literature for the numerical approaches to IFDE’s have been

recently studied by numerous authors [7–11].
This work is organized as follows: we start by an introduction then focus the fractional differential operator

Caputo sense. Preliminaries and discussing numerical methods, quadratic spline function is defined ,devoted to
applying the integro-fractional differential, and explains some of the theorems that are needed for this work
described in section two. Section three the proposed method is applied to two examples. Also a conclusion is
given in section five.

2 Preliminaries

In this section, we will introduce and study the concepts such that we divided into two subsections.
Definition 1. Clenshaw and Curtis (1960) defined a procedure for evaluating a definite integral by expanding

the integrand in the finite Chebyshev series and adding the terms in the series one by one the technique is very
effective especially for integral equations [12] as follows.

∫ 1

−1

f(x)dx =

N∑
r=0
r even

′′

2

N

N∑
k=0

′′

cos

(
rkπ

N

)
f

(
cos

(
kπ

N

))
k = 0, 1, . . . , N.

Remark 1.

i. The notation
∑′′

means the first and last terms are to be halved before summing.

ii. The transformation x =
a+ b

2
+
b− a

2
y , converting interval [a, b] into [−1, 1].

Definition 2. [13] Richardson’s extrapolation is used to create high-accuracy result using low-order formulas.

T
(m)
i = T

(m−1)
i+1 +

T
(m−1)
i+1 − T (m−1)

i(
hi

hi+m

)
− 1

.

i = 1, 2, . . . ,m and m = 1, 2, . . . , k − 1. Where T (m)
i is an approximate value. Richardson extrapolation using

step sizes of hi, hi+1, . . . , hi+m, and 0 < m ≤ k − 1.
Remark 2. The sequence {hi} usually is of the form{
h0,

h0

2
,
h0

4
,
h0

8
,
h0

16
, . . .

}
,

{
h0,

h0

2
,
h0

3
,
h0

4
,
h0

5
, . . .

}
and

{
h0,

h0

2
,
h0

3
,
h0

4
,
h0

6
,
h0

8
,
h0

12
, . . .

}

In this paper we will consider the sequence {hi} as the form

{
h0,

h0

2
,
h0

4
,
h0

8
,
h0

16
, . . .

}
.
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2.1 Quadratic Classic Spline Q(t): [14]

A function Q(t) is a piecewise spline of degree two can be written as:

Q(t) =


Q0(t) t ∈ [t0, t1]

Q1(t) t ∈ [t1, t2]
...

...
QN−1(t) t ∈ [tN−1, tN ]

A quadratic spline consisting of N separate pieces of quadratic functions of the form

Qr(t) = art
2 + brt+ cr, t ∈ [tr, tr+1], ∀r = 0, 1, . . . , N − 1.

In addition Q(t) satisfy the following conditions:
1 The domain of Q is an interval [a, b].
2 Q and Q

′
are continuous on [a, b].

3 There are points tr such that a = t0 < t1 < · · · < tN = b and Q is a polynomial of degree two on each
subinterval [tr, tr+1].

4 A quadratic spline is a continuously differentiable piecewise quadratic function.
5 A quadratic spline is a linear combination of basic functions 1, t, t2. The smoothness condition is stronger

than that for the first-degree spline.
6 The interpolating condition Qr(tr) = Qr and Qr(tr+1) = Qr+1.
We drive the equation for interpolating quadratic spline Q(t), after some manipulation we obtain,

Q(t) =

(
1− (

t− tr
h

)2

)
Qr + (

t− tr
h

)2Qr+1 +
(t− tr)(tr+1 − t)

h
Q
′

r, (3)

Where Qr(tr) = Qr, Qr+1 = Qr(tr+1), Q
′

r(tr) = mr, Q
′

r = Q
′

r(tr) and tr+1 − tr = h for r = 0, 1, . . . , N − 1.
We require from the continuously differentiable condition of quadratic spline function i.e. Q

′

r(tr+1) = Q
′

r+1,
differentiating Eqn.(3) with respect to t, we get

Q
′

r(t) = −2(t− tr)
h2

Qr(tr) +
2(t− tr)

h2
Qr(tr+1) +

(tr+1 − t)− (t− tr)
h

Q
′

r(tr),

Putting t = tr+1, we obtain Q
′

r(tr+1) = −Q′r(tr) + 2

(
Qr(tr+1)−Qr(tr)

h

)

Q
′

r+1 = −Q
′

r + 2

(
Qr+1 −Qr

h

)
, r = 1, 2, . . . , N.

2.2 Fractional Derivative of Spline Functions

In this section, we discuss the way of obtaining fractional derivative for all the quadratic spline. So that,
here we apply Caputo properties to accomplish.

Lemma 1. The fractional derivative of quadratic spline of order α with respect to t as:

C
aD

α

t Q(t) =
(t− a)1−α

hΓ(3− a)

[
−1

h
(2(t− a)− 2(2− α)(tr − a))Qr +

1

h
(2(t− a)− 2(2− α)(tr − a))Qr+1

+ [(tr+1 + tr − 2a)(2− α)− 2(t− a)]Q
′

r

]
, where 0 < α ≤ 1.

Proof. Quadratic spline function Q(t) in the interval [tr, tr+1] give the formula in Eqn.(3)

Q(t) = Ar(t)Qr +Br(t)Qr+1 +Br(t)Q
′

r,

where:

Ar(t) = 1−
(
t− tr
h

)2

, Br(t) = 1−Ar(t) =

(
t− tr
h

)2

,
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Cr(t) =
(t− tr)(tr+1 − t)

h
, ∀r = 0, 1, . . . , N − 1.

C
aD

α
t Q(t) = Qr

C
aD

α
t

[
1−

(
t− tr
h

)2
]

+Qr+1
C
aD

α
t

(
t− tr
h

)2

+Q
′

r
C
aD

α
t

(t− tr)(tr+1 − t)
h

Using the definition of the Caputo fractional derivative in the from (1)-(3), we have

C
aD

α
t Q(t) =

−1

h2

[
2(t− a)2−α

Γ(3− α)
− 2(t− a)1−α

Γ(2− α)
(tr − a)

]
Qr +

1

h2

[
2(t− a)2−α

Γ(3− α)
− 2(t− a)1−α

Γ(2− α)
(tr − a)

]
Qr+1

+
1

h

[
(tr+1 + tr − 2a)

(t− a)1−α

Γ(2− α)
− 2(t− a)2−α

Γ(3− α)

]
Q
′

r.

Through calculation, you can get

C
aD

α

t Q(t) =
(t− a)1−α

hΓ(3− a)

[
−1

h
(2(t− a)− 2(2− α)(tr − a))Qr +

1

h
(2(t− a)− 2(2− α)(tr − a))Qr+1

+[(tr+1 + tr − 2a)(2− α)− 2(t− a)]Q
′

r

]
, where 0 < α ≤ 1.

(4)

Theorem 1. [6] The finite difference approximation of Caputo derivative for 0 < α ≤ 1 at define points
t = tr+1; r = 0, 1, . . . , N − 1 and h = (b− a)/N , is formed as

C
aD

α

t u(tr+1) =
h−α

Γ(2− α)

r∑
j=0

[u(tr−j+1)− u(tr−j)]b
α
j ,

where bαj = (j + 1)1−α − j1−α.
Theorem 2.(new) The finite difference approximation of Caputo derivative for 0 < α ≤ 1 of the subinterval

[tr, tr+1], define the point t = tr+(i+1)hM∗ , hM∗ =
h

2M∗
, h = (b− a)/N , according the step size of Richardson

Extrapolation M∗ = 0, 1, . . . ,M , is formed as

C
aD

α

t u(t)|t=tr+(i+1)hM∗ =
h−α

Γ(2− α)

r−1∑
j=0

[u(tr−j)− u(tr−j−1)]CM
∗,α

i,j

+
h−αM∗

Γ(2− α)

i∑
j=0

[u(tr + (i− j + 1)hM∗)− u(tr + (i− j)hM∗)]bαj ,

where bαj = (j + 1)1−α − j1−α, CM
∗,α

i,j =

[(
(j + 1) +

i+ 1

2M∗

)1−α

−
(
j +

(i+ 1)

2M∗
hM∗

)1−α
]
. r = 0, 1, . . . , N − 1,

i = 0, 1, . . . , 2M
∗ − 1, h = tr+1 − tr.

Proof. Recall the definition of Caputo fractional derivative for 0 < α ≤ 1 and using first order forward
difference approximation [15], to obtain

C
aD

α

t u(t)|t=tr+(i+1)hM∗ =
1

Γ(1− α)

∫ tr+(i+1)hM∗

a

∂u(s)/∂s

(tr + (i+ 1)hM∗ − s)α
ds,
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C
aD

α

t u(t)|t=tr+(i+1)hM∗ =
1

Γ(1− α)

{∫ tr

a

∂u(s)/∂s

(tr + (i+ 1)hM∗ − s)α
ds+

∫ tr+(i+1)hM∗

tr

∂u(s)/∂s

(tr + (i+ 1)hM∗ − s)α
ds

}

=
1

Γ(1− α)

{
r−1∑
`=0

∫ a+(`+1)h

a+`h

∂u(s)/∂s

(tr + (i+ 1)hM∗ − s)α
ds

+

i∑
`=0

∫ tr+(`+1)hM∗

tr+`hM∗

∂u(s)/∂s

(tr + (i+ 1)hM∗ − s)α
ds

}

=
1

Γ(1− α)

{
r−1∑
`=0

u(t`+1)− u(t`)

h

∫ a+(`+1)h

a+`h

ds

(tr + (i+ 1)hM∗ − s)α

+

i∑
`=0

u(tr + (`+ 1)hM∗)− u(tr + `hM∗)

hM∗

∫ tr+(`+1)hM∗

tr+`hM∗

ds

(tr + (i+ 1)hM∗ − s)α

}
.

By assumption Let ξ = tr + (i + 1)hM∗ − s then dξ = −ds, if s = a + `h then ξ = (r − `)h + (i + 1)hM∗

s = a+ (`+ 1)h then ξ = (r− `− 1)h+ (i+ 1)hM∗ , if s = tr + `hM∗ then ξ = (i− `+ 1)hM∗ s = tr + (`+ 1)hM∗

then ξ = (i− `)hM∗ , we obtain

C
aD

α

t u(t)|t=tr+(i+1)hM∗ =
1

Γ(1− α)

{
r−1∑
`=0

u(t`+1)− u(t`)

h

∫ (r−`)h+(i+1)hM∗

(r−`−1)h+(i+1)hM∗

dξ

ξα

+

i∑
`=0

u(tr + (`+ 1)hM∗)− u(tr + `hM∗)

hM∗

∫ (i−`+1)hM∗

(i−`)hM∗

dξ

ξα

}
.

For first sum; let j = r − `− 1 and the second let j = i− `

=
1

Γ(1− α)

{
r−1∑
`=0

u(tr−j)− u(tr − j − 1)

h

∫ (j+1)h+(i+1)hM∗

jh+(i+1)hM∗

dξ

ξα

+

i∑
j=0

u(tr + (i− j + 1)hM∗)− u(tr + (i− j)hM∗)
hM∗

∫ (i+1)hM∗

jhM∗

dξ

ξα

}
.

After integrating then compute we can obtain,

C
aD

α

t u(t)|t=tr+(i+1)hM∗ =
h−α

Γ(2− α)

∑r−1
j=0

[
u(tr−j)− u(tr−j−1)

]
CM

∗,α
i,j

+
h−αM∗

Γ(2− α)

∑i
j=0

[
u(tr + (i− j + 1)hM∗)− u(tr + (i− j)hM∗)bαj

]
,

where CM
∗,α

i,j =

[(
(j + 1) +

(i+ 1)

2M∗

)1−α

−
(
j +

(i+ 1)

2M∗
hM∗

)1−α
]
, bαj =

[
(j + 1)1−α + j1−α

]

3 Methods Analysis

To find numerical solution of Eqn.(1), using quadratic spline function, we can use the following two cases. The
first one using the normal and the second using extrapolation method. Now we can drive each cases.

3.1 Normal Quadratic spline function (VFID’s)

To progress the quadratic spline approximation method for solving Volterra integro-fractional differential equati-
on from Eqns.(1) and (2) on the interval [a, b]. First divided the interval [a, b] be into N -equal subintervals of

length of h =
b− a
N

with endpoints, the quadratic spline Q(t) interpolating the function u(t) at the grid points
are specified by the equation.

C
aD

αn
t Q(t) +

n−1∑
i=1

Pi(t)CaD
α(n−i)
t Q(t) + Pn(t)Q(t) = f(t) +

m∑
`=0

λ`

∫ t

a

K`(t, s) CaD
βm−`
t Q(s)ds.
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Substituting t = tr+1, r = 0, 1, 2, . . . , N − 1, from Eqn.(5) then collocate Eqn.(5) at the uniform grid points
after substituting Eqn.(4) into Eqn.(5) then we obtain

((r + 1)h)1−αn

Γ(3− αn)

{
2

h
[(1− r)αnr](Qr+1 −Qr)− [αn(2r + 1)− 2r]Q

′

r

}

+
∑n−1
i=1 pi(tr+1)

((r + 1)h)1−αn−i

Γ(3− αn−i)

{
2

h
[(1− r)αn−ir](Qr+1 −Qr)− [αn−i(2r + 1)− 2r]Q

′

r

}
+ pn(r+1)Qr+1

= fr+1 +
∑m−1
`=0 λ`

{∑r−1
j=0

∫ tj+1

tj
K`(tr+1, s)[Qj

C
aD

βm−`
s Aj(s) +Qj+1

C
aD

βm−`
s Bj(s) +Q

′

j
C
aD

βm−`
s Cj(s)]ds

+
∫ tr+1

tr
K`(tr+1, s)

[
Qr

C
aD

βm−`
s Ar(s) +Qr+1

C
aD

βm−`
s Br(s) +Q

′

r
C
aD

βm−`
s Cr+1(s)

]
ds

}

+λm

{∑r−1
j=0

∫ tj+1

tj
Km(tr+1, s)

[
Aj(s)Qj +Bj(s)Qj+1 + Cj(s)Q

′

j

]
ds

+
∫ tr+1

tr
Km(tr+1, s)

[
Ar(s)Qr +Br(s)Qr+1 + Cr(s)Q

′

r

]
ds

}
.

(6)

Let Wr
n(s) = Ps(r+1)

((r + 1)h)1−αn−s

Γ(3− αn−s)
2
h ((1− r) + α(n−s)r), Hrn = Pn(r+1) +

∑n−1
s=0 Wr

n(s) and

Vrn(s) = Ps(r+1)
((r + 1)h)1−αn−s

Γ(3− αn−s)
(α(n−s)(2r + 1)− 2r), s = 0, 1, . . . , n− 1, r = 0, 1, 2, . . . , N − 1.

The Eqn.(6) becomes,

Qr+1

{
Hrn − λm

∫ tr+1

tr
Km(tr+1, s)Br(s)ds−

∑m−1
`=0 λ`

∫ tr+1

tr
K`(tr+1, s)

C
aD

βm−`
s Br(s)ds

}

= Qr

{∑n−1
s=0 Wr

n(s) +
∑m−1
`=0 λ`

∫ tr+1

tr
K`(tr+1, s)

C
aD

βm−`
s Ar(s)ds+ λm

∫ tr+1

tr
Km(tr+1, s)Ar(s)ds

}

+Q
′

r

{∑n−1
s=0 Vrn(s) +

∑m−1
`=0 λ`

∫ tr+1

tr
K`(tr+1, s)

C
aD

βm−`
s Cr+1(s)ds+ λm

∫ tr+1

tr
Km(tr+1, s)Cr+1(s)ds

}
+ fr+1

+
∑m−1
`=0 λ`

{∑r−1
j=0

∫ tj+1

tj
K`(tr+1, s)

[
Qj

C
aD

βm−`
s Aj(s) +Qj+1

C
aD

βm−`
s Bj(s) +Q

′

j
C
aD

βm−`
s Cj(s)

]
ds

}

+λm
∑r−1
j=0

∫ tj+1

tj
Km(tr+1, s)

[
Aj(s)Qj +Bj(s)Qj+1 + Cj(s)Q

′

j

]
ds.

(7)

To acquire Q1, inserting r = 0 into Eqn.(7), we must enter Q0 and Q
′

0 into Eqn.(7) but as we see we have
the best Q0 from the initial condition. To getting Q

′

0 from the forward formula, we ought to have Q(p)
1 . So for

preparing Q(p)
1 we’ve critical approaches: (I) Trapezoidal Method and (II) First step of the linear spline.

I- Using Trapezoidal Method

Calculate the Eqn.(1)on interval [t0, t1] we obtain,

C
aD

αn
t u(t)|t=t1 +

∑n−1
i=1 pi(t1)CaD

αn−i
t u(t)|t=t1 + pn(t1)u1

= f(t1) +
∑m−1
`=0 λ`

∫ t1
a
K`(t1, s)CaD

βm−`
s u(s)ds+ λm

∫ t1
a
Km(t1, s)u(s)ds

(8)

Recall the Theorem (1)

C
aD

α

t u(t)|t=ti =
h−α

Γ(2− α)

i−1∑
j=0

[
u(ti−j)− u(ti−j−1)

]
bαj
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where

bαj = (j + 1)1−α − j1−α.

First we can find C
aD

α

t u(t)|t=t1 =
h−α

Γ(2− α)
[u1 − u0],

∫ t1
a
K`(t1, s)CaD

βm−`
s u(s)ds =

h1−βm−`

2Γ(2− βm−`)
K`11[u1 − u0]

and
∫ t1
a
Km(t1, s)u(s)ds =

h

2
[Km10u0 +Km11u1], the Eqn.(8) becomes

h−αn

Γ(2− αn)
[u1 − u0] +

∑n−1
i=1 pi(t1)

h−αn−i

Γ(2− αn − i)
[u1 − u0] + pn(t1)u1

= f(t1) +
∑m−1
`=0 λ`

h1−βm−`

2Γ(2− βm−`)
K`11[u1 − u0] + λm

h
2 [Km10u0 +Km11u1]

u1

{
h−αn

Γ(2− αn)
+
∑n−1
i=1 pi(t1)

h−αn−i

Γ(2− αn − i)
+ pn(t1)−

∑m−1
`=0 λ`

h1−βm−`

2Γ(2− βm−`)
K`11 − λmh

2K
m
11

}

= u0

{
h−αn

Γ(2− αn)
+
∑n−1
i=1 pi(t1)

h−αn−i

Γ(2− αn − i)
−
∑m−1
`=0 λ`

h1−βm−`

2Γ(2− βm−`)
K`11 + λm

h
2K

m
10

}
+ f(t1)

(9)

So u1 u Q
(p)
1 .

II- First step of linear spline(using R-Extrapolation Technique)

Calculate the Eqn.(1) on interval [t0, t1], t = t0 + (i + 1)hM∗ , i = 0, 1, . . . , 2M
∗ − 1, M∗ = 0, 1, . . . ,M. and

hM∗ =
h

2M∗
, is formed as

C
aD

αn
t u(t)|t=t0+(i+1)hM∗ +

∑n−1
i=1 Pi(t0 + (i+ 1)hM∗)

C
aD

αn−i
t u(t)|t=t0+(i+1)hM∗

+pn(t0 + (i+ 1)hM∗)u(t)|t=t0+(i+1)hM∗ = f(t0 + (i+ 1)hM∗)

+
∑m−1
`=0 λ`

∫ t0+(i+1)hM∗

a
k`(t0 + (i+ 1)hM∗ , s)

C
aD

βm−`
s u(s)ds

+λm
∫ t0+(i+1)hM∗

a
km(t0 + (i+ 1)hM∗ , s)u(s)ds

(10)

Since by finite difference approximation and recall the theorem (2)

C
aD

α

t u(t)|t=t0+(i+1)hM∗ =
h−αM∗

Γ(2− α)

i∑
j=0

[
u(tr + (i− j + 1)hM∗)− u(tr + (i− j)hM∗)

]
bαj

if M∗ = 0, i = 0, t = t0 + (0 + 1)h0∗ and h0∗ =
h

20∗
= h, we obtain

=
h−α0

Γ(2− α)

[
u0

0,1 − u0
0,0

]
bα0 =

h−α

Γ(2− α)

[
u1 − u0

]
, the equation (10) becomes

h−αnM∗

Γ(2− αn)

{[
u0
M∗,i+1 − u0

M∗,i

]
+
∑i
j=1

[
u0
M∗,i−j+1 − u0

M∗,i−j

]
bαnj

}

+
∑n−1
ii=1 Pii(t0 + (i+ 1)hM∗)

h
−αn−ii
m∗

Γ(2− αn−ii)

{[
u0
M∗,i+1 − u0

M∗,i

]

+
∑i
j=1

[
u0
M∗,i−j+1 − u0

M∗,i−j

]
b
αn−ii
j

}
+ pn(t0 + (i+ 1)hM∗)u

0
M∗,i+1
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= f(t0 + (i+ 1)hM∗) +
∑m−1
`=0 λ`

∑m−1
`=0 λ`

hM∗

2{
2
∑i
d=0 k`(t0 + (i+ 1)hM∗ , t0 + dhM∗)

h
−βm−`
M∗

Γ(2− βm−`)
∑d−1
j=0

[
u0
M∗,d−j − u0

M∗,d−j−1

]
b
βm−`
j

+k`(t0 + (i+ 1)hM∗ , t0 + (i+ 1)hM∗)
h
−βm−`
M∗

Γ(2− βm−`)

[
(u0
M∗,i+1 − u0

M∗,i)

+
∑i
j=1(u0

M∗,i−j+1 − u0
M∗,i−j)b

βm−`
j

]}

+λm
hM∗

2

[
km(t0 + (i+ 1)hM∗ , t0)u0

M∗,0 + 2
∑i
d=1 km(t0 + (i+ 1)hM∗ , t0 + dhM∗)u

0
M∗,d

+km(t0 + (i+ 1)hM∗ , t0(i+ 1)hM∗)u
0
M∗,i+1

]
.

Let Aσ,M
∗

k (s) =
h
−σk−s
M∗

Γ(2− σk−s)
and Hσ,M

∗

k (i + 1)pk(t0 + (i + 1)hM∗) +
∑n−1
s=0 Ps(t0 + (i + 1)hM∗)Aσ,M

∗

k (s),

∀k ∈ Z+, s = 0, 1, . . . , k − 1, i = 0, 1, . . . , 2M
∗ − 1 with Aσ,M

∗

k (k) = 1, P0(t0 + (i+ 1)hM∗) = 1

u0
M∗,i+1

{
Hα,M∗n (i+ 1)− hM∗

2

∑m−1
`=0 λ`k

`,M∗,0
i+1,i+1Aβ,M

∗

m (`)− λmhM∗

2
km,M

∗,0
i+1,i+1

}

= fM
∗,0

i+1 +

{∑n−1
s=0 p

0
s,i+1Aα,M

∗

n (s)− hM∗
2

∑m−1
`=0 λ`k

`,M∗,0
i+1,i+1Aβ,M

∗

m (`)

}
u0
M∗,i

−
∑i
j=1

[
u0
M∗,i−j+1 − u0

M∗,i−j

](∑n−1
ii=0 P

0
ii,i+1Aα,M

∗

n (ii)bαn−iij

)
+hM∗

∑i
d=1

∑d=1
j=0

[
u0
M∗,d−j − u0

M∗,d−j−1

](∑m−1
`=0 λ`k

`,M∗,0
i+1,d Aβ,M

∗

m (`)bβm−`j

)
+
hM∗

2

∑i
j=1

[
u0
M∗,i−j+1 − u0

M∗,i−j

](∑m−1
`=0 λ`k

`,M∗,0
i+1,i+1Aβ,M

∗

m (`)bβm−`j

)
+
λmhM∗

2
km,M

∗,0
i+1,i u0

M∗,i + λmhM∗
∑i
d=0 k

m,M∗,0
i+1,d u0

M∗,d.

If M∗ = 0, i = 0 and h0 = h
20 = h, we obtain

u0
0,1

{
Hα,0n (1)− h0

2

∑m−1
`=0 λ`k

`,0
1,1Aβ,0m (`)− λmh0

2
km,01,1

}

= f0
1 +

{∑n−1
s=0 p

0
s,1Aα,0n (s)− h0

2

∑m−1
`=0 λ`k

`,0
1,1Aβ,0m (`)

}
u0

0,0 + h0

2 k
m,0,0
1,0 u0

0,0

(11)

So we can say u0
0,1 u Q

(p)
1 , from this we come to the conclusion that the path normal quadratic spline function

can be analyzed with two technique the first is using Trapezoid (NQST). And the second using First step of
linear spline (using Richardson Extrapolation) (NQSL).

3.2 Quadratic spline function using Extrapolation (VFID’s)

To sketching the quadratic spline proximity method for solving Volterra integro- fractional differential
equation Eqns.(1) and (2) using extrapolation, the interval [a, b]. First divided the interval [a, b] be into N -equal

subintervals of length of h =
b− a
N

with endpoints, the quadratic spline Q(t) interpolating the function with
Extrapolation in the interval t ∈ [tr + ihM∗ , tr + (i+ 1)hM∗ ] is specified by the formula

QrM∗,i(t) = ArM∗,i(t)Q
r
M∗,i +BrM∗,i(t)Q

r+1
M∗,i + CrM∗,i(t)Q

(′) r
M∗,i

r = 0, 1, . . . , N − 1, i = 0, 1, . . . , 2M
∗
− 1, M∗ = 0, 1, . . . ,M, hM∗ =

h

2M∗
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Where

ArM∗,i(t) = 1−
(
t− (tr + ihM∗)

hM∗

)2

, BrM∗,i(t) = 1−ArM∗,i(t) =

(
t− (tr + ihM∗)

hM∗

)2

,

CrM∗,i(t) =
(t− (tr + ihM∗))((tr + (i+ 1)hM∗)− t)

hM∗
,

Thus
C
aD

α

t Q
r
M∗,i(t) =

−2

h2
M∗

[
(t− a)2−α

Γ(3− α)
− (t− a)1−α

Γ(2− α)
(tr + ihM∗ − a)

]
QrM∗,i

+
2

h2
M∗

[
(t− a)2−α

Γ(3− α)
− (t− a)1−α

Γ(2− α)
(tr + ihM∗ − a)

]
QrM∗,i+1

− 2

h2
M∗

[
(t− a)2−α

Γ(3− α)
− (t− a)1−α

Γ(2− α)
(tr + ihM∗ − a)

]
QrM∗,i+1

− 2

h2
M∗

[
(t− a)2−α

Γ(3− α)
−
(
tr + (i+

1

2
)hM∗ − a

)
(t− a)1−α

Γ(2− α)

]
Q

(′) r
M∗,i

(12)

From Eqn.(1) putting t = tr + (i+ 1)hM∗ , then collocate Eqn.(5) at the uniform grid points after substituting
Eqn.(12) into Eqn.(5) then we obtain

2h2−αn
M∗ (2M

∗
r + i+ 1)1−αn

h2
M∗Γ(3− αn)

[
2M
∗
r(αn − 1) + i(αn − 1) + 1

][
QrM∗,i+1 −QrM∗,i

]

−
2h2−αn

M∗ (2M
∗
r + i+ 1)1−αn

hM∗Γ(3− αn)

[
2M
∗
r(αn − 1) + i(αn − 1) + 1

2αn

]
Q

(′) r
M∗,i

+
∑n−1
ii=1 Pii(tr + (i+ 1)hM∗)

{
2h

2−αn−ii
M∗ (2M

∗
r + i+ 1)1−αn−ii

h2
M∗Γ(3− αn−ii)[

2M
∗
r(αn−ii − 1) + i(αn−ii − 1) + 1

][
QrM∗,i+1 −QrM∗,i

]}
−

2h
2−αn−ii
M∗ (2M

∗
r + i+ 1)1−αn−ii

hM∗Γ(3− αn−ii)[
2M
∗
r(αn−ii − 1) + i(αn−ii − 1) + 1

2αn−ii

]
Q

(′) r
M∗,i + pn(tr + (i+ 1)hM∗)Q

r
M∗,i+1

= f(tr + (i+ 1)hM∗) +
∑m−1
`=0 λ`

[∑r−1
j=0

∫ tj+1

tj
k`(tr + (i+ 1)hM∗ , s)[

C
aD

βm−`
s Aj(s)Q

C
j

+C
aD

βm−`
s Bj(s)Q

C
j+1 + C

aD
βm−`
s Cj(s)Q

(′),C
j ]ds

]
+
∑i−1
j=0

∫ tr+(j+1)hM∗

tr+jhM∗
k`(tr + (i+ 1)hM∗ , s)[

C
aD

βm−`
s ArM∗,j(s)Q

r
M∗,j

+C
aD

βm−`
s BrM∗,j(s)Q

r
M∗,j+1 + C

aD
βm−`
s CrM∗,j(s)Q

(′),r
M∗,j ]ds

+
∫ tr+(i+1)hM∗

tr+ihM∗
k`(tr + (i+ 1)hM∗ , s)

[CaD
βm−`
s ArM∗,i(s)Q

r
M∗,i + C

aD
βm−`
s BrM∗,i(s)Q

r
M∗,i+1 + C

aD
βm−`
s CrM∗,i(s)Q

(′),r
M∗,i]ds

λm

[∑r−1
j=0

∫ tj+1

tj
km(tr + (i+ 1)hM∗ , s)[Aj(s)Q

C
j +Bj(s)Q

C
j+1 + Cj(s)Q

(′),C
j ]ds

]
+
∑i−1
j=0

∫ tr+(j+1)hM∗

tr+jhM∗
km(tr + (i+ 1)hM∗ , s)[A

r
M∗,j(s)Q

r
M∗,j +BrM∗,j(s)Q

r
M∗,j+1 + CrM∗,j(s)Q

(′),r
M∗,j ]ds

+
∫ tr+(i+1)hM∗

tr+ihM∗
km(tr + (i+ 1)hM∗ , s)[A

r
M∗,i(s)Q

r
M∗,i +BrM∗,i(s)Q

r
M∗,i+1 + CrM∗,i(s)Q

(′),r
M∗,i]ds

(13)
Let

Wn,r
M∗,i(s) = Ps(tr+(i+1)hM∗ )

2h
2−αn−s
M∗ (2M

∗
r + i+ 1)1−α(n−s)

h2
M∗Γ(3− α(n−s))

[
2M
∗
r(α(n−s) − 1) + i(α(n−s) − 1) + 1

]
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Vn,rM∗,i(s) = Ps(tr+(i+1)hM∗ )
2h

2−αn−s
M∗ (2M

∗
r + i+ 1)1−α(n−s)

hM∗Γ(3− α(n−s))

[
2M
∗
r(α(n−s) − 1) + i(α(n−s) − 1) +

1

2
α(n−s)

]

Hn,rM∗,i(s) = Ps(tr+(i+1)hM∗ ) +

n−1∑
s=0

Wn,r
M∗,i(s), r = 0, 1, . . . , N − 1, s = 0, 1, . . . , n− 1.

i = 0, 1, . . . , 2M
∗ − 1, M∗ = 0, 1, . . . ,M. hM∗ =

h

2M∗
, ∀M ∈ Z+ ∪ {0}, then Eqn(13) becomes

QrM∗,i+1

{
Hn,rM∗,i(s)−

∑m−1
`=0 λ`

∫ tr+(i+1)hM∗

tr+ihM∗
k`(tr + (i+ 1)hM∗ , s)

C
aD

βm−`
s BrM∗,j(s)ds

−λm
∫ tr+(i+1)hM∗

tr+ihM∗
km(tr + (i+ 1)hM∗ , s)B

r
M∗,j(s)ds

}

= f(tr + (i+ 1)hM∗) +QrM∗,i

{∑n−1
s=0 W

n,r
M∗,i(s)

+
∑m−1
`=0 λ`

∫ tr+(i+1)hM∗

tr+ihM∗
k`(tr + (i+ 1)hM∗ , s)

C
aD

βm−`
s ArM∗,i(s)ds

+λm
∫ tr+(i+1)hM∗

tr+ihM∗
km(tr + (i+ 1)hM∗ , s)A

r
M∗,j(s)ds

}

+Q
(′) r
M∗,i

{∑n−1
s=0 V

n,r
M∗,i(s) +

∑m−1
`=0 λ`

∫ tr+(i+1)hM∗

tr+ihM∗
k`(tr + (i+ 1)hM∗ , s)

C
aD

βm−`
s CrM∗,i(s)ds

+λm
∫ tr+(i+1)hM∗

tr+ihM∗
km(tr + (i+ 1)hM∗ , s)C

r
M∗,i(s)ds

}

+
∑m−1
`=0 λ`

[∑n−1
j=0

∫ tj+1

tj
k`(tr + (i+ 1)hM∗ , s)[

C
aD

βm−`
s Aj(s)Q

c
j

+C
aD

βm−`
s Bj(s)Q

C
j+1(s) + C

aD
βm−`
s Cj(s)Q

(′),C
j ]ds∑i−1

j=0

∫ tr+(j+1)hM∗

tr+jhM∗
k`(tr + (i+ 1)hM∗ , s)[

C
aD

βm−`
s ArM∗,j(s)Q

r
M∗,j

+C
aD

βm−`
s BrM∗,j(s)Q

r
M∗,j+1(s) + C

aD
βm−`
s CrM∗,j(s)Q

(′),r
M∗,j ]ds

]

+λm

[∑n−1
j=0

∫ tj+1

tj
km(tr + (i+ 1)hM∗ , s)[Aj(s)Q

c
j

+Bj(s)Q
C
j+1 + Cj(s)Q

(′),C
j ]ds+

∑i−1
j=0

∫ tr+(j+1)hM∗

tr+jhM∗
km(tr + (i+ 1)hM∗ , s)

[ArM∗,j(s)Q
r
M∗,j +BrM∗,j(s)Q

r
M∗,j+1(s) + CrM∗,j(s)Q

(′),r
M∗,j ]ds

]

(14)

Eqn.(14) is obtained to find the approximate solution QrM∗,i+1, ∀r = 0, 1, . . . , N − 1, ∀i = 0, 1, . . . , 2M
∗ − 1,

M∗ = 0, 1, . . . ,M, hM∗ =
h

2M∗
, ∀M ∈ Z+ ∪{0}. For finding Q′0 by forward formula Q

′

0 =
Q

(p)
1 −Q0

h
, Q0 is the

initial condition Eqn.(2), using for next iterations Q
′

r+Q
′

r−1 =
2(Qr −Qr−1)

h
, r = 1, 2, . . . , N , in this technique

we need to find Q(p)
1 so in the same way such as how through from Eqn.(9) or Eqn.(11), from this we come to the

conclusion that the path Extrapolation quadratic spline function can be analyzed with two technique the first
is using trapezoid (EQST). And the second using first step of linear spline (using Richardson Extrapolation)
(EQSL).

4 Numerical scheme

In this section, we present two examples in which their numerical results. In examples (1) and (2), we have
compared the results of this method for (VIFDE’s) of the second kind with collocation normal spline and Ri-
chard Extrapolation method the result shown in tables (1,3) an almost large interval to show capability of the
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method shown in table (4) for example 2. Finally, demonstrates figures (1,2) to compared numerical and the
exact solution of the examples (1) and (2) where h = 0.1.

Example 1. Consider the linear VIFDE on 0 ≤ t ≤ 1:

C
0 D

0.7
t u(t) + tC0 D

0.2
t − 2u(t) =

= f(t) +

∫ t

0

[
(t− 2s2)C0 D

0.3
t u(s) + (t− s)C0 D0.1

t u(s)− (ts− 1)u(s)

]
ds,

where
f(t) = −2

3
t4 +

1

2
t3 + t2 − t− 2

Γ(1.3)
t0.3 − 2

Γ(1.8)
− 2(1− 2t) +

20

629Γ(1.7)
t2.7(37− 34t).

With the initial condition: u(0) = 1, where the exact solution is given by u(t) = 1− 2t.
Example 2. Consider the linear VIFDE on 0 ≤ t ≤ 1:

C
0 D

2β
t u(t)− 1

2
C
0 D

β
t + (1 + t3)u(t) =

= f(t) +

∫ t

0

[
tsC0 D

2β
t u(s) + (t2 − s)C0 D

β
t u(s) + et+su(s)

]
ds,

where

f(t) = et − e2t(t− 1)2 + t5 − t3 + t2 − 1 +
1

Γ(3− 2β)

(
2− 1

2− β
t3
)
t2−2β

+
1

Γ(3− β)

(
2

4− β
t2 − 1

)
t2−β − 2

Γ(4− β)
t5−β .

With the initial condition: u(0) = −1, where the exact solution of this problem is known u(t) = t2 − 1, and
β = 0.5.

T a b l e 1

Exact and numerical solution of example 1

t Exact N = 10

NQST NQSL EQST (m = 2) EQSL (m = 2)

0 1 1.0 1.0 1.0 1.0

0.1 0.8 0.8000004930653 0.8 0.80000000707939 0.8

0.2 0.6 0.6000007031481 0.6 0.60000071148317 0.6

0.3 0.4 0.4000010136467 0.4 0.40000222633954 0.4

0.4 0.2 0.2000013769366 0.2 0.20000484834216 0.2

0.5 0.0 0.0000017667637 2.496349159 e−17 0.0000084819165 7.57181976631 e−19

0.6 −0.2 −0.1999978313918 −0.2 −0.19998695732248 −0.2

0.7 −0.4 −0.39999742490777 −0.4 −0.39998156309772 −0.4

0.8 −0.6 −0.59999701665405 −0.6 −0.59997541684731 −0.6

0.9 −0.8 −0.79999660662054 −0.8 −0.79996858034163 −0.8

1.0 −1 −0.99999619296744 −1.0 −0.99996109404 −1.0

L.S.E 5.3025254 e−11 6.2317591 e−34 3.7161423 e−9 5.7332455 e−37

R.T ime/Sec 40.994059 51.198122 302.24999 419.6619

The result in Table (2) shows R-Extrapolation technique for solving quadratic spline methods using trapezoidal
and first step of linear spline for h = 0.05 (N = 20). For Example 1.
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T a b l e 2

The comparison of the solution R-Extrapolation technique

t Exact N = 20

EQST(m = 2) EQSL (m = 2) EQST (m = 3) EQSL (m = 3)

0 1 1.0 1.0 1.0 1.0

0.1 0.8 0.800000008905707 0.8 0.800000006359992 0.8

0.2 0.6 0.600000050701418 0.6 0.600000045813416 0.6

0.3 0.4 0.400000151375986 0.4 0.400000137044427 0.4

0.4 0.2 0.20000031526505 0.2 0.200000284526254 0.2

0.5 0.0 0.00000053995763 1372334369 e−18 0.0000004860751345 −7.73860979575 e−19

0.6 −0.2 −0.199999179770634 −0.2 −0.199999262960361 −0.2

0.7 −0.4 −0.399998849511254 −0.4 −0.399998967571431 −0.4

0.8 −0.6 −0.599998474114693 −0.6 −0.599998632098907 −0.6

0.9 −0.8 −0.799998057255924 −0.8 −0.799998259837467 −0.8

1.0 −1 −0.999997601330418 −1.0 −0.999997852936052 −1.0

L.S.E 1.4269108 e−11 4.5677668 e−36 1.1456484 e−11 5.9886082 e−37

R.T ime/Sec 855.47371 2374.498 2413.3623 2398.2578

T a b l e 3

Exact and numerical solution of example 2

t Exact N = 10

NQST NQSL EQST (m = 2) EQSL (m = 2)

0 1 1.0 1.0 1.0 1.0

0 −1.0 −1.0 −1.0 −1.0 −1.0

0.1 −0.99 −0.984097358703339 −0.98385921585012 −0.991476290775673 −0.991479158909235

0.2 −0.96 −0.956638239698859 −0.95627586881473 −0.965258118725224 −0.965263505489059

0.3 −0.91 −0.914517584731656 −0.914089026848564 −0.921013271619213 −0.921018780914492

0.4 −0.84 −0.856459372872957 −0.855994041063225 −0.859259280306947 −0.859264546925167

0.5 −0.75 −0.782066581154528 −0.781577394923225 −0.780434507191968 −0.780439517960847

0.6 −0.64 −0.691478975785645 −0.690968031530877 −0.685006055226451 −0.685010914123675

0.7 −0.51 −0.585278870476111 −0.584740180555245 −0.573535077158801 −0.57353994630581

0.8 −0.36 −0.464504501114389 −0.463925265789229 −0.446739340155018 −0.446744421203363

0.9 −0.19 −0.330716434084407 −0.330077470104528 −0.305564188908158 −0.305569718588994

1.0 0 −0.186096022057057 −0.185371604481513 −0.151269656763997 −0.151275909797876

L.S.E 0.075036756 0.074289865 0.051271853 0.051277655

R.T ime/Sec 46.939625 53.091482 355.20677 297.93127

The result in table (4) shows the least-square errors and running times (elapsed time) for quadratic spline
methods with different values of steps size h. For Example 2.

T a b l e 4

Comparision for different value of N

h 0.1(N = 10) 0.05(N = 20) 0.033(N = 30)

Quadratic L.S.E R.Time /Sec L.S.E R.Time /Sec L.S.E R.Time /Sec
NQSL 0.074289865 53.091482 0.066459532 136.90037 0.059164974 308.13296

EQSL (m = 2) 0.051277655 297.93127 0.046061105 1115.3817 0.044419219 2788.2102

EQSL (m = 3) 0.045270078 1908.428 0.043314536 3855.422 0.04268915 8619.3941
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Figure 1. Compared numerical and the exact solution of the example 1, h = 0.1.

Figure 2. Compared numerical and the exact solution of the example 2, h = 0.1.

5. Conclusion

In this work, we have fully attempted to find the numerical solution of the Volterra integro-fractional di-
fferential equations (VIFDE’s) by using quadratic spline approximate. The numerical procedure and methodology
are done in a very straightforward and effective manner. Through the numerical calculation, we confirmed that
the Richardson Extrapolation method has the highest degree of accuracy. On the basis of this work, tables (2)
and (4) displayed comparison between normal quadratic spline and using Extrapolation method with different
step sizes. Furthermore, interpolating quadratic spline for linear function is closer to the quadratic function as
displayed in tables (1) and (3). Likewise, new techniques using the first derivative at the initial point by the
First step of linear spline(using R-Extrapolation technique), then our solution would be better and the ration
of mistake would be fewer in comparison of the method of Trapezoidal at finding first derivative at the initial
point. Figures (1) and (2) represents which one is the best technique for solving (VIFDE’s).
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К.Х.Ф. Джвамер, Ш.Ш. Ахмед, Д.Х. Абдулла

Квадраттық сплайн-функциясын қолдана отырып, Вольтеррдiң
интегро-бөлшектi дифференциалдық теңдеулерiнiң жуық шешiмi

Мақалада қалыпты квадраттық сплайн-функциясына негiзделген Вольтеррдiң интегро-бөлшектi-
дифференциалдық теңдеудiң шешiмiн жуықтаудың екi жаңа әдiсi ұсынылған, ал екiншi әдiсте дис-
креттi коллокация нүктелерiн қолдана отырып, Ричардсонның экстраполяция әдiсi қолданылған.
Бөлшектi туындылары Капуто түсiнiгiнде қарастырылды. Олардың дәлелдерiмен қатар, Ричардсон-
ның экстраполяция нүктелерiне Капуто туындысының ақырлы айырмашылығын қолдану үшiн жаңа
теорема енгiзiлдi. Бастапқы нүктеде бiрiншi туындыны қолданатын жаңа әдiстер негiзiнде келесi екi
жағдай алынған: бiрiншiсiнде трапеция ережесi, екiншiсiнде Ричардсонның экстраполяция әдiсi не-
гiзiнде сызықтық сплайн-функциясының бiрiншi қадамы қолданылған. Атап айтқанда, бағдарлама
Matlab (R2018b) талдау мысалдарында келтiрiлген. Әдiстердiң өнiмдiлiгi мен сенiмдiлiгiн көрсете-
тiн сандық мысалдар бар, сонымен қатар, осы теңдеулер үшiн қажеттi интегралдарды есептеу үшiн
Кертис Кленшоу ережесi қолданылды.
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Кiлт сөздер: интегро-бөлшектi дифференциалдық теңдеу, Капуто туындысы, квадраттық сплайн,
экстраполяция әдiсi, Кленшоу.

К.Х.Ф. Джвамер, Ш.Ш. Ахмед, Д.Х. Абдулла

Приближенное решение интегро-дробных дифференциальных
уравнений Вольтерра с использованием квадратичной

сплайн-функции

В статье предложены два новых метода аппроксимации решения интегро-дробно-дифференциаль-
ного уравнения Вольтерра (VIFDE), основанные на нормальной квадратичной сплайн-функции, а в
основе второго метода лежит метод экстраполяции Ричардсона с использованием дискретных точек
коллокации. Дробные производные рассмотрены в восприятии Капуто. Вместе с их доказательством
введена новая теорема для точек экстраполяции Ричардсона для использования конечно-разностной
аппроксимации производной Капуто. Новые методы с использованием первой производной в началь-
ной точке таковы, что получены следующие два случая: первый с использованием правила трапеции,
а второй — с учетом первого шага линейной сплайн-функции методом экстраполяции Ричардсона. В
частности, программа приведена в примерах анализа в Matlab (R2018b). Имеются числовые приме-
ры, чтобы продемонстрировать продуктивность и надежность методов, а также следовать правилу
Кленшоу Кертиса для вычисления требуемых интегралов для этих уравнений.

Ключевые слова: интегро-дробное дифференциальное уравнение, производная Капуто, квадратичный
сплайн, метод экстраполяции, Кленшоу.
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To solving the fractionally loaded heat equation
In this paper we consider a boundary value problem for a fractionally loaded heat equation in the class of
continuous functions. Research methods are based on an approach to the study of boundary value problems,
based on their reduction to integral equations. The problem is reduced to a Volterra integral equation of the
second kind by inverting the differential part. We also carried out a study the limit cases for the fractional
derivative order of the term with a load in the heat equation of the boundary value problem. It is shown
that the existence and uniqueness of solutions to the integral equation depends on the order of the fractional
derivative in the loaded term.

Keywords: loaded equation, fractional derivative, heat equation, Volterra integral equation, special function.

Introduction

The study of fractional differential equations was actively carried out as in previous decades [1–4], and now
interest in this area continues to grow [5–7]. This is due both to the development of the fractional integration
and differentiation theory, as well as applications of the apparatus of fractional integration and differentiation
in various fields of science. The physical interpretation for fractional differential equations was considered in [3]
from the point of view of the Riemann-Liouville’s derivatives, as well as in [4]. In [6] a boundary value problem
with integral conditions is considered for one class of fractional differential equations involving impulses. Some
results of the existence of a solution for higher order differential equations with integral conditions can be
found in [5]. Also an important section in the theory of differential equations is the class of loaded equations:
Ku = Lu(x)+Mu(x) = f(x) in a domain Q from Rn, where L is a differential operator, and М is a differential or
integro-differential operator, including the operation of taking the trace of the function u(x) on manifolds from
the closure Q of dimension strictly less than n. Solving many important problems, for example, on the optimal
management of the agroecosystem, is reduced to the study of such equations. In [8] on numerous examples
A.M. Nakhushev showed the practical and theoretical importance of studies on loaded equations. In the papers
of M.T. Jenaliev and students of his scientific school, the theory of loaded equations was further developed
[9–12]. In [11], [12] loaded differential equations are interpreted as weak or strong perturbations of differential
equations.

Of interest are boundary value problems for the fractionally loaded heat equation when the loaded term is
presented in the form of a fractional derivative. The goal of papers [13—14] is to clarify the character of the
fractional load on the solvability issues of the first boundary value problem for the heat equation, the load moves
with a constant velocity. The loaded term is the trace of the fractional order derivative on the manifold x = t,
namely, the loaded term is represented as a Riemann-Liouville fractional derivative. The resulting Volterra
singular integral equation has a nonempty spectrum for certain values of the fractional derivative order. In the
papers [15–16] the loaded term is represented in the form of the Caputo fractional derivative with respect to
the time variable and the spatial variable, and the order of the derivative in the loaded term is less than the
order of the differential part.

In this paper, we study a boundary value problem for a fractionally loaded heat equation (the loaded term
of the equation is represented as a Riemann-Liouville fractional derivative, the load moves according to an
arbitrary law). The boundary value problem is reduced to a Volterra integral equation of the second kind with
a kernel containing a special function, namely, the degenerated hypergeometric Tricomi function. The limiting
cases of the order of the fractional derivative in the term with the equation load are also investigated, and
continuity in the order of the fractional derivative is shown. The solvability of the integral equation in the class
of continuous functions is established depending on the nature of the load for small values of time.

*Corresponding author.
E-mail: isagyndyk@mail.ru
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1 Basic definitions and some background

Let us first recall some previously known concepts and results. The first one is the definition of the Ri-
emann–Liouville fractional derivative.

Definition 1 ([1]). Let f(t) ∈ L1[a, b]. Then, the Riemann-Liouville derivative of the order β is defined as
follows

rD
β
a,tf(t) =

1

Γ (n− β)

dn

dtn

∫ t

a

f (τ)

(t− τ)
β−n+1

dτ, β, a ∈ R, n− 1 < β < n. (1)

When a = 0, n = 1 we have:

rD
β
0,tf(t) =

1

Γ (1− β)

d

dt

∫ t

0

f(t)

(t− τ)
β
dτ. (2)

From formula (1) it follows that

rD
0
a,tf(t) = f(t), rD

n
a,tf(t) = f (n)(t), n ∈ N. (3)

We also give definitions and some properties of special functions that arise in the study of boundary value
problem posed in the work.

erf z =
2√
π

z∫
0

exp
(
−ζ2

)
dζ is the integral of probabilities;

erfc z =
2√
π

∞∫
z

exp
(
−ζ2

)
dζ is the additional integral of probabilities.

Definition 2 ([17; 119]) Linearly independent solutions of the equation

[zD2 + (c− z)D − a]ω(z) = 0, D =
d

dz

are functions Φ(a, c; z) and Ψ(a, c; z), where Φ(a, c; z) is the degenerate hypergeometric function:

Φ(a, c; z) = 1 +
a

c

z

1 !
+
a (a+ 1)

c (c+ 1)

z2

2 !
+
a (a+ 1) (a+ 2)

c (c+ 1) (c+ 2)

z3

3 !
+ ...−

and Ψ(a, c; z) is Tricomi degenerate hypergeometric function [18; 1072]:

Ψ(a, c; z) =
Γ(1− c)

Γ(a− c+ 1)
Φ(a, c; z) +

Γ(c− 1)

Γ(a)
z1−cΦ(a− c+ 1, 2− c; z).

Tricomi degenerate hypergeometric function can be represented as an integral ([19; 365], formula 72.2 (7)):

Ψ(a, c; z) =
1

Γ (a)

∫ ∞
0

ξa−1 (1 + ξ)
c−a−1

e−zξ dξ, [Rea > 0]. (4)

For large values z, an asymptotic formula holds ([17; 127], formula 4.7 (1)):

Ψ (a, c; z) ∼ z−a2F0

(
a, 1 + a− c;−1

z

)
, (5)

|z| → ∞, |arg z| ≤ 3π

2
− ε, ε > 0,

where 2F0

(
a, 1 + a− c;− 1

z

)
is a generalized hypergeometric series defined by the formula [17; 136]

pF q (a1, a2, ..., ap; b1, b2, ..., bq; z) =

∞∑
k=0

(a1)k (a2)k ... (ap)k
(b1)k (b2)k ... (bq)k

zk

k!
,

where
(a)k =

Γ (a+ k)

Γ (a)

is the Pohammer symbol.
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Degenerate hypergeometric functions for some values of its arguments are related to a parabolic cylinder
function (Weber function) Dν(z) [17; 212]

Dν(z) = 2
ν−1

2 e−
z2

4 Ψ

(
1− ν

2
,

3

2
;
z2

2

)
=

= 2
ν
2 e−

z2

4

{ √
π

Γ
(

1−ν
2

) Φ

(
−ν

2
;

1

2
;
z2

2

)
−
√

2πz

Γ
(
−ν2
) Φ

(
1− ν

2
;

3

2
;
z2

2

)}
. (6)

Formula (6) is the definition of a parabolic cylinder function Dν(z).
There is also a representation of the Tricomi degenerate hypergeometric function in terms of the Whittaker

function Wλ,µ(z) ([19; 264] formula 2.20):

Ψ (a, b; z) = z−
b
2 e

z
2 W b

2−a,
b−1

2
(z) . (7)

For the function Wλ,µ(z) z = 0 is a branch point, a z = ∞ is an essentially singular point [18; 1074].
Therefore, we will consider this function only for | arg z| < π.

The natural development of fractional calculus is the theory of differential equations with fractional deri-
vatives. At the first stage of the study, we will use the method of integral equations, in which the boundary value
problem is reduced to solving the corresponding integral equation with further transformation of the kernel of
the obtained equation. Such methods make it possible to formulate boundary value problems more compactly
than differential equations, taking into account all the conditions of the problem.

The considered problem is reduced to an integral equation by inverting the differential part.
It’s known [20; 57] that in the domain Q = {(x, t) |x > 0, t > 0} the solution to the boundary value

problem of heat conduction
ut = a2uxx + F (x, t) ,

u |t=0 = f(x), u |x=0 = g(x),

is described by the formula

u (x, t) =

∫ ∞
0

G (x, ξ, t) f(ξ) dξ +

∫ t

0

H (x, t− τ) g(τ) dτ+

+

∫ t

0

∫ ∞
0

G (x, ξ, t− τ)F (ξ, τ) dξdτ, (8)

where

G(x, ξ, t) =
1

2
√
π a t

{
exp

(
− (x− ξ)2

4 a t

)
− exp

(
− (x+ ξ)

2

4 a t

)}
,

H(x, t) =
1

2
√
π a t3/2

exp

(
− x2

4 a t

)
.

The Green function G (x, ξ, t− τ) satisfies the relation∫ ∞
0

G (x, ξ, t− τ) dξ = erf

(
x

2
√
t− τ

)
. (9)

2 Statement of the fractionally loaded boundary value problem of heat conduction

In the domain Q = {(x, t) |x > 0, t > 0} we consider the problem

ut − uxx + λ {rD0,tu (x, t)}
∣∣
x=γ(t)

= f (x, t) , (10)

u |t=0 = 0, u |x=0 = 0, (11)

where λ is a complex parameter, rD
β
0, t u(x, t) is the Riemann- Liouville derivative (2) of an order β, 0 < β < 1,

γ(t) is a continuous increasing function, γ(0) = 0.
The problem is studied in the class of continuous functions.
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3 Reducing the boundary value problem to an integral equation

Lemma 1. The boundary value problem (10)–(11) is equivalently reduced to a Volterra integral equation of
the second kind with a kernel that contains a special function.

Proof. We invert the differential part of problem (10)–(11) by formula (8):

u (x, t) = −λ
∫ t

0

∫ ∞
0

G (x, ξ, t− τ)

{
1

Γ (1− β)

d

dτ

∫ τ

0

u (ξ, θ)

(τ − θ)β
dθ

}∣∣∣∣∣
ξ=γ(τ)

dξdτ+

+

∫ t

0

∫ ∞
0

G (x, ξ, t− τ) f (ξ, τ) dξdτ.

Taking into account relation (9) and introducing the notation

f1 (x, t) =

∫ t

0

∫ ∞
0

G (x, ξ, t− τ) f (ξ, τ) dτ (12)

we get the following representation of the solution to the problem (10)–(11):

u (x, t) = −λ
∫ t

0

erf

(
x

2
√
t− τ

)
µ (τ) dτ + f1 (x, t) , (13)

where

µ (t) = rD
β
0,tu (ξ, t)

∣∣
ξ=γ(t)

=

{
1

Γ (1− β)

d

dτ

∫ τ

0

u (ξ, θ)

(τ − θ)β
dθ

}∣∣∣∣∣
ξ=γ(τ)

. (14)

From (13) we take the derivative of the order β with respect to the variables t on both sides and put
x = γ (t). On the left side, we get the function µ (t). We also introduce the notation according to formula (14)

f2 (t) = rD
β
0,tf1 (x, t)

∣∣
x=γ(t)

=
1

Γ (1− β)

d

dt

∫ t

0

f1 (x, τ)

(t− τ)
β
dτ

∣∣∣∣∣
x=γ(t)

. (15)

We first calculate the derivative:

J (t, x, β) =
d

dt

∫ t

0

1

(t− τ)
β

(∫ τ

0

erf

(
x

2
√
τ − θ

)
µ (θ) dθ

)
dτ =

∥∥∥∥ 0 ≤ θ ≤ τ
0 ≤ τ ≤ t

∥∥∥∥ =

=
d

dt

∫ t

0

µ (θ)

(∫ t

0

1

(t− τ)
β
erf

(
x

2
√
τ − θ

)
dτ

)
dθ =

d

dt

∫ t

0

µ (θ) I (x, t, θ, β) dθ, (16)

where

I (x, t, θ, β) =

∫ t

0

1

(t− τ)
β
erf

(
x

2
√
τ − θ

)
dτ. (17)

We calculate I (x, t, θ, β).

I (x, t, θ, β) =

∫ t

θ

1

(t− τ)
β

2√
π

∫ x
2
√
t−θ

0

e−z
2

dzdτ =

=
2√
π

∫ x
2
√
t−θ

0

∫ t

0

1

(t− τ)
β
e−z

2

dτdz +
2√
π

∫ +∞

x
2
√
t−θ

∫ θ+ x2

4z2

θ

1

(t− τ)
β
e−z

2

dτdz =

=
2√

π (β − 1)

∫ x
2
√
t−θ

0

e−z
2
(

0− (t− θ)1−β
)
dz +

2√
π (β − 1)

∫ +∞

x
2
√
t−θ

e−z
2

×

×
((

t− θ − x2

4z2

)
− (t− θ)1−β

)
dz =

2 (t− θ)1−β
√
π (1− β)

∫ x
2
√
t−θ

0

e−z
2

dz+
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+
2 (t− θ)1−β
√
π (1− β)

∫ +∞

x
2
√
t−θ

e−z
2

dz +
2√

π (β − 1)

∫ +∞

x
2
√
t−θ

e−z
2

(
t− θ − x2

4z2

)1−β

dz =

=
(t− θ)1−β

1− β
+

2√
π (β − 1)

I1 (x, t, θ, β) , (18)

where

I1 (x, t, θ, β) =

∫ +∞

x
2
√
t−θ

e−z
2

(
t− θ − x2

4z2

)1−β

dz =

= (t− θ)1−β
∫ +∞

x
2
√
t−θ

e−z
2

z2β−2

(
z2 −

(
x

2
√
t− θ

)2
)1−β

dz =
∥∥ξ = z2

∥∥ =

=
(t− θ)1−β

2

∫ +∞

x2

4(t−θ)

e−ξ ξβ−
3
2

(
ξ − x2

4 (t− θ)

)1−β

dξ.

To calculate the last integral, we use the formula 2.3.4 (6) from [21; 261]. Then we obtain

I1 (x, t, θ, β) =
(t− θ)1−β

2
Γ (2− β)

x

2
√
t− θ

exp

(
− x2

4 (t− θ)

)
Ψ

(
2− β;

3

2
;

x2

4 (t− θ)

)
, (19)

where Ψ(a, c; z) is Tricomi degenerate hypergeometric function [18; 1072].
Substituting (19) into (18), we get an expression for (17)

I (x, t, θ, β) =
(t− θ)1−β

1− β
− xΓ (1− β) (t− θ)

1
2−β

2
√
π

exp

(
− x2

4 (t− θ)

)
Ψ

(
2− β;

3

2
;

x2

4 (t− θ)

)
.

By virtue of the asymptotic formula (5) (as t→ τ) and

lim
t→τ

(t− τ)
1
2−β exp

(
− x2

4 (t− τ)

)
= 0

after differentiation operation equality (16) can be rewritten as:

J (t;x;β) =

∫ t

0

µ (t)
d

dt

[
(t− τ)

1−β

1− β
− xΓ (1− β) (t− τ)

1
2−β

2
√
π

×

× exp

(
− x2

4 (t− τ)

)
Ψ

(
2− β;

3

2
;

x2

4 (t− τ)

)]
dτ. (20)

Let us introduce the notation z = x2

4(t−τ) ⇒ t− τ = x2

4z .
Then

(t− τ)
1
2−β exp

(
− x2

4 (t− τ)

)
Ψ

(
2− β;

3

2
;

x2

4 (t− τ)

)
=
x1−2β

21−2β
zβ−

1
2 exp (−z) Ψ

(
2− β;

3

2
; z

)
.

To calculate the derivative in the second term of equality (20), we use formula (41) from [19; 368] when
n = 1:

d

dt

(
(t− τ)

1
2−β exp

(
− x2

4 (t− τ)

)
Ψ

(
2− β;

3

2
;

x2

4 (t− τ)

))
=

=
x1−2β

21−2β

d

dz

(
zβ−

1
2 exp (−z) Ψ

(
2− β;

3

2
; z

))
dz

dt
=

= −x
1−2β

21−2β
zβ−

3
2 exp (−z) Ψ

(
1− β;

3

2
; z

) (
− x

4 (t− τ)
2

)
=

=
1

(t− τ)
β+ 1

2

exp

(
− x2

4 (t− τ)

)
Ψ

(
1− β;

3

2
;

x2

4 (t− τ)

)
.
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Then expression (20) can be rewritten as:

J (t;x;β) =

∫ t

0

µ (τ)

[
1

(t− τ)
β
− xΓ (1− β)

2
√
π (t− τ)

β+ 1
2

exp

(
− x2

4 (t− τ)

)
Ψ

(
1− β;

3

2
;

x2

4 (t− τ)

)]
dτ. (21)

Now from (13) after taking the fractional derivative of order β and substituting x = γ(t) taking into account
the notation (14) and (21) we obtain the integral equation:

µ (t) +
λ

Γ (1− β)

∫ t

0

µ (τ)

(t− τ)
β
dτ − λ

2
√
π

∫ t

0

γ (t)

(t− τ)
β+ 1

2

exp

(
− γ2 (t)

4 (t− τ)

)
×

×Ψ

(
1− β, 3

2
;
γ2 (t)

4 (t− τ)

)
µ (τ) dτ = f2 (t) .

So, the boundary value problem (10)–(11) has been reduced to the Volterra integral equation of the second
kind:

µ (t) + λ

∫ t

0

Kβ (t, τ)µ (τ) dτ = f2 (t) , (22)

with the right-hand side f2(t), defined by formula (15), and the kernel

Kβ (t, τ) =
1

Γ (1− β) (t− τ)
β
− γ (t)

2
√
π (t− τ)

β+ 1
2

exp

(
− γ2 (t)

4 (t− τ)

)
Ψ

(
1− β, 3

2
;
γ2 (t)

4 (t− τ)

)
, (23)

where Ψ (a, b, y) is the Tricomi degenerate hypergeometric function that can be represented as an integral (4).

4 Continuity in the order of the derivative in the loaded term of the problem

Lemma 2. For boundary value problem (10)–(11) there is continuity in the order β of the derivative in the
loaded term of equation (10).

Proof. We consider the limiting cases for the fractional derivative order of the term with the load in the
equation (10).

I. β = 0. Then from (2) and (3) we have

D0
0,tu (x, t)

∣∣
x=γ(t) = u (x, t)

∣∣
x=γ(t) = u (γ (t) , t) .

From (10)–(11) we get a boundary value problem when β = 0:{
ut − uxx + λµ (t) = f (x, t) ,
u (x, 0) = 0; u (0, t) = 0,

,

where µ (t) = u (γ (t) , t).
We write down its solution inverting the differential part by formula (8):

u (x, t) = −λ
∫ t

0

erf

(
x

2
√
t− τ

)
µ (τ) dτ + f1 (x, t) , (24)

where

f1 (x, t) =

∫ t

0

∫ ∞
0

G (x, ξ, t− τ) f (ξ, τ) dξdτ.

When x = γ (t) taking into account the notation u (γ (t) , t) = µ (t) from (24) we obtain the Volterra integral
equation of the second kind:

µ (t) + λ

∫ t

0

erf

(
γ (t)

2
√
t− τ

)
µ (τ) dτ = f1 (t) , (25)

where f2 (t) = f1 (γ (t) , t).
Now we find lim

β→0+0
from (23).
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The function under the limit sign is definite and continuous for β = 0, therefore, we can make the passage
to the limit taking into account formula (4) and formula 2.3.4 (5) [21; 260]:

lim
β→0+0

Kβ (t, τ) = 1− γ (t)

2
√
π
√
t− τ

exp

(
− γ2 (t)

4 (t− τ)

)
Ψ

(
1;

3

2
;
γ2 (t)

4 (t− τ)

)
=

= 1− γ (t)

2
√
π
√
t− τ

exp

(
− γ2 (t)

4 (t− τ)

) ∫ ∞
0

(1 + ξ)
− 1

2 exp

(
− γ2 (t)

4 (t− τ)
ξ

)
dξ =

= 1− erfc
(

γ (t)

2
√
t− τ

)
= erf

(
γ (t)

2
√
t− τ

)
.

So, lim
β→0+0

Kβ (t, τ) = erf
(

γ(t)

2
√
t−τ

)
. Then equation (22) coincides with equation (25) for β = 0.

II. β = 1. Then from (2) and (3) we have

D1
0,tu (x, t)

∣∣
x=γ(t) =

du (x, t)

dt

∣∣
x=γ(τ) = ut (x, t)

∣∣
x=γ(t) .

From (10)–(11) we get a boundary value problem when β = 1:{
ut − uxx + λµ (t) = f (x, t) ,
u (x, 0) = 0; u (0, t) = 0.

where µ (t) = ut (x, t)
∣∣
x=γ(t) .

We write down its solution inverting the differential part by formula (8):

u (x, t) = −λ
∫ t

0

erf

(
x

2
√
t− τ

)
µ (τ) dτ + f1 (x, t) , (26)

where the function f1 (x, t) is defined by formula (12).
We calculate the derivative with respect to t of (26):

ut (x, t) = −λ

{
µ (t) +

∫ t

0

2√
π

exp

(
− x2

4 (t− τ)

) (
− x

4 (t− τ)
3/2

)
µ (τ) dτ

}
+ f1t (x, t) .

Substituting x = γ (t) and taking into account the notation ut (x, t)
∣∣
x=γ(t) = µ (t) we obtain the Volterra

integral equation of the second kind:

µ (t)− λ

1 + λ

∫ t

0

γ (t)

2
√
π (t− τ)

3/2
exp

(
− γ2 (t)

4 (t− τ)

)
µ (τ) dτ = f2 (t) , (27)

where f2 (t) = 1
1+λf1t (γ (t) , t).

Taking into account formula (4) and the well-known relation lim
α→0

Γ(α) = ∞ when taking the limit at
β → 1− 0 from (23) we get:

lim
β→1−0

Kβ (t, τ) = − γ (t)

2

√
π (t− τ)

3
exp

(
− γ2 (t)

4 (t− τ)

)
×

× lim
β→1−0

1

Γ (1− β)

∫ ∞
0

ξ−β (1 + ξ)
β− 1

2 exp

(
− γ2 (t)

4 (t− τ)
ξ

)
dξ. (28)

To calculate the last integral, we use the formula (12) from [21; 262].
Then the limit relation (28) can be rewritten as:

lim
β→1−0

Kβ (t, τ) = − 1√
π (t− τ)

exp

(
− γ2 (t)

8 (t− τ)

)
lim

β→1−0

21/2−β Γ (1− β)

Γ (1− β)
D2β−1

(
γ (t)√

2 (t− τ)

)
=

= − 2−
1
2

√
π (t− τ)

exp

(
− γ2 (t)

8 (t− τ)

)
D1

(
γ (t)√

2 (t− τ)

)
= − γ (t)

2
√
π (t− τ)

3/2
exp

(
− γ2 (t)

4 (t− τ)

)
.
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Here, for the parabolic cylinder function D2β−1(z), we used formula 9.251 from [18; 1080] when β = 1:

D1 (z) = −e z
2

4
d

dz

(
e−

z2

2

)
= z e−

z2

4 .

So for equation (22)

lim
β→1

Kβ (t, τ) = − γ (t)

2
√
π (t− τ)

3/2
exp

(
− γ2 (t)

4 (t− τ)

)
.

The obtained result coincides with the kernel of integral equation (27).
Lemma 2 is completely proved.

5 Connection of the singularities of the integral equation kernel with the fractional derivative order in the
problem loaded term and with the load behavior. Main result

To establish the main result of the paper we investigate kernel (23) of integral equation (22), which has
singularities for τ = t and t = 0.

Direct investigation of kernel (23) is difficult, since the kernel contains the degenerate hypergeometric Tricomi
function. Therefore we find

lim
t→0+0

∫ t

0

Kβ (t, τ) dτ.

Theorem. Integral equation (22) with kernel (23) for 0 ≤ β < 1 and with γ(t) ∼ tω in the neighborhood of
t = 0 is uniquely solvable in the class of continuous functions for any continuous right-hand side f2(t) defined
by formula (15), if 1

2 ≤ ω < 1− 2β or 0 ≤ ω < 1
2 , 0 ≤ β ≤ 1.

Proof. We have ∫ t

0

Kβ (t, τ) dτ =
1

Γ (1− β)

∫ t

0

dτ

(t− τ)
β
−

−γ (t)

2
√
π

∫ t

0

1

(t− τ)
β+ 1

2

exp

(
− γ2 (t)

4 (t− τ)

)
Ψ

(
1− β;

3

2
;
γ2 (t)

4 (t− τ)

)
dτ (29)

and when 0 ≤ β < 1: ∫ t

0

dτ

(t− τ)
β

=
1

1− β
t1−β . (30)

To calculate the integral in the 2nd term of expression (29), we use the representation of the Tricomi function
in terms of the Whittaker function by formula (7):

Ψ

(
1− β;

3

2
;
γ2 (t)

4 (t− τ)

)
=

(
γ2 (t)

4 (t− τ)

)− 3
4

exp

(
γ2 (t)

8 (t− τ)

)
Wβ− 1

4 ; 1
4

(
γ2 (t)

4 (t− τ)

)
.

Then the integral in the 2nd term of the expression (29) takes the form

I (t, β) =

∫ t

0

1

(t− τ)
β+ 1

2

exp

(
− γ2 (t)

4 (t− τ)

)
Ψ

(
1− β;

3

2
;
γ2 (t)

4 (t− τ)

)
dτ =

=
23/2

(γ (t))
3/2

∫ t

0

(t− τ)
1
4−β exp

(
− γ2 (t)

8 (t− τ)

)
Wβ− 1

4 ; 1
4

(
γ2 (t)

4 (t− τ)

)
dτ =

=
22β−1

(γ (t))
2β−1

∫ +∞

γ2(t)
4t

zβ−
9
4 e−

z
2 Wβ− 1

4 ; 1
4

(z) dz =
23/2 t

5
4−β

(γ (t))
3/2

exp

(
−γ

2 (t)

8t

)
Wβ− 5

4 ; 1
4

(
γ2 (t)

4t

)
. (31)

In the calculation, we have introduced the replacement z = γ2(t)
4(t−τ) and used formula 2.19.5 (13) from [19;

217].
Let γ(t) ∼ tω when t→ 0 + 0. Then (31) can be rewritten as (in the neighborhood of the point t = 0):

I (t;β) = 2
3
2 t

5
4−β−

3
2ω exp

(
−1

8
t2ω−1

)
Wβ− 5

4 ; 1
4

(
1

4
t2ω−1

)
.
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For Whittaker function, we use formula 7.2.2 (5) from [19; 366]:

Wβ− 5
4 ; 1

4

(
1

4
t2ω−1

)
= 2−

3
2 t

1
2ω−

3
4 exp

(
−1

8
t2ω−1

)
Ψ

(
2− β;

3

2
;

1

4
t2ω−1

)
.

Then

I (t;β) = t
1
2−β−ω exp

(
−1

4
t2ω−1

)
Ψ

(
2− β;

3

2
;

1

4
t2ω−1

)
.

For Tricomi function Ψ (a, b, z), we use representation (4) and then we apply formula (12) from [21; 262]:

I (t;β) =
t

1
2−β−ω

Γ (2− β)
exp

(
−1

4
t2ω−1

) ∫ ∞
0

ξ1−β (1 + ξ)
β− 3

2 exp

(
−1

4
t2ω−1ξ

)
dξ =

= 2
5
2−β t1−2β−2ω exp

(
−1

8
t2ω−1

)
D2β−3

(
1√
2
tω−

1
2

)
. (32)

So, substituting (30) and (32) into (29), we get 0 ≤ β < 1 when t→ 0:∫ t

0

Kβ (t, τ) dτ =
t1−β

Γ (2− β)
− 2

3
2−β
√
π
t1−2β−ω exp

(
−1

8
t2ω−1

)
D2β−3

(
1√
2
tω−

1
2

)
. (33)

Cases are possible (when 0 ≤ β < 1):
1) 2ω − 1 > 0. If 0 ≤ β < 1, then −1− 2β − ω < 1

2 .
We first calculate D2β−3 (0) using formula 8.3 (1) from [22; 125] and formula 194 (3) from [18; 299].

D2β−3(0) =
2β−

3
2

Γ
(

3
2 − β

) ∫ ∞
0

t
1
2−β (1 + t)

β−2
dt =

2β−
3
2

Γ
(

3
2 − β

)B(3

2
− β;

1

2

)
=

2β−
3
2
√
π

Γ (2− β)
.

Then from (33) when ω > 1
2 and 1− 2β − ω ≥ 0 (0 ≤ β < 1) we have:

lim
t→0

∫ t

0

Kβ (t, τ) dτ =

{ 0; if 1− 2β − ω > 0, ω > 1
2 , 0 ≤ β < 1;

− 1
Γ(2−β) ; if 1− 2β − ω = 0, ω > 1

2 , 0 ≤ β < 1;

∞; if 1− 2β − ω < 0, ω > 1
2 , 0 ≤ β < 1.

(34)

We consider the case β = 1. It was shown above that

K1 (t, τ) = − γ(t)

2
√
π (t− τ)

3/2
exp

(
− γ2(t)

4 (t− τ)

)
.

If γ(t) ∼ tω at t→ 0 + 0 then∫ t

0

K1 (t, τ) dτ = −
∫ t

0

tω

2
√
π (t− τ)

3/2
exp

(
− t2ω

4 (t− τ)

)
dτ. (35)

After introducing the replacement

z =
√

t2ω

4(t−τ) ; t− τ = t2ω

4z2 ; dτ = t2ω

2z3 dz;

τ = 0⇒ z = 1
2 t

2ω−1
2 , τ = t⇒ z → +∞

integral (35) takes the form:∫ t

0

K1 (t, τ) dτ = − tω

2
√
π

∫ +∞

1
2 t

2ω−1
2

23 z3

t3ω
t2ω

2z3
exp

(
−z2

)
dz = −erfc

(
1

2
t

2ω−1
2

)
.

Then

lim
t→0+0

∫ t

0

K1 (t, τ) dτ =

{
−1; if ω > 1

2 ;
0; if 0 ≤ ω < 1

2 .
(36)
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By the condition stated, the function γ(t) increases in the domain
−
Q and γ (0) = 0. Therefore, the case

ω < 0 is not considered.
Consider the case 0 < ω < 1

2 and 0 ≤ β < 1. Then in (33) argument of the parabolic cylinder function
→ +∞ if t → 0 + 0. Since there is an asymptotic expansion of the function (see formula 9.246 (1) [18; 1079])
we obtain

lim
t→0+0

∫ t

0

Kβ (t, τ) dτ = lim
t→0+0

t1−β

Γ (2− β)
− 1√

π
lim

t→0+0
t

3
2−2ω(1−β)−3β exp

(
− 1

4t
1
2−ω

)
= 0. (37)

It remains to investigate the case ω =
1

2
for different values β.

Let be 0 ≤ β < 1. For x = γ (t) =
√
t equation (22) has the kernel:

Kβ (t, τ) =
1

Γ (1− β) (t− τ)
β
−

√
t

2
√
π (t− τ)

β+ 1
2

exp

(
− t

4 (t− τ)

)
Ψ

(
1− β;

3

2
;

t

4 (t− τ)

)
(38)

and the right side according to formula (15) when x =
√
t. Kernel (38) has singularities at τ = t and t = 0. We

find ∫ t

0

Kβ (t, τ) dτ =
t1−β

Γ (2− β)
−
√
t

2
√
π

∫ t

0

1

(t− τ)
β+ 1

2

exp

(
− t

4 (t− τ)

)
Ψ

(
1− β;

3

2
;

t

4 (t− τ)

)
dτ.

Repeating the above calculations, we get a formula similar to (33), when 0 ≤ β < 1∫ t

0

Kβ (t, τ) dτ =
t1−β

Γ (2− β)
− 2

1
2−β
√
π
t

1
2−2β exp

(
−1

8

)
D2β−3

(
1√
2

)
. (39)

We calculate D2β−3

(
1√
2

)
using formula 9.241 (1) from [18; 1078].

D2β−3

(
1√
2

)
=

1√
π

22β− 1
2 e−

π
2 (2β−1)i e

1
8

∫ +∞

−∞
x2β−1 e

−2x2+ x√
2
i
dx.

To calculate the integral

J (β) =

∫ +∞

−∞
x2β−1 e

−2x2+ x√
2
i
dx

we use the formula 3.462 (3) from [18; 352]

J (β) =
1

i2β−1

∫ +∞

−∞
(ix)2β−1 e

−2x2−i x√
2 dx =

2
1
2−2β

i2β−1

√
π e−

1
32 D2β−3

(
1

2
√

2

)
.

Then
D2β−3

(
1√
2

)
=

1

i2β−2
sin
(π

2
− πβ

)
D2β−3

(
1

2
√

2

)
.

Note that the argument of the parabolic cylinder function decreases exponentially with the denominator
1

2
,

remaining positive. It was previously calculated that

D2β−3(0) =
2β−

3
2
√
π

Γ (2− β)
.

So we obtain that D2β−3

(
1√
2

)
is a finite constant depending on β.

Then from (39) we have (when 0 ≤ β < 1 and ω =
1

2
):

lim
t→0+0

∫ t

0

K1 (t, τ) dτ =

{ 0; if 0 ≤ β < 1
4 ;

const 6= 0; if β = 1
4 ;

∞; if 1
4 < β < 1.

(40)
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Now consider the case for γ (t) =
√
t and β = 1:

∫ t

0

K1 (t, τ) dτ = −
√
t

2
√
π

∫ t

0

dτ

(t− τ)
3
2

exp

(
− t

4 (t− τ)

)
dτ =

∥∥∥∥∥∥ z =
√
t− τ , τ = t− z2,

dτ = −2zdz

∥∥∥∥∥∥ =

= −
√
t√
π

∫ √t
0

1

z2
e−

t
4z2 dz = − 2√

π

∫ +∞

1
2

e−ξ
2

dξ = −erfc
(

1

2

)
.

Then

lim
t→0

∫ t

0

K1 (t, τ) dτ = −erfc
(

1

2

)
6= 0, (41)

if γ (t) =
√
t and β = 1.

Summarizing results (34)–(41), we get the main result. The theorem is completely proved.

Сonclusions

Under the conditions of the theorem, kernel (23) of the integral equation has a weak singularity. Therefore,
the method of successive approximations can be used to find a unique solution to the equation (22) in the class
of continuous functions. And the corresponding boundary value problems are well-posed in natural classes of
functions, i.e. loaded term is a weak perturbation.

If ω ≥ 1
2 and ω ≥ 1− 2β when 0 ≤ β ≤ 1 for γ (t) ∼ tω at t → 0 + 0 integral equation (22) is not solvable

by the method of successive approximations. It can be shown that the corresponding homogeneous equation
for some values of the parameter λ will have nonzero solutions. If the uniqueness of the solution to the first
boundary value problem is violated, then in this case the load can be interpreted as a strong perturbation.
So, the existence and uniqueness of solutions to the integral equation depends on the order of the fractional
derivative in the loaded term.
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М.Т. Космакова, С.А. Искаков, Л.Ж. Касымова

Жойылатын облыстағы жылуөткiзгiштiктiң
екiөлшемдi шекаралық есебiнiң шешуiне

Мақалада үзiлiссiз функциялар класындағы жылуөткiзгiштiктiң бөлшектi-жүктемелi теңдеуi үшiн
шеттiк есеп қарастырылған. Зерттеу әдiстерi шеттiк есептердi интегралдық теңдеулерге келтiру-
ге негiзделген зерттеу болып табылады. Қойылған шеттiк есеп дифференциалдық бөлiктi айнал-
дыру арқылы екiншi тектi Вольтерра интегралдық теңдеуiне келтiрiлген. Алынған теңдеудiң ядро-
сында арнайы функция бар. Сондай-ақ, жылуөткiзгiштiк теңдеуiнiң шеттiк есебiнiң жүктелген қо-
сылғышының бөлшек туындысы ретiнiң шектiк жағдайлары зерттелдi. Интегралдық теңдеудiң ше-
шуiнiң бар болуы мен жалғыздығы бастапқы шеттiк есептiң жүктелген қосылғышындағы бөлшек
туындының ретiне байланысты екендiгi көрсетiлген.

Кiлт сөздер: жүктелген теңдеу, бөлшек туынды, жылуөткiзгiштiк теңдеуi, Вольтерра интегралдық
теңдеуi, арнайы функция.
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М.Т. Космакова, С.А. Искаков, Л.Ж. Касымова

К решению двумерной граничной задачи
теплопроводности в вырождающейся области

В статье рассмотрена краевая задача для дробно-нагруженного уравнения теплопроводности в клас-
се непрерывных функций. Методы исследования базируются на подходе к исследованию краевых
задач, основанном на их сведении к интегральным уравнениям. Поставленная краевая задача сведе-
на к интегральному уравнению Вольтерра второго рода обращением дифференциальной части. Ядро
полученного уравнения содержит специальную функцию. Также проведено исследование предельных
случаев порядка дробной производной слагаемого с нагрузкой в уравнении теплопроводности краевой
задачи. Показано, что существование и единственность решения интегрального уравнения зависят от
порядка дробной производной в нагруженном слагаемом исходной краевой задачи.

Ключевые слова: нагруженное уравнение, дробная производная, уравнение теплопроводности, инте-
гральное уравнение Вольтерра, специальная функция.
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Technology for restoring functional dependencies
to determine reliability parameters

The problem of determining the properties of the object by analyzing the numerical and qualitative
characteristics of a discrete sample is considered. A method has been developed to determine the probability
of trouble-free operation of electronic systems for the case if the interpolation fields are different between
several interpolation nodes. A method has been developed to determine the probability of trouble-free
operation if the interpolation polynomial is the same for the entire interpolation domain. It is shown that
local interpolation methods give more accurate results, in contrast to global interpolation methods. It is
shown that in the case of global interpolation it is possible to determine the value of the function outside
the given values by extrapolation methods, which makes it possible to predict the probability of failure.
It is shown that the use of approximation methods to determine the probability of trouble-free operation
reduces the error of the second kind. A method for analyzing the qualitative characteristics of functional
dependences has been developed, which allows us to choose the optimal interpolation polynomial. With
sufficient statistics, using the criteria of consent, it is possible to build mathematical models for the analysis
of failure statistics of electronic equipment. Provided that the volume of statistics is not large, such statisti-
cs may not be sufficient and the application of consent criteria will lead to unsatisfactory results. Another
approach is to use an approximation method that is applied to statistical material that was collected
during testing or controlled operation. In this regard, it is extremely important to develop a method for
determining the reliability of electronic systems in case of insufficiency of the collected statistics of failures
of electronic equipment.

Keywords: approximation, interpolation, reliability of electronic equipment, statistical processing, restorati-
on of functional dependence, estimation of reliability indicators, small sample, sufficiency of statistics.

Introduction

In order to increase the reliability and noise immunity of electronic systems operated in space and aviation,
it is necessary to conduct numerical tests with high accuracy.

If it was possible to collect sufficient statistics, then using the criteria of agreement there is an opportunity
to choose a mathematical apparatus with which you can analyze this series. But if the volume of statistics
is not large, then such statistics may not be sufficient and the application of the consent criteria will lead to
unsatisfactory results. The existing methods of studying the reliability of electronic equipment do not fully meet
the requirements of practice and the level of production technology. It is explained by the fact that the values
of real reliability indicators differ significantly from the forecast estimates, as the sufficiency of the collected
statistics of failures is not taken into account.

Insufficient statistics make it impossible to apply the criteria of consent for the choice of the law of distri-
bution of work to failure due to the large error of the second kind, with which the selected laws of distribution
will align the collected statistics. Therefore, it is necessary to develop a method of data processing to study and
solve this problem.

All of the above-mentioned leads to the need to solve the problem of restoring functional dependencies.
Therefore, the problem of restoring functional dependences on a discrete experimentally obtained sample by
local and global interpolation methods is relevant. Electronic systems are known to be highly reliable, and failure
statistics are very difficult to collect. In the well-known publications of X. Changhui, R. Xiaoping, S. Xianfeng,
G. Jingxiang on the study of reliability in [1] the modeling of the studied object by Kalman filtering method is

*Corresponding author.
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offered. But in the case of modeling the behavior of electronic systems, this method can lead to large errors in
the simulation results. This is due to the fact that the technology of manufacturing electronic systems is very
complex. In the electronic system there are a lot of complex processes, which are very difficult or impossible to
take into account. For example, the software environment for modeling the operation of electronic circuits NI
Multisim, in the case of building complex electronic circuits may not correctly model the processes occurring
in electronic equipment. According to its properties, the Kalman filter will return more accurate results only
if the data are normal in the distribution. But research data will not necessarily have a normal distribution.
Therefore, the method described in [1] for modeling the behavior of electronic systems should be used only in
the case of justification of the use of normal distribution.

Z. Zhengcheng, B. Narayanaswamy in [2] suggest determining of the probability of failure-free operation of
the system using signatures, which are a function, the arguments of which are the operating time for failure.
But the suggested method does not answer the question of the sufficiency of the collected statistics. H. Zhipeng,
G. Jianbin, Z. Shengkui in [3] used a combination of Bayesian methods with system state vectors to determine
the reliability of the system to reduce the number of calculations and the amount of statistics. But to determine
the probability of failure, it cannot be recommended because the study [3] does not contain the calculation
of the error that occurs if selected for data processing of a mathematical apparatus. F. Hailin, D. Jieyu in [4]
suggests determining of the probability of failure-free operation of the system using signatures, as well as in [2],
but the method suggested in [4] is suitable for solving problems of diagnosing and identifying problematic places
during system operation.

S. Xujun, L. Xuezhi in [5] proposed on the basis of modeling of discrete events algorithm of modeling of
reliability of system of a step-by-step mission with several states. The program algorithm includes the Markov
process. But the degradation process that takes place in the system will not necessarily be Markov. Therefore,
the reliability model for different types of systems will be individual.

Groezinger, A. Zimmermann in their research [6] tested the reliability of LEDs in the laboratory. A correlati-
on analysis was used to process the test results. The presence of a correlation indicates the relationship between
the data being analyzed, but does not determine the mathematical apparatus by which the experimental data
can be processed. Of particular interest is the publication of X. Zhao, S. Wang, L. Sun [7] which suggested a
method of planning tests for the reliability of finished products using Markov circles. However, in the production
of complex electronic equipment, where it is necessary to control the parameters of the product at each stage
of the technological cycle of production, this method is not suitable.

D. Zhou, H. Wang, F. Blaabjerg in [8] used the Weibull distribution to evaluate the reliability of mains
electric filters and voltage converters and did not sufficiently substantiate their choice. For this reason, it is not
known with what error the Weibull distribution will align the experimental data. In this case, it is necessary
to check the plausibility of hypotheses and in case of insufficient statistics to solve the problem of restoring
functional dependencies.

Kostanovsky V.V., Machalin I.A., Kozachuk O.D., Terentyeva I.A. in [9] have built a generalized probabi-
listic physical model of reliability of a two-level active phased array. Exponential and diffusion nonmonotonic
distribution were used in [9] as models of failures of electronic components and transmission channels. However,
[10] showed that the exponential and diffusion nonmonotonic distribution has no advantages along with other
distributions with similar characteristics. Therefore, the use of exponential and diffusion nonmonotonic distri-
bution in the study [9] is not justified.

Analysis of the literature [1–10] shows that the problem of restoring functional dependences on a discrete
experimentally obtained sample by local and global interpolation methods is relevant.

Problem setting. It is necessary to develop a method of restoration of functional dependences in the
conditions of insufficiency of statistical data by means of technologies of approximation and interpolation.

In order to achieve this goal, the following tasks were set:
– to investigate the existing methods of approximation;
– on the basis of research to develop a method for determining the probability of failure-free operation in

case of insufficiency of statistics on a discrete experimentally obtained sample.

Material and method

At the first stage of data processing it is necessary to determine the sufficiency of statistics. This should be
done according to the method described in [10]. If the statistics are insufficient, there are two options for solving
this problem: 1. Continue to collect failure statistics, in the case of actual observations, or simulate more failures.
2. Restoration of functional dependences by approximation methods. Suppose the values of some function at
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given points are known. You need to find intermediate values of this function, according to the approximation
method. This is a task to restore the function. In addition, when performing calculations, it is convenient to
replace complex functions with algebraic polynomials or other elementary functions, which are quite simple to
calculate (problems on the approximation of the function) [11].

The formulation of the interpolation problem is as follows. In the interval [a,b] the points xi, i = 0, 1, ...,N
are given; a ≤ xi ≤ b and the value of the unknown function at these points fi, i = 0, 1, ...,N. We need to find
function F (x) that takes the same values of fi at xi. In this case, we look for F (x) only on the segment [a, b]. If
it is necessary to find a function outside the segment, then this is an extrapolation problem.

The problem has many solutions, because through the given points (xi, fi), i = 0, 1, ..., N , it is possible to
draw infinitely many curves, each of which will be a graph of the function for which all interpolation conditions
are fulfilled. The case of approximation of a function by polynomials is important for practice, [11]

F (x) = a0 + a1x+ a2x
2 + ...+ amx

m.

All interpolation methods can be divided into local and global. In the case of local interpolation, a separate
polynomial is constructed on each interval [xi˘1, xi]. In the case of global interpolation, a single polynomial is
found in the entire interval [a, b].

On each segment [xi˘1, xi] the interpolation polynomial is equal to a constant, namely the left or right value
of the function.

For the left piecewise linear interpolation it is:f(x) = fi−1, if i.e. xi−1 ≤ x < xi [11, 12]

F (x) =


f0, x0 ≤ x < x1

f1, x1 ≤ x < x2

...

fN−1, xN−1 ≤ x < xN .

For the right piecewise linear interpolation it is: F (x) = fi if xi−1 < x ≤ xi, i.e. [11, 12].

F (x) =


f0, x0 < x ≤ x1

f1, x1 < x ≤ x2

...

fN−1, xN−1 < x ≤ xN .

Thus, the interpolation conditions are fulfilled. The constructed function is discontinuous, which limits its
application.

The principle of piecewise-linear [11, 12] interpolation is as follows. At each interval [xi−1, xi], the function is
linear Fi(x) = kix+li. The values of the coefficients are from the fulfillment of the interpolation conditions at the
ends of the segment: fi(xi−1) = fi−1, fi(xi) = fi . We get a system of equations: kixi+ li = fi−1, where we find:

ki = fi−fi−1

xi−xi−1
, li = fi−kixi from. Therefore, the function F (z) can be written as: F (x) =

fi − fi−1

xi − xi−1
x+ fi−kixi

if xi−1 ≤< xi that is:

F (x) =



f1 − f0

x1 − x0
x+ f0 − k0x0, x0 ≤ xi < x1

f2 − f1

x2 − x1
x+ f1 − k1x1, x1 ≤ x1 < x2

...

fN − fN−1

xN − xN−1
x+ fN−1 − kN−1xN−1, xN−1 ≤ xN−1 < xN .

When using linear interpolation, you must first determine the interval in which the value of x falls, and then
substitute it into the formula. The final function will be continuous, but the original derivative will be absent
in each interpolation node. The error of such interpolation will be less than in the case of piecewise constant
interpolation.

When interpolating functions, the condition of equality of values of interpolation polynomial and this functi-
on in interpolation nodes was used. If the original data are obtained as a result of experimental measurements,
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the requirement of exact coincidence, as a rule, does not apply because the data are not obtained accurately. In
these cases, only an approximate fulfillment of the interpolation conditions can be required |F (xi)− f(xi))| < ε.
This condition means that the interpolating function F (x) does not pass exactly through given points, but in
some of their margins.

In this case, use a selection of empirical functions. The construction of an empirical function consists of
two stages: the selection of the form of this function φ(x, a0, a1, ..., am), which contains unknown parameters
a0, a1, ..., am, and the determination of the best in some sense arguments of this function. The type of function
is sometimes known for physical reasons (for an elastic medium, the relationship between stress and strain). Or
the type of function is chosen for geometric reasons: the experimental points are plotted on a graph and the
general form of the dependence is roughly guessed by comparing the obtained curve with the graphs of known
functions. Success here is largely determined by the experience and intuition of the researcher.

The case of approximation of a function by polynomials is important for practice [11–15], i.e.

F (x) = a0 + a1x+ a2x
2 + ...+ amx

m.

Once the type of empirical dependence is selected, the degree of proximity to the empirical data is determined
using a minimum of the sum of the squares of the deviations of the calculated and experimental data.

Suppose that for the initial dataxi, fi, i = 1, . . . , N (numbering is better to start with one), the type of
empirical dependence is chosen: φ(x, a0, a1, ..., am) with unknown coefficients a0, a1, ..., am. We write the sum
of the squares of the deviations between the calculated by empirical formula and given experimental data:

S(a0, a1, ..., am) =

N∑
i=1

(φ(x, a0, a1, ..., am)− fi)2. (1)

We will find arguments a0, a1, ..., am from the condition of a minimum of function S(a0, a1, ..., am). This is the
least squares method (LSM).

It is known that at the point of minimum all partial derivatives from S to a0, a1, ..., am are equal to zero
[11, 15]:

dS

da0
= 0,

dS

da1
= 0, ...,

dS

dam
= 0.

Consider the application of the LSM for a particular case, widely used in practice. As an empirical function,
consider a polynomial [11, 15]

φ(x) = a0 + a1x+ a2x
2 + ...+ amx

m
i ,

Formula (1) for determining the sum of squares of deviations will take the form [11, 15]:

S(a0, a1, ..., am) =

N∑
i=1

(a0 + a1x+ a2x
2 + ...+ amx

m − fi)2

Calculate the derivatives [11, 15]:

dS

da0
= 2

N∑
i=1

(a0 + a1x+ a2x
2 + ...+ amx

m − fi)

dS

da1
= 2

N∑
i=1

(a0 + a1x+ a2x
2 + ...+ amx

m − fi)xi

...

dS

dam
= 2

N∑
i=1

(a0 + a1x+ a2x
2 + ...+ amx

m − fi)xmi .

Equating these expressions to zero and collecting the coefficients for the unknowns , we obtain a system of linear
equations [11, 15]:
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Na0 + a1

N∑
i=1

xi + a2

N∑
i=1

x2
i + ...+ am

N∑
i=1

xmi =

N∑
i=1

fi

a0

N∑
i=1

xi + a1

N∑
i=1

x2
i + a2

N∑
i=1

x3
i + ...+ am

N∑
i=1

xm+1
i =

N∑
i=1

xifi

...

a0

N∑
i=1

xmi + a1

N∑
i=1

xm+1
i + a2

N∑
i=1

xm+2
i + ...+ am

N∑
i=1

x2m
i =

N∑
i=1

xmi fi.

This system of equations is called normal and is used to find the coefficients a0, a1, ..am.
As a rule, several empirical dependencies are chosen. The LSM finds the coefficients of these dependences

and among them find the best for the minimum amount of deviations.

Results of the research of approximation methods

Selection of empirical functions. The specified values of the failure function of the electronic system (Table 1).
Table. 1 shows that N = 6. You need to find empirical dependences: linear ρ1 = a0 + a1x, quadratic

ρ2 = a0 + a1x+ a2x
2, hyperbolic ρ3 = a0

a1

x
by the LSM and choose among them the best for the smallest sum

of squares of deviations.
The system of normal equations for linear dependence:

Na0 + a1

N∑
i=1

xi =

N∑
i=1

fi

a0

N∑
i=1

xi + a1

N∑
i=1

x2
i =

N∑
i=1

xifi

T a b l e 1

The number of failures and the corresponding probabilities

Parameters used in the calculations x0 x1 x2 x3 x4 x5

x (number of failures) 1 2 3 4 8 10

f(statistical probability of failure-free operation) 0, 1 0, 15 0, 2 0, 3 0, 45 0, 7

Given that N = 6, and solving a system of linear equations, we obtain a0 = −0, 25; a1 = 175. Given that N = 6,
and solving a system of linear equations, we obtain . Thus, the linear dependence has the form ρ1 = −0, 25+175x
(Fig. 1).

Calculate the sum of the squares of the deviations: s1 =
6∑
i=0

(a0 + a1x− fi)2 = 2, 63. Consider the quadratic

dependence. The system of normal equations has the form:

6a0 + a1

6∑
i=1

xi + a2

6∑
i=1

x2
i =

6∑
i=1

fi

a0

6∑
i=1

xi + a1

6∑
i=1

x2
i + a2

6∑
i=1

x3
i =

6∑
i=1

xifi

a0

6∑
i=1

x2
i + a1

6∑
i=1

x3
i + a2

6∑
i=1

x4
i =

6∑
i=1

x2
i fi.

Solving simultaneous linear algebraic equations we obtaina0 = −0, 101; a1 = 14, 982; a2 = 0, 162. Thus, the
quadratic dependence has the form: ρ2 = −0, 101 + 14, 982x+ 0, 162x2. Calculate the sum of the squares of the

deviations: s2 =
6∑
i=0

(a0 + a1x+ a2x
2
i − fi)2 = 2, 234.
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Figure 1. Approximation of experimental data by quadratic dependence: f is the experimental data,
ρ1 - approximation by linear dependence, ρ2 - approximation by quadratic dependence.

Let’s make a system of normal equations for hyperbolic dependence. According to the LSM we find the sum

of squares of deviations: S3 =
N∑
i=0

(a0 +
a1

xi
− fi)2. We make a system of normal equations:


dS

da0
= 2s3 =

6∑
i=1

(
a0 +

a1

xxi
− fi

)
= 0

dS

da0
= 2s3 =

6∑
i=1

(
a0 +

a1

xxi
− fi

)
1

xi
= 0.

Solving the equations gives

a0 = 1, 942; a1 = 0, 571.

The sum of deviations squares S3 = −46, 687. Thus, the results of the calculations by the LSM show that
it is best to approximate the curve by the quadratic dependence (Fig. 1).

As can be seen from Fig. 1 approximating curves ρ1 and ρ2 in appearance, in this case, it is very difficult
to distinguish and very difficult to see which curve is better to approximate the experimental data. Therefore,
it is very important to calculate the sum of the squares of the deviations.

Conclusions

As can be seen from Fig. 1 approximating curves describe a statistical series consisting of experimental data
with some error. This error is characterized by the least squares check. In Fig. 1 it is difficult to see. In order to
obtain more accurate results, it is necessary to use approximating curves of higher order, or local interpolation
methods. The peculiarity of this method is that in the conditions of insufficiency of the collected statistics the
probability of making an error of the second kind decreases due to the possibility to choose an approximating
curve that can align the statistical series with the required accuracy. Analyzing the results of the research, it
can be stated that the suggested method allows to effectively calculate the parameters of reliability in case of
insufficiency of the collected statistics of failures.

The advantages of the suggested method are the following ones:
– it is possible to calculate the value of a function for any argument in short time with the required accuracy.
The disadvantages are:
– insufficient clarity in terms of the behavior of functional dependence;
– the analytical formula is often unknown;
– in some cases, the known functional dependence is too tedious for easy use in practice.
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But it should be noted that the disadvantages of the suggested method can be offset by the use of modern
software and sufficiently powerful computer systems.

Due to the advent of computing systems that can handle multiple threads simultaneously, the prospect of
developing approximation methods is the development of new methods for approximating numerical information
with a multithreaded structure to solve problems in mathematical physics, such as grids, finite elements.

References

1 Changhui X. Generalized reliability measures of Kalman filtering for precise point positioning /
X. Changhui, R. Xiaoping, S. Xianfeng, G.Jingxiang // Journal of Systems Engineering and Electronics.
– 2013. – Vol. 24. – Issue 4. – P. 699–705. doi: 10.1109/JSEE.2013.00081

2 Zhengcheng Z. Representations for reliability functions of conditional coherent systems with INID com-
ponents and ordered properties / Z.Zhengcheng, B. Narayanaswamy // Journal of Systems Engineering
and Electronics. – 2015. – Vol. 26. – Issue 6. – P. 1316–1324. doi: 10.1109/JSEE.2015.
00144

3 Zhipeng H. Fully Bayesian reliability assessment of multi-state systems with overlapping data / H. Zhi-
peng, G. Jianbin, Z. Shengkui // Journal of Systems Engineering and Electronics. – 2017. – Vol. 28. –
Issue 1. – P. 187–198. doi: 10.21629/JSEE.2017.01.21

4 Hailin F. Reliability analysis for WSN based on a modular k-out-of-n system / F. Hailin, D. Jieyu
// Journal of Systems Engineering and Electronics. – 2017. – Vol. 28. – Issue 2. – P. 407–412. doi:
10.21629/JSEE.2017.02.21

5 Xujun S. Reliability simulation and analysis of phased-mission system with multiple states / S. Xujun,
L. Xuezhi // Journal of Systems Engineering and Electronics. – 2019. – Vol. 30. – Issue 3. – P. 624–632.
doi: 10.21629/JSEE.2019.03.19

6 Soltani M. Reliability Study and Thermal Performance of LEDs on Molded Interconnect Devices (MID)
and PCB / M. Soltani, M. Freyburger, R.Kulkarni, R. Mohr, T. Groezinger, A. Zimmermann // IEEE
Access. – 2018. – Vol. 6. – P. 51669–51679. doi: ACCESS.2018.2869017

7 Zhao X. Single and Sequential Sampling Plans for Multi-Attribute Products and Multi-Class Lot in
Reliability Test [Text] / X. Zhao, S. Wang, L. Sun // IEEE Access. – 2019. – Vol. 7. – P. 81145–81155.
doi: 10.1109/ACCESS.2019.2923316

8 Zhou D. Mission Profile Based System-Level Reliability Analysis of DC/DC Converters for a Backup
Power Application [Text] / D. Zhou, H. Wang, F.Blaabjerg // IEEE Transactions on Power Electronics.
– 2018. – Vol. 33. – Issue 9. – P. 8030–8039. doi: TPEL.2017.2769161

9 Костановский В.В. Построение обобщенной вероятностно-физической модели надежности двухуров-
невой активной фазированной антенной решетки / В.В. Костановский, И.А. Мачалин, О.Д. Козачук,
И.А. Терентьева // Восточно-Европейский журн. передовых технологий. – 2019. – Т. 3. – № 9 (99).
– С. 31–40. doi: 10.15587/1729-4061.2019.168525

10 Єгоров С.В. Дослiдження метода визначення безвiдмовностi технiчних систем з використанням
моделювання випробувань / С.В. Єгоров, Т.Ю. Шкварницька // Технологiчний аудит та резерви
виробництва. – 2016. – № 2/2(28). – С. 25–29. doi: 10.15587/2312-8372.2016.66481

11 Калиткин Н.Н. Численные методы / Н.Н. Калиткин. – СПб.: БХВ–Петербург, 2011. – 592 с.
12 Гусак A.A. Справочник по высшей математике / А.А. Гусак, Г.М. Гусак, Е.А. Бричикова. – Мн.:

ТетраСистемс, 1999. – 640 с.
13 Анисимов-Спиридонов Д.Д. Методы и модели больших систем оптимального планирования и управ-

ления / Д.Д. Анисимов-Спиридонов. – М.: Наука, 1969. – 960 с.
14 Юдин Д.Б. Линейное программирование / Д.Б. Юдин, Е.Г. Гольштейн. – М.: Наука, 1969. – 424 с.
15 Венецкий И.Г. Основные математико-статистические понятия и формулы в экономическом анализе:

cправоч. / И.Г. Венецкий, В.И. Венецкая. – М.: Статистика, 1979. – 447 с.

84 Bulletin of the Karaganda University



Technology for restoring functional...

В.П. Квасников, С.В. Егоров, Т.Ю. Шкварницкая

Сенiмдiлiк параметрлерiн анықтау үшiн функционалдық
тәуелдiлiктi қалпына келтiру технологиясы

Дискреттi iрiктеу бойынша сандық және сапалық сипаттамаларды талдау арқылы объектiнiң қасиет-
терiн анықтау мәселесi қарастырылды. Интерполяцияның бiрнеше түйiндерi арасындағы интерполя-
циялық көпмүшелер әр түрлi болған жағдайда электронды жүйелердiң ақаусыз жұмыс iстеу ықти-
малдығын анықтау әдiсi жасалды. Интерполяция полиномы интерполяцияның бүкiл ауданы үшiн
бiрдей болған жағдайда, ақаусыз жұмыс ықтималдығын анықтау әдiсi жасалды. Жергiлiктi интер-
поляция әдiстерi жаhандық интерполяция әдiстерiне қарағанда дәлiрек нәтиже беретiнi көрсетiлген.
Ғаламдық интерполяция жағдайында экстраполяция әдiстерiмен берiлген мәндерден тыс функция-
ның мәнiн анықтауға болатындығы көрсетiлген, бұл ақаусыз жұмыс ықтималдығын болжау мүмкiндi-
гiн бередi. Ақаусыз жұмыс ықтималдығын анықтау үшiн аппроксимациялау әдiстерiн қолдану екiншi
типтегi қателiктiң төмендеуiне әкелетiндiгi көрсетiлген. Функционалды тәуелдiлiктердiң сапалық си-
паттамаларын талдау әдiсi жасалды, бұл оңтайлы интерполяциялық көпмүшенi таңдауға мүмкiндiк
бередi. Жеткiлiктi статистикамен келiсiм критерийлерiн қолдана отырып, электронды жабдықтың
iстен шығу статистикасын талдаудың математикалық модельдерiн құруға болады. Егер статистика
көлемi үлкен болмаса, онда мұндай статистика жеткiлiксiз болуы мүмкiн және келiсiм критерийле-
рiн қолдану қанағаттанарлықсыз нәтижелерге әкеледi. Тағы бiр тәсiл – тестiлеу кезiнде жиналған
статистикалық материалға немесе бақыланатын пайдаланудағы материалға қолданылатын аппрок-
симациялау әдiсiн қолдану. Осыған байланысты электронды жабдықтың iстен шығу статистикасы
жеткiлiксiз болған жағдайда электронды жүйелердiң сенiмдiлiгiн анықтау әдiсiн жасау өте маңызды.

Кiлт сөздер: электронды жабдықтың жақындауы, интерполяциясы, сенiмдiлiгi, статистикалық өңдеу,
функционалды тәуелдiлiктi қалпына келтiру, сенiмдiлiк көрсеткiштерiн бағалау, шағын iрiктеме, ста-
тистиканың жеткiлiктiлiгi.

В.П. Квасников, С.В. Егоров, Т.Ю. Шкварницкая

Технология восстановления функциональных зависимостей
для определения параметров надёжности

Рассмотрена задача определения свойств объекта путём анализа числовых и качественных харак-
теристик по дискретной выборке. Разработан метод определения вероятности безотказной работы
электронных систем для случая, когда интерполяционные полиномы между несколькими узлами ин-
терполяции различны. Разработан метод определения вероятности безотказной работы в случае, ко-
гда интерполяционный полином для всей области интерполяции одинаковый. Показано, что методы
локальной интерполяции дают более точные результаты в отличие от методов глобальной интер-
поляции. Показано, что в случае глобальной интерполяции есть возможность определить значение
функции за пределами заданных значений методами экстраполяции, что дает возможность прогнози-
рования вероятности безотказной работы. Показано, что использование методов аппроксимации для
определения вероятности безотказной работы приводит к уменьшению ошибки второго рода. Раз-
работан метод анализа качественных характеристик функциональных зависимостей, что позволяет
выбирать оптимальный интерполяционный полином. При достаточной статистике, с использованием
критериев согласия, можно строить математические модели анализа статистики отказов электронной
аппаратуры. При условии, что объем статистики небольшой, такая статистика может оказаться недо-
статочной, и применение критериев согласия приведёт к неудовлетворительным результатам. Другой
подход состоит в использовании метода аппроксимации, который применяется к статистическому ма-
териалу, который был собран во время испытаний, или подконтрольной эксплуатации. В связи с этим
крайне важно разработать метод определения надежности электронных систем в случае недостаточ-
ности собранной статистики отказов электронной аппаратуры.

Ключевые слова: аппроксимация, интерполяция, надёжность электронной аппаратуры, статистиче-
ская обработка, восстановление функциональной зависимости, оценка показателей надёжности, ма-
лая выборка, достаточность статистики.
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On the existence of the resolvent and separability of a class
of the Korteweg-de Vriese type linear singular operators

Partial differential equations of the third order are the basis of mathematical models of many phenomena
and processes, such as the phenomenon of energy transfer of hydrolysis of adenosine triphosphate molecules
along protein molecules in the form of solitary waves, i.e. solitons, the process of transferring soil moisture in
the aeration zone, taking into account its movement against the moisture potential. In particular, this class
includes the nonlinear Korteweg-de Vries equation, which is the main equation of modern mathematical
physics. It is known that various problems have been studied for the Korteweg-de Vries equation and many
fundamental results obtained. In this paper, issues about the existence of a resolvent and separability
(maximum smoothness of solutions) of a class of linear singular operators of the Korteweg-de Vries type in
the case of an unbounded domain with strongly increasing coefficients are investigated.

Keywords: resolvent, Korteweg-de Vries type singular operator, separability.

1 Introduction

The solvability of boundary value problems for odd order differential equations, in particular, to the
Korteweg-de Vries equation is dealt with in a significant literature [1–9] and the papers cited there.

In contrast to these interesting papers, this article deals with the problem of the existence of a resolvent and
the separability of a class of linear singular operators of the Korteweg-de Vries type in the case of an unbounded
domain with strongly increasing coefficients.

Note that if the boundary regime operates sufficiently long, then due to the friction inherent in any real
physical system, the influence of the initial data weakens with time. Thus, we arrive at a problem without initial
conditions [10].

Therefore, taking this remark into account in the present work, we consider the differential operator

Lu+ λu =
∂u

∂y
+R2(y)

∂3u

∂x3
+R1(y)

∂u

∂x
+R0(y)u+ λu (1)

initially defined on C∞0,π(Ω), where Ω = {(x, y) : −π ≤ x ≤ π,−∞ < y <∞}, λ ≥ 0.
C∞0,π is a set of infinitely differentiable functions satisfying the conditions:

u(i)
x (−π, y) = u(i)

x (π, y), i = 0, 1, 2 (2)

and compactly supported with respect to the variable y.
Further assume that the coefficients R0(y), R1(y), R2(y) satisfy the following conditions:
i) R0(y) ≥ δ0) > 0, R1(y) ≥ δ1 > 0,−R2(y) ≥ δ2 > 0 are continuous functions in R(−∞,+∞);
ii) µ0 = sup

|y−t|≤1

R0(y)
R0(t) <∞, µ1 = sup

|y−t|≤1

R1(y)
R1(t) <∞, µ2 = sup

|y−t|≤1

R2(y)
R2(t) <∞.

The operator L+ λI admits closure in L2(Ω), which we also denote by L+ λI.
Theorem 1. Let the condition i) be fulfilled. Then the operator L + λI is continuously invertible in L2(Ω)

for λ ≥ 0.
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Definition. We called the operator L is separable in u ∈ D(L) if the estimate∥∥∥∥∂u∂y
∥∥∥∥
L2(Ω)

+

∥∥∥∥R2(y)
∂3u

∂x3

∥∥∥∥
L2(Ω)

+

∥∥∥∥R1(y)
∂u

∂x

∥∥∥∥
L2(Ω)

+ ‖R0(y)u‖L2(Ω) ≤ C(‖Lu‖2 + ‖u‖L2(Ω)),

holds for u(x, y), where C is independent of u(x, y), ‖ · ‖2 is the norm of L2(Ω).
Theorem 2. Let conditions i) - ii) be fulfilled. Then the operator L is separable.
Example. Let R0(y) = |y| + 1, R1(y) = e|y|, R2(y) = −10 · e|y|, −∞ < y < ∞. It is easy to verify that all

the conditions of Theorem 2 are satisfied. Consequently, the operator L is separable, i.e.∥∥∥∥∂u∂y
∥∥∥∥
L2(Ω)

+

∥∥∥∥10 · e|y| ∂
3u

∂x3

∥∥∥∥
L2(Ω)

+

∥∥∥∥e|y| ∂u∂x
∥∥∥∥
L2(Ω)

+ ‖(|y|+ 1)u‖L2(Ω) ≤ C(‖Lu‖L2(Ω) + ‖u‖L2(Ω)),

C is a constant.

2 Auxiliary lemmas and inequalities

Lemma 2.1. Let the condition i) be fulfilled and λ ≥ 0. Then the inequality

‖(L+ λI)u‖L2(Ω) ≥ (δ0 + λ) ‖u‖L2(Ω) , (3)

holds for all u ∈ D(L), where δ0 > 0.
Proof. Let u ∈ C∞0,π(Ω) and consider the scalar product

< (L+ λI)u, u >=

∫
Ω

(
∂u

∂y
+R2(y)

∂3u

∂x3
+R1(y)

∂u

∂x
+ (R0(y) + λ)u)udxdy =

=

∫
Ω

∂u

∂y
udxdy +

∫
Ω

R2(y)
∂3u

∂x3
udxdy +

∫
Ω

R1(y)
∂u

∂x
udxdy +

∫
Ω

(R0(y) + λ)u2dxdy. (4)

Since u ∈ C∞0,pi(Ω) and (2) holds, then the following equalities:∫
Ω

∂u

∂y
udxdy = 0;

∫
Ω

R1(y)
∂u

∂x
udxdy = 0;

∫
Ω

R2(y)
∂3u

∂x3
udxdy = 0. (5)

hold. Using the equality (5) from (4) we have

< (L+ λI)u, u >=

∫
Ω

(R0(y) + λ)u2dxdy. (6)

From (6), using the Cauchy-Bunyakovsky inequality and the condition i), we obtain

‖(L+ λI)u‖L2(Ω) ≥ (δ0 + λ) ‖u‖L2(Ω) , (7)

for all u ∈ C∞0,π(Ω). By virtue of the continuity of the norm, the last estimate holds for all u ∈ D(L). Lemma
2.1 is proved.

Remark. Due to the realness of the coefficients of (1) the estimate (7) holds for complex-valued functions.
Consider the operator

(ln,j + λI)z = z′(y) + (−in3R2,j(y) + inR1,j(y) +R0,j(y))z(y),

where R2,j(y), R1,j(y), R0,j(y) are bounded periodic functions of the same period ∆j = (j − 1, j + 1), j = 0,
±1,±2, z(y) ∈ C∞0 (R), z(y) = u(y) + iϑ(y).

Lemma 2.2. Let the condition i) be fulfilled. Then the operator (ln,j+λI) considered on C∞0 (R) is a closable
operator in L2(R).

Proof. Let un ∈ C∞0 (R) and un
L2(R)→ 0, (ln,j + λI)un

L2(R)→ ϑ. If you use the operator (ln,j + λI)∗ formally
associated with the operator (ln,j + λI), then for arbitrary function ω ∈ C∞0 (R)
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< (ln,j + λI)un, ω >=< un, (ln,j + λI)∗ω >

where (ln,j + λI)∗ω = −ω′ + (in3R2,j(y)− inR1,j(y) +R0,j(y))ϑ = 0.
Hence

< ϑ, ω >=< 0, (ln,j + λI)∗ω >= 0

Consequently, < ϑ, ω >= 0 for any ω ∈ C∞0 (R) and it means ϑ = 0. Lemma 2.2 is proved.
Lemma 2.3. Let the condition i) be fulfilled. Then the estimate

‖(ln,j + λI)z‖2 ≥ (δ0 + λ) ‖z‖2 (8)

holds for all z(y) ∈ D(ln,j + λI), ‖ · ‖2 is the norm of L2(R).
Proof. Let z(y) ∈ C∞0 (R) and z(y) = u(y) + iϑ(y). Consider the scalar product

< (ln,j + λI)z, z >=

∫ ∞
−∞

(z′ + (−in3R2,j(y) + inR1,j(y) +R0,j(y) + λ)z)zdy =

=

∫ ∞
−∞

z′(y)z(y)dy +

∫ ∞
−∞

(−in3R2,j(y) + inR1,j(y) +R0,j(y) + λ)|z|2dy =

= i(

∫ ∞
−∞

uϑ′(y)dy +

∫ ∞
−∞

(−in3R2,j(y) + inR1,j(y))|z|2dy) +

∫ ∞
−∞

(R0,j(y) + λ)|z|2dy (9)

Hence, using the properties of complex numbers, we have

| < (ln,j + λI)z, z > | ≥ |
∫ ∞
−∞

(R0,j(y) + λ)|z|2dy|.

Since R0,j(y) does not change the sign, then

| < (ln,j + λI)u, u > | ≥
∫ ∞
−∞
|(R0,j(y) + λ)||z|2dy.

By virtue of condition i) and using the Cauchy-Bunyakovsky inequality from the latter inequality, we have

‖(ln,j + λI)z‖2 ≥ (δ0 + λ) ‖z‖2 .

Lemma 2.3 is proved.
Lemma 2.4. Let the condition i) be fulfilled.Then the operator (ln,j +λI) has a continuous inverse operator

(ln,j + λI)−1 defined on the whole L2(R).
Proof. By the estimate (8) it suffices to show that the range is dense in L2(R). Let’s assume that the range

is not dense in L2(R). Then there is an element ϑ ∈ L2(R) such that < (ln,j + λI)u, ϑ >= 0 for all u ∈ D(ln,j).
This means that

(ln,j + λI)∗ϑ = −ϑ′ + (in3R2,j(y)− inR1,j(y) +R0,j(y))ϑ = 0. (10)

in terms of distribution theory. By the periodicity of functions R0(y), R1(y), R2(y), we have that (in3R2,j(y)−
−inR1,j(y) + R0,j(y))ϑ ∈ L2(R). From this and from (10) it follows that ϑ ∈ W 1

2 (R), where W 1
2 (R) is the

Sobolev space. The general theory of the embedding theorems implies that

lim
|y|→∞

ϑ(y) = 0. (11)

Now, using the equality (11) and the arguments used in the proof of the estimate (9), we obtain that

‖(ln,j + λI)∗ϑ‖2 ≥ δ0 ‖ϑ‖2 . (12)

From estimates (12) and (10) it follows that ϑ = 0. Lemma 2.4 is proved.

Let {ϕj}∞j=−∞ ∈ C∞0 (R) is a set of such functions that ϕj(y) ≥ 0, sup pϕj ⊆ ∆j(j ∈ Z),
∞∑

j=−∞
ϕ2
j (y) = 1.

Here we note immediately that any point y ∈ R can belong to no more than three segments from the system
of segments {suppϕj} [11,12].
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Assume that

Kλf =

∞∑
j=−∞

ϕj(y)(ln,j + λI)−1ϕjf,

Bλf =

∞∑
j=−∞

ϕ′j(y)(ln,j + λI)−1ϕjf, f ∈ C∞0 (R), λ ≥ 0.

It is easy to verify that
(ln + λI)Kλf = f +

∑
j

ϕ′j(y)(ln,j + λI)−1ϕjf, (13)

where
(ln + λI)z = −z′(y) + (−in3R2(y) + inR1(y) +R0(y))z, z ∈ D(ln).

Lemma 2.5. Let the condition i) be fulfilled. Then there is a number λ0 > 0 such that ‖Bλ‖2→2 < 1 for all
λ ≥ λ0.

Proof. Let f ∈ C∞0 (R). Only functions ϕj−1, ϕj , ϕj+1 are nonzero in the interval ∆j(j ∈ Z) , consequently:

‖Bλf‖2L2(R) =

∫ ∞
−∞
|
∞∑

j=−∞
ϕ′j(y)(ln,j + λI)−1ϕjf |2dy ≤

∞∑
j=−∞

∫
∆j

|
j+1∑

k=j−1

[ϕ′k(y)(ln,k + λI)−1ϕkf ]|2dy.

Hence, using the obvious inequality (a+ b+ c)2 ≤ 3(a2 + b2 + c2) and estimate (8), we have:

‖Bλf‖2L2(R) ≤
∞∑

j=−∞

∫
∆j

|
j+1∑

k=j−1

[ϕ′k(ln,k + λI)−1ϕkf ]|2dy ≤ 9

∞∑
j=−∞

∥∥ϕ′j(ln,j + λI)−1ϕjf
∥∥2

L2(∆j)
≤

≤ 9

∞∑
j=−∞

∥∥ϕ′j(ln,j + λI)−1ϕjf
∥∥2

L2(R)
≤ 9 · c

∞∑
j=−∞

∥∥(ln,j + λI)−1
∥∥2

L2(R)→L2(R)
· ‖ϕjf‖2L2(R) ≤

≤ 9 · c
(δ0 + λ)2

·
∫ ∞
−∞

(
∑
j

ϕ2
j )|f |2dy =

9 · c
(δ0 + λ)2

· ‖f‖2L2(R) .

This implies that

‖Bλ‖L2(R)→L2(R) ≤
9 · c

(δ0 + λ)2
. (14)

From (14) it follows that it is easy to find a number λ0 > 0, such that λ ≥ λ0, ‖Bλ‖L2(R)→L2(R) < 1. Lemma
2.5 is proved.

Now consider the operator

(ln + λI)z = z′(y) + (−in3R2(y) + inR1(y) +R0(y))z(y),

where z(y) = u(y) + iϑ(y), z(y) ∈ C∞0 (R), (R = (−∞,∞)).
Lemma 2.6. Let the condition i) be fulfilled. Then the estimate

‖(ln + λI)z‖2 ≥ (δ0 + λ) ‖z‖2 . (15)

holds for all z ∈ D(ln).
Proof. We obtain the proof of Lemma 2.3 by reproducing the computations and argument used in Lemma

2.6.
Lemma 2.7. Let the condition i) be fulfilled. Then the operator ln + λI for λ ≥ λ0 is boundedly invertible

and the equality
(ln + λI)−1 = Kλ(I −Bλ)−1. (16)

holds for the inverse operator (ln + λI)−1.
The proof of Lemma 2.7 follows from the representations (13), (15) and Lemma 2.5
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3 On the existence of the resolvent. Proof of Theorem 1

Lemma 2.7 implies that

uk(x, y) =

k∑
n=−k

(ln + λI)−1fn(y)einx (17)

is the solution to the problem
(L+ λI)uk(x, y) = fk(x, y),

u
(i)
k (−π, y) = u

(i)
k (π, y), i = 0, 1, 2

where fk(x, y)
L2(R)→ f(x, y), fk(x, y) =

k∑
n=−k

fn(y) · einx, i2 = −1, (ln + λI)−1 is the inverse operator to the

operator ln + λI. Using the inequality (3), we obtain

‖uk(x, y)‖2 ≤
1

(δ0 + λ)
‖fk(x, y)‖2 . (18)

Since fk(x, y)
L2(R)→ f(x, y), then from (18) we find that

‖uk − um‖2 ≤
1

δ0
‖fk − fm‖2 → 0, k,m→∞.

Hence, by the completeness of L2(Ω) , it follows that there exist a unique function u ∈ L2(Ω) such that

uk(x, y)→ u(x, y) as k →∞. (19)

(17) and (19) imply that

u(x, y) = (L+ λI)−1f(x, y) =

∞∑
n=−∞

(ln + λI)−1fn(y)einx (20)

is a strong solution for:
(L+ λI)u = f, (21)

u(i)(−π, y) = u(i)(π, y), i = 0, 1, 2. (22)

for any f ∈ L2(Ω).
Let us recall the definition of a strong solution. The function u ∈ L2(Ω) is called a strong solution of the

problem (21)-(22), if there exists a {uk}∞k=1 ⊂ C∞0,π(Ω) such that

‖uk − u‖L2(Ω) → 0, ‖(L+ λI)uk − f‖L2(Ω) → 0 as k →∞.

Now, it is not difficult to verify that the formula (20) is the inverse operator to the closed operator L+ λI.
Lemma 2.8. [13]. Let the operator L + λ0I (λ0 > 0) is boundedly invertible in L2(Ω) and the estimate

‖(L+ λI)u‖L2(Ω) ≥ ‖u‖L2(Ω), u ∈ D(L+λI) holds for λ ∈ [0, λ0]. Then the operator L : L2(Ω)→ L2(Ω) is also
boundedly invertible.

This and Lemma 2.1 implies that Theorem 1 holds for all λ ≥ 0. Theorem 1 is completely proved.

4 On the separability of the operator

First, we give the lemmas that reduce the question of separability of an operator with unbounded coefficients
to the case of an operator with periodic coefficients.

Lemma 2.9. Let z(y) ∈ D(ln + λI) and z(y) = u(y) + iϑ(y), then in3R2(y)z(y) ∈ L2(R) if and only if
n3R2(y)u(y) ∈ L2(R) and n3R2(y)ϑ(y) ∈ L2(R).

Proof. Necessity. Let in3R2(y)z(y) ∈ L2(R). Then∥∥in3R2(y)z(y)
∥∥2

2
=

∫ ∞
−∞
|in3R2(y)z(y)|2dy =

∫ ∞
−∞
|n6R2

2(y)||z(y)|2dy =

=

∫ ∞
−∞
|n6R2

2(y)|(|u|2 + |ϑ|2)dy =
∥∥n3R2(y)u

∥∥2

2
+
∥∥n3R2(y)ϑ

∥∥2

2
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It follows that n3R2(y)u(y) ∈ L2(R) and n3R2(y)ϑ(y) ∈ L2(R).
Sufficiency. Let n3R2(y)u(y) ∈ L2(R) and n3R2(y)ϑ(y) ∈ L2(R). Then∥∥in3R2(y)z(y)

∥∥2

2
=
∥∥n3R2(y)u

∥∥2

2
+
∥∥n3R2(y)ϑ

∥∥2

2

Hence in3R2(y)z(y) ∈ L2(R). Lemma is proved.
Remark. This Lemma is also true for in3R1(y)z(y).
By virtue of this Lemma, we consider the operator

(ln,j + λI)u = u′(y) + (−in3R2,j(y) + inR1,j(y) +R0(y) + λ)u(y),

in the space C∞0 (R) the set of infinitely differentiable, finite, and real-valued functions, where R0,j(y), R1,j(y),
R2,j(y) are bounded periodic coefficients of the same period ∆j = (j − 1, j + 1), j = ±0,±1,±2...

Lemma 2.10. Let the condition i) be fulfilled. Then the estimates:

‖(ln,j + λI)u(y)‖2 ≥ R0(yj) ‖u‖2 , n = 0,±1,±2... (23)

where R0(yj) = min
y∈∆j

R0,j(y);

‖(ln,j + λI)u(y)‖2 ≥ |n|R1(yj) ‖u‖2 , n = 0,±1,±2... (24)

where R1(yj) = min
y∈∆j

R1,j(y);

‖(ln,j + λI)u(y)‖2 ≥ |n|
3R2(yj) ‖u‖2 n = 0,±1,±2... (25)

where R2(yj) = min
y∈∆j

|R2,j(y)|, ‖ · ‖2 is the norm of L2(R).

Proof. Let u(y) ∈ C∞0 (R), . Given that
∫∞
−∞ u′(y)u(u)dy = 0 and reproducing the computations used in the

proof of Lemma 2.1, we have:

| < (ln,j + λI)u, u > | = |
∫ ∞
−∞

(−in3R2,j(y) + inR1,j(y) +R0,j(y) + λ)u2dy|, (26)

From estimate (26) we find that

| < (ln,j + λI)u, u > | ≥ |
∫ ∞
−∞

(R0,j(y) + λ)|u|2dy| ≥ min
y∈∆j

R0(y) ‖u‖22 , (27)

Using the Cauchy-Bunyakovsky inequality, we obtain from (27) that

‖ln,j + λI)u‖2 ≥ R0(yj) ‖u‖2 , (28)

where R0(yj) = min
y∈∆j

R0(y).

The proof of the inequality (28) follows from the inequality (22) of lemma 2.10.
Further, from the inequality (26) we find

| < (ln,j + λI)u, u > | ≥ | − i
∫ ∞
−∞

(n3R2,j(y) + nR1,j(y))u2dy|. (29)

Here we used the properties of complex numbers. From (29), by virtue of the condition i), we obtain the following
inequalities:

| < (ln,j + λI)u, u > | ≥ |
∫ ∞
−∞

nR1,j(y)u2dy| ≥ |n|R1(yj) ‖u‖22 ,

| < (ln,j + λI)u, u > | ≥ |
∫ ∞
−∞

(−n3R2,j(y))|u|2dy| ≥ |n|3|R2(yj)| ‖u‖22 ,

whereR1(yj) = min
y∈∆j

R1,j(y),R2(yj) = min
y∈∆j

|R2,j(y)| . From these inequalities and using the Cauchy-Bunyakovsky

inequality, we find that:
‖ln,j + λI)u‖2 ≥ |n|R1(yj) ‖u‖2 ;

‖ln,j + λI)u‖2 ≥ n
3|R2(yj)| ‖u‖2 .

Lemma 2.10 is proved.
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Lemma 2.11. Let the condition i) be fulfilled and λ ≥ λ0, α = 0, 1, 2, 3, p(y) defined on R continuous
function. Then the estimate∥∥p(y)|n|α(ln + λI)−1

∥∥2

L2(R)→L2(R)
≤ c(λ) sup

j∈Z

∥∥p(y)|n|αϕj(ln,j + λI)−1
∥∥2

L2(∆j)→L2(∆j)
. (30)

Proof. Let f ∈ C∞0 (R). From the representation (16), taking the properties of the functions ϕj (j ∈ Z) into
account, we have: ∥∥p(y)|n|α(ln + λI)−1f

∥∥2

L2(R)
=
∥∥p(y)|n|αKλ(I −Bλ)−1f

∥∥2

L2(R)
=

=

∞∫
−∞

|p(y)|n|α
∑
{j}

ϕj(ln,j + λI)−1ϕj(I −Bλ)−1f |2dy

As it is known that on ∆j(j ∈ Z) the interval only functions ϕj−1, ϕj , ϕj+1 are nonzero, therefore

∥∥p(y)|n|α(ln + λI)−1f
∥∥2

L2(R)
≤

∞∑
j=−∞

∫
∆j

|p(y)|n|α
j+1∑
j−1

ϕj(ln,j + λI)−1ϕj(I −Bλ)−1f |2dy ≤

≤ 9

∞∑
j=−∞

∥∥|p(y)|n|αϕj(ln,j + λI)−1ϕj(I −Bλ)−1f
∥∥2

L2(∆j)
≤

≤ 9 sup
j∈Z

∥∥p(y)|n|αϕj(ln,j + λI)−1
∥∥2

L2(∆j)
·
∞∑

j=−∞

∫
∆j

|ϕj(I −Bλ)−1f |2dy ≤

≤ 9 sup
j∈Z

∥∥p(y)|n|αϕj(ln,j + λI)−1
∥∥2

L2(∆j)
·
∞∫
−∞

(
∑
j

ϕ2
j )|(I −Bλ)−1f |2dy (31)

Since (
∑
j

ϕ2
j ) = 1, then from (31) we have

∥∥p(y)|n|α(ln + λI)−1f
∥∥2

L2(R)
≤ 9 sup

j∈Z

∥∥p(y)|n|αϕj(ln,j + λI)−1
∥∥2

L2(∆j)
·
∞∫
−∞

|(I −Bλ)−1f |2dy ≤

≤ 9 sup
j∈Z

∥∥p(y)|n|αϕj(ln,j + λI)−1
∥∥2

L2(∆j)
·
∥∥(I −Bλ)−1

∥∥2

2→2
· ‖f‖22 . (32)

Lemma 2.5 implies that ‖I −Bλ‖22→2 < c(λ) . From this and from (32) we obtain that∥∥p(y)|n|α](ln,j + λI)−1
∥∥
L2(R)→L2(R)

≤ 9 · c(λ) sup
j∈Z

∥∥p(y)|n|αϕj(ln,j + λI)−1
∥∥2

L2(∆j)
.

Lemma 2.11 is proved.
Lemma 2.12. Let the conditions i)-ii) be fulfilled. Then the following estimates:

‖R0(y)(ln + λI)−1‖L2(R)→L2(R) ≤ C0 <∞; (33)

‖R1(y)|n|(ln + λI)−1‖L2(R)→L2(R) ≤ C1 <∞; (34)∥∥R2(y)|n|3(ln + λI)−1

∥∥
L2(R)→L2(R)

≤ C2 <∞; (35)

hold, where C0, C1, C1 are independent of n (n = 0,±1,±2...).
Proof. (30) shows that the operator R0(ln+λI) is bounded, if sup

j∈Z

∥∥R0(y)ϕj(ln,j + λI)−1
∥∥
L2(∆j)

is bounded.

Therefore, we will estimate the last expression∥∥R0(y)ϕj(ln + λI)−1
∥∥2

L2(R)→L2(R)
≤ C(λ) sup

j∈Z

∥∥R0(y)ϕj(ln,j + λI)−1
∥∥2

L2(∆j)
≤

≤ C(λ) sup
j∈Z

max
y∈∆j

|R0(y)ϕj |2
∥∥(ln,j + λI)−1

∥∥2

L2(∆j)
≤ C(λ) sup

j∈Z
max
y∈∆j

R2
0(y)

∥∥(ln,j + λI)−1
∥∥2

L2(∆j)
.
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Hence, taking the inequality (23) and the condition ii) into account, we find that

∥∥R0(y)(ln + λI)−1
∥∥2

L2(R)→L2(R)
≤ C(λ) sup

|y−t|≤1

R2
0(y)

R2
0(t)

< C(λ) · µ2
0 ≤ C2

0 <∞.

The last estimate proves the inequality (33) of Lemma 2.12.
Let us prove the inequality (34). Using Lemma 2.11, we have:∥∥R1(y)|n|(ln + λI)−1

∥∥2

L2(R)→L2(R)
≤ C(λ) sup

j∈Z

∥∥R1(y)|n|ϕj(ln,j + λI)−1
∥∥2

L2(∆j)→L2(∆j)
≤

≤ C(λ) sup
j∈Z

max
y∈∆j

R2
1(y)|n|2

∥∥(ln,j + λI)−1
∥∥2

L2(∆j)→L2(∆j)
.

Hence, using (24), as well as considering condition ii), we find that∥∥R1(y)|n|(ln + λI)−1
∥∥2

L2(R)→L2(R)
≤ C(λ) · µ2

1 ≤ C2
1 <∞.

The inequality (34) is proved.
Let us prove the inequality (35). Reproducing the computations arguments used in the proof of the inequali-

ties (33), (34) and using the inequality (25), we obtain∥∥R2(y)|n|3(ln + λI)−1
∥∥2

L2(R)→L2(R)
≤ C(λ) sup

j∈Z

∥∥R2(y)|n|3ϕj(ln,j + λI)−1
∥∥2

L2(∆j)→L2(∆j)
≤

≤ C(λ) · µ2
2 ≤ C2

2 <∞.

The inequality (35) is proved. Lemma 2.12 is completely proved.

5 Proof of Theorem 2

The representation (20) implies that

R0(y)u(x, y) = R0(y)(L+ λI)−1f(x, y) =

∞∑
n=−∞

R0(y)(ln + λI)−1fn(y) · einx.

Calculate the norm R0(y)(L+ λI)−1f :

∥∥R0(y)(L+ λI)−1f
∥∥2

L2(Ω)
=

∥∥∥∥∥
∞∑

n=−∞
R0(y)(ln + λI)−1fn(y) · einx

∥∥∥∥∥
2

L2(Ω)

≤

≤ 2π

∞∑
n=−∞

∥∥R0(y)(ln + λI)−1fn(y) · einx
∥∥2

L2(Ω)
.

From this and from Lemma 2.12 we have that

∥∥R0(y)(L+ λI)−1f
∥∥2

L2(Ω)
≤ 2π

∞∑
n=−∞

∥∥R0(y)(ln + λI)−1
∥∥2

L2(Ω)
· ‖fn(y)‖2L2(Ω) ≤ C

2
0 ‖f‖

2
L2(Ω) .

From the last estimate, it follows that

‖R0(y)u(x, y)‖L2(Ω) =
∥∥R0(y)(L+ λI)−1f(x, y)

∥∥
L2(Ω)

≤ C0

∥∥(L+ λI)−1u
∥∥
L2(Ω)

(36)

where (L+ λI)u = f .
Similarly, by virtue of the estimate (34) we have:∥∥∥∥R1(y)

∂u

∂x

∥∥∥∥
L2(Ω)

≤ C1

∥∥(L+ λI)−1u
∥∥
L2(Ω)

. (37)
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Similarly, repeating the above calculations, we get that∥∥∥∥R1(y)
∂3u

∂x3

∥∥∥∥2

L2(Ω)

≤ C2

∥∥(L+ λI)−1u
∥∥
L2(Ω)

. (38)

Now the inequalities (36)-(38) imply that∥∥∥∥∂u∂y
∥∥∥∥
L2(Ω)

=

∥∥∥∥(L+ λI)−R2(y)
∂3u

∂x3
−R1(y)

∂u

∂y
−R0(y)u− λu

∥∥∥∥
L2(Ω)

≤ ‖(L+ λI)‖L2(Ω) +

+

∥∥∥∥R2(y)
∂3u

∂x3

∥∥∥∥
L2(Ω)

+

∥∥∥∥R1(y)
∂u

∂y

∥∥∥∥
L2(Ω)

+ ‖R0(y)u‖L2(Ω) + ‖λu‖L2(Ω) ≤ ‖(L+ λI)u‖L2(Ω) +

+C2 ‖(L+ λI)u‖L2(Ω) + C1 ‖(L+ λI)u‖L2(Ω) + C0 ‖(L+ λI)u‖L2(Ω) + λ ‖(L+ λI)u‖L2(Ω) ≤

≤ C(λ) ‖(L+ λI)u‖L2(Ω) . (39)

We obtain from the inequalities (36)-(39) that∥∥∥∥∂u∂y
∥∥∥∥
L2(Ω)

+

∥∥∥∥R2(y)
∂3u

∂x3

∥∥∥∥
L2(Ω)

+

∥∥∥∥R1(y)
∂u

∂y

∥∥∥∥
L2(Ω)

+ ‖R0(y)u‖L2(Ω) ≤ C(λ)(‖Lu‖L2(Ω) + ‖u‖L2(Ω)).

Theorem 2 is completely proved.
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М.Б. Муратбеков, А.О. Сулеймбекова

Кортевег-де Фриз типтi сызықты сингулярлы операторлардың
бiр класының бар болуы және бөлiктенуi туралы

Мақалада шексiз облыста коэффициенттерi шексiздiкте жылдам өсетiн Кортвег-де Фриза типтi сыз-
ықты оператор зерттелген. Жоғарыдағы көрсетiлген дифференциалдық оператор үшiн төмендегi
сұрақтар қарастырылған:
– резольвентаның бар болуы;
– оператордың бөлiктенуi, яғни оператордың анықталу облысындағы функциялардың тегiстiгi зерт-
телген.

Кiлт сөздер: резольвента, Коревег-де Фриз типтi сингулярлы оператор, бөлiктену.

М.Б. Муратбеков, А.О. Сулеймбекова

О существовании резольвенты и разделимости одного класса
линейных сингулярных операторов типа Кортевега-де Фриза

В статье исследован линейный дифференциальный оператор типа Кортевега-де Фриза в случае не-
ограниченной области с сильно растущими коэффициентами на бесконечности. Для указанного выше
оператора изучены следующие вопросы:
— существование резольвенты;
– разделимость оператора, т.е. гладкость функций из области определения изучаемого оператора.

Ключевые слова: резольвента, сингулярный оператор типа Кортевега-де Фриза, разделимость.
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On construction of a field of forces along given trajectories
in the presence of random perturbations

In this paper, a force field is constructed along a given integral manifold in the presence of random perturbi-
ng forces. In this case, two types of integral manifolds are considered separately: 1) trajectories that depend
on generalized coordinates and do not depend on generalized velocities, and 2) trajectories that depend on
both generalized coordinates and generalized velocities. The construction of the force field is carried out
in the class of second-order stochastic Ito differential equations. It is assumed that the functions in the
right-hand sides of the equation must be continuous in time and satisfy the Lipschitz condition in generali-
zed coordinates and generalized velocities. Also this functions satisfy the condition for linear growth in
generalized coordinates and generalized velocities.These assumptions ensure the existence and uniqueness
up to stochastic equivalence of the solution to the Cauchy problem of the constructed equations in the
phase space, which is a strictly Markov process continuous with probability 1. To solve the two posed
problems, stochastic differential equations of perturbed motion with respect to the integral manifold are
constructed. Moreover, in the case when the trajectories depend on generalized coordinates and do not
depend on generalized velocities, the second order equations of perturbed motion are constructed, and
in the case when the trajectories depend on both generalized coordinates and generalized velocities, the
first order equations of perturbed motion are constructed. And further, in both cases by Erugin’s method
necessary and sufficient conditions for solving the posed problems are derived.

Keywords: stochastic differential equations, inverse problems, stability, integral manifold.

Introduction

The theory of inverse problems of differential systems in the class of ordinary differential equations is quite
fully developed in [1–6, etc.]. And set of ordinary differential equations is constructed along a given integral curve
in [1]. This work later turned out to be fundamental in the formation and development of the theory of inverse
problems of the dynamics of systems described by ordinary differential equations. Formulations, classification of
inverse problems of differential systems are stated and general methods of their solving in the class of ordinary
differential equations are developed in [2–6]. We also note [7–9], in which inverse problems of dynamics of
automatic control systems are considered in the class of ordinary differential equations. Methods for solving
inverse problems in the class of ordinary differential equations are generalized to the class of Ito stochastic
differential equations in [10–14]. In this paper, the results of [15, 16], obtained in the class of ordinary differential
equations, are extended to the class of Ito stochastic differential equations.

1 The problem of construction of a force field along given trajectories
(independent of velocities) in the presence of random perturbations

Let the trajectory
Λ : λ(x, y, t) = 0, гдеλ = λ(x, y, t) ∈ C222

xyt , λ ∈ R1 (1.1)

be given. It is required to construct a force field in the presence of random perturbing forces so that the
constructed force field has a given trajectory as an integral manifold{

ẍ = X1(x, y, t) + σ̂1(x, y, t)ξ̇,

ÿ = Y1(x, y, t) + σ̃1(x, y, t)ξ̇,
(1.2)

*Corresponding author.
E-mail: v_gulmira@mail.ru
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here ξ = ξ(t, ω) is random process with independent increments, which, following [17], can be represented as a
sum ξ = ξ0 +

∫
c(µ)P 0(t, dµ), where ξ0 is a Wiener process and P 0 is a Poisson process. P 0(t, dµ) is the number

of jumps of P 0 on the interval [0, t], that fall on the set dµ. c(µ) is a scalar function mapping the space R2 into
the space R1 of values of the process ξ(t) for any t.

Definition 1. A function f(z, t) belongs to the class K, f ∈ K, if z is continuous in t, t ∈ [0,∞], and is
Lipschitz continuous in x and y ‖f(z, t)− f(z̃, t‖ ≤ B‖z − z̃‖ in the entire space z = (x, y)T ∈ R2 and satisfies
the condition ‖f(z, t)‖ ≤ B(1 + ‖z‖) of linear growth with respect to z with some constant B.

It is assumed that, X1(x, y, t), Y1(x, y, t), σ̂1(x, y, t) and σ̃1(x, y, t), belong to the class K, which ensures
the existence and uniqueness in the space R4 up to stochastic equivalence of solution (x(t), y(t), ẋ(t), ẏ(t))T of
the system of equations (1.1) with the initial condition (x(t0), y(t0), ẋ(t0), ẏ(t0))T = (x0, y0, ẋ0, ẏ0)T which is
continuous with probability 1 strictly Markov process [17].

The projections of the velocity of a material point ẋ, ẏ onto the coordinate axes x, y are determined from
the equation

λ̇ = λt + λxẋ+ λy ẏ.

Differentiating the last expression with respect to time, we obtain

λ̈ = λtt + (λtx + λxxẋ+ λxy ẏ)ẋ+ λxẍ+ (λty + λxyẋ+ λyy ẏ)ẏ + λy ÿ =

= λtt + λtxẋ+ λty ẏ + λxxẋ
2 + 2λxyẋẏ + λx(X + σ̂1ξ̇) + λyy ẏ

2 + λy(Y + σ̃1ξ̇). (1.3)

To ensure the integrality of set (1.1) for the system of differential equations (1.2), following Erugin’s method,
we introduce the vector function A and the matrix B

A1 = A1(λ, λ̇;x, y, ẋ, ẏ, t), B1 = B1(λ, λ̇;x, y, ẋ, ẏ, t)

with properties A1(0, 0;x, y, ẋ, ẏ, t) ≡ B1(0, 0;x, y, ẋ, ẏ, t) ≡ 0, such that

λ̈ = A1 +B1ξ̇. (1.4)

In view of (1.3) and (1.4), we have

A1 = λtt + λtxẋ+ λty ẏ + λxxẋ
2 + 2λxyẋẏ + λyy ẏ

2 + λxX + λyY,

B1 = λxσ̂1 + λyσ̃1.

Let λ2
x + λ2

y 6= 0 takes place, then
а) if λx 6= 0 for any x, y, then{

X1 = λ−1
x (A1 − λxxẋ2 − 2λxyẋẏ − λyy ẏ2 − λyY )

σ̂1 = λ−1
x (B1 − λyσ̃1)

(1.5)

for any Y1, σ̃1 from the class K;
б) if λy 6= 0 for any x, y, then{

Y1 = λ−1
y (A1 − λxxẋ2 − 2λxyẋẏ − λyy ẏ2 − λxX)

σ̃1 = λ−1
y (B1 − λxσ̂1)

(1.6)

for any X1, σ̂1 from the class K.
Theorem 1. A necessary and sufficient condition that the set of force fields (1.2) has a given trajectory (1.1)

in the presence of random perturbations from the class of processes with independent increments is that one of
conditions (1.5) or (1.6) be satisfied.

2 The problem of construction of a force field along given trajectories
(depending on velocities) in the presence of random perturbations

Let us consider the case when the given trajectory λ depends on both generalized coordinates and generalized
velocities

Λ : λ(x, ẋ, y, ẏ, t) = 0, whereλ = λ(x, ẋ, y, ẏ, t) ∈ C12121
xẋyẏt, λ ∈ R1. (2.1)
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It is required to construct a force field in the presence of random perturbing forces so that the constructed force
field has a given trajectory as an integral manifold{

ẍ = X2(x, y) + σ̂2(x, y)η̇,
ÿ = Y2(x, y, t) + σ̃2(x, y, t)η̇,

(2.2)

here η = η(t, ω) is scalar Wiener process [17].
Let us compose the equation of the perturbed motion relative to a given trajectory (2.1). To do this, we

differentiate (2.1) with respect to time and obtain

λ̇ = λt + λxẋ+ λẋẍ+ λy ẏ + λẏ ÿ =

= λxẋ+ λẋ(X2 + σ̂2η̇) + λy ẏ + λẏ(Y2 + σ̃2η̇) +
1

2
(λẋẋσ̂

2
2 + λẏẏσ̃

2
2). (2.3)

Further, following Erugin’s method [1], we introduce the vector function A2 the matrix B2

A2 = A2(λ;x, y, ẋ, ẏ), B2 = B2(λ;x, y, ẋ, ẏ)

with properties A2(0;x, y, ẋ, ẏ) = 0, B2(0;x, y, ẋ, ẏ) = 0 such that

λ̇ = A2 +B2η̇. (2.4)

In view of (2.3) and (2.4), we arrive at the relations

A2 = λxẋ+ λẋX + λy ẏ + λẏY +
1

2
(λẋẋσ̂

2
2 + λẏẏσ̃

2
2),

B2 = λẋσ̂2 + λẏσ̃2.

Let λ2
ẋ + λ2

ẏ 6= 0 takes place. Then
а) if λẋ 6= 0 for any x, y, then{

X2 = λ−1
ẋ (A2 − λxẋ− λy ẏ + λẏY2 −

1

2
(λẋẋσ̂

2
2 + λẏẏσ̃

2
2))

σ̂2 = λ−1
ẋ (B2 − λẏσ̃2)

(2.5)

for any Y2, σ̃2 from K;
b) if λẏ 6= 0 for any x, y, then{

Y2 = λ−1
ẏ (A2 − λxẋ− λẋX2 + λy ẏ −

1

2
(λẋẋσ̂

2
2 + λẏẏσ̃

2
2))

σ̃2 = λ−1
ẏ (B2 − λẋσ̂1)

(2.6)

for any X2, σ̂2 from the class K.
The following theorem holds.
Theorem 2. A necessary and sufficient condition that the set of force fields (2.2) has a given trajectory (2.1)

in the presence of random perturbations from the class of Wiener processes is that one of conditions (2.5) or
(2.6) be satisfied.

Conclusion

Thus, the article deals with stochastic problems of constructing a force field along given trajectories. In the
first section trajectories depend on generalized coordinates and do not depend on generalized velocities. And in
the second section trajectories depend on both generalized coordinates and generalized velocities. The obtained
results extend Galiullin’s some statements [2,3] on the construction of a force field from a given family of
trajectories in the class of ordinary differential equations to the class of second-order stochastic Ito differential
equations.
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М.Ы. Тiлеубергенов, Г.Қ. Василина, Г.А. Түзелбаева

Кездейсоқ түрткi болғанда берiлген траекториялар
бойынша күштер өрiсiн тұрғызу туралы

Мақалада кездейсоқ түрткiлеушi күштер болғанда берiлген интегралдық көпбейне бойынша күштiк
өрiс тұрғызылған. Бұл арада интегралдық көпбейненiң екi түрi жеке қарастырылды: 1) жалпыланған
координаттарға тәуелдi және жалпыланған жылдамдықтардан тәуелсiз емес траекториялар және
2) жалпыланған координаттарға да жалпыланған жылдамдыққа да тәуелдi траекториялар. Күштiк
өрiстi тұрғызу екiншi реттi Ито стохастикалық дифференциалдық теңдеулер класында жүргiзiледi.
Бұл арада, теңдеудiң оң жағына кiретiн функциялар, уақыт бойынша үзiлiссiз және де жалпыланған
координаттар және жалпыланған жылдамдықтар бойынша Липшиц шартын қанағаттандыратын, со-
нымен бiрге жалпыланған координаттар және жалпыланған жылдамдықтар бойынша сызықтық өсу-
дi қанағаттандыратын болуы болжамдалды. Бұл болжамдар фазалық кеңiстiкте, тұрғызылған теңде-
улердiң Коши есебiнiң шешiмiнiң, үзiлiссiз 1 ықтималдықты қатаң марковтiк үдерiс болып табылатын,
стохастикалық эквиваленттiкке дейiнгi бар болуын және жалқылығын қамтамасыз етедi. Қойылған
екi есептi шешу үшiн түрткiленген қозғалыстың стохастикалық дифференциалдық теңдеулерi инте-
гралдық көпбейне бойынша тұрғызылды. Жалпыланған координаттарға тәуелдi және жалпыланған
жылдамдықтардан тәуелсiз траекториялар жағдайында, екiншi реттi түрткiленген қозғалыс теңдеу-
лерi; ал жалпыланған координаттарға да жалпыланған жылдамдықтарға да тәуелдi траекториялар
жағдайында, бiрiншi реттi түрткiленген қозғалыс теңдеулерi тұрғызылады. Әрi қарай, Еругин әдiсi
бойынша екi жағдайда да қойылған есептердiң шешiлуiнiң қажеттi және жеткiлiктi шарттары қо-
рытылып шығарылды.

Кiлт сөздер: стохастикалық дифференциалдық теңдеулер, керi есептер, орнықтылық, интегралдық
көпбейне.

М.И. Тлеубергенов, Г.К. Василина, Г.А. Тузелбаева

О построении поля сил по заданным траекториям
при наличии случайных возмущений

В статье построено силовое поле по заданному интегральному многообразию при наличии случайных
возмущающих сил. При этом отдельно рассмотрены два вида интегральных многообразий: 1) траекто-
рии, зависящие от обобщенных координат и не зависящие от обобщенных скоростей, и 2) траектории,
зависящие как от обобщенных координат, так и от обобщенных скоростей. Построение силового поля
проводится в классе стохастических дифференциальных уравнений Ито второго порядка. При этом
предполагается, что функции, входящие в правые части уравнения, должны быть непрерывными
по времени и удовлетворять условию Липшица по обобщенным координатам и обобщенным скоро-
стям, а также условию линейного роста по обобщенным координатам и обобщенным скоростям. Эти
предположения обеспечивают в фазовом пространстве существование и единственность до стохасти-
ческой эквивалентности решения задачи Коши построенных уравнений, являющегося непрерывным
с вероятностью 1 строго марковским процессом. Для решения поставленных двух задач строятся
стохастические дифференциальные уравнения возмущенного движения относительно интегрального
многообразия. Причем, в случае, когда траектории зависят от обобщенных координат и не зависят
от обобщенных скоростей, строятся уравнения возмущенного движения второго порядка, а в случае,
когда траектории зависят как от обобщенных координат, так и от обобщенных скоростей, строятся
уравнения возмущенного движения первого порядка. И далее, методом Еругина в обоих случаях
выводятся необходимые и достаточные условия решения поставленных задач.

Ключевые слова: стохастические дифференциальные уравнения, обратные задачи, устойчивость, ин-
тегральное многообразие.

102 Bulletin of the Karaganda University



On construction of a field of forces...

References

1 Erugin, N.P. (1952). Postroenie vseho mnozhestva sistem differentsialnykh uravnenii, imeiushikh zadan-
nuiu intehralnuiu krivuiu [Construction of the entire set of systems of differential equations with a given
integral curve]. Prikladnaia matematika i mekhanika – Applied Mathematics and Mechanics, 10(6), 659-
670 [in Russian].

2 Galiullin, A.S. (1986). Metody resheniia obratnykh zadach dinamiki [Methods for solving inverse problems
of dynamics]. Moscow: RUDN [in Russian].

3 Galiullin, A.S. (2009). Izbrannye trudy [v dvukh tomakh] [Selected works in two volumes. Vol. II]. Moscow:
RUDN [in Russian].

4 Mukhametzyanov, I.A., & Mukharlyamov, R.G. (1986). Uravneniia prohrammnykh dvizhenii [Equations
of program motions]. Moscow: RUDN [in Russian].

5 Mukharlyamov, R.G. (2003). O postroienii sistem differentsialnykh uravnenii dvizheniia mekhanicheskikh
sistem [On the construction of systems of differential equations of motion of mechanical systems]. Di-
fferentsialnye uravneniia – Differential Equations, 39(3), 343-353 [in Russian].

6 Mukharlyamov, R.G. (2015). Modelirovanie protsessov upravleniia, ustoichivost i stabilizatsiia sistem
s prohrammnymi sviaziami [Modeling of control processes, stability and stabilization of systems with
programmed connections]. Izvestiia RAN. Teoriia i sistemy upravleniia – Izvestiia RAN. Control theory
and systems, 1, 15-28 [in Russian].

7 Zhumatov, S.S. (2014). Asymptotic Stability of Implicit Differential Systems in the Vicinity of Program
Manifold. Ukrainian Mathematical Journal, 66(4), 625-632. DOI: 10.1007/s11253-014-0959-y.

8 Zhumatov, S.S. (2010). Exponential Stability of a Program Manifold of Indirect Control Systems. Ukrai-
nian Mathematical Journal, 62(6), 907-915. DOI: 10.1007/s11253-010-0399-2.

9 Zhumatov, S.S. (2009). Stability of a Program Manifold of Control Systems with Locally Quadratic
Relations. Ukrainian Mathematical Journal, 61(3), 500-509. DOI: 10.1007/s11253-009-0224-y.

10 Tleubergenov, M.I., & Ibraeva, G.T. (2019). On the Solvability of the Main Inverse Problem for Stochastic
Differential Systems. Ukrainian Mathematical Journal, 71(1), 157-165.

11 Tleubergenov, M.I., & Ibraeva, G.T. (2017). Stochastic Inverse Problem with Indirect Control. Differential
equations, 53(10), 1387-1391.

12 Tleubergenov, M.I., & Azhymbaev, D.T. (2017). On Construction of Force Function in the Presence of
Random Perturbations. Springer Proceedings in Mathematics and Statistics, Springer, 216, 443-450.

13 Tleubergenov, M.I., & Ibraeva, G.T. (2015). On the Restoration Problem with Degenerated Diffusion.
TWMS journal of pure and applied mathematics, 6(1), 93-99.

14 Ibraeva, G.T., & Tleubergenov, M.I. (2013). Main Inverse Problem for Differential Systems With
Degenerate Diffusion. Ukrainian Mathematical Journal, 65(5), 787-792.

15 Galiullin, A.S. (1980). Postroenie polia sil po zadannym traektoriiam [Construction of the field of forces
along the specified trajectories]. Sbornik nauchno-metodicheskikh statei – Collection of scientific and
methodological articles, 10, 31-34 [in Russian].

16 Galiullin, A.S. (1981). Postroenie polia sil po zadannomu semeistvu traiektorii [Construction of a force
field for a given set of trajectories]. Differentsialnye uravneniia – Differential Equations, 17(8), 1487-1489
[in Russian].

17 Pugachev, V.S., & Sinitsyn, I.N. (1990). Stokhasticheskie differentsialnye sistemy. Analiz i filtratsiia
[Stochastic differential systems. Analysis and filtering]. Moscow: Nauka [in Russian].

Mathematics series. № 1(101)/2021 103



DOI 10.31489/2021M1/104-110

UDC 517.927.4

A.N. Yesbayev*, M.N.Ospanov

L.N.Gumilyov Eurasian National University, Nur-Sultan, Kazakhstan
(E-mail: adilet.e@gmail.com, myrzan66@mail.ru)

The solvability conditions for the second order nonlinear
differential equation with unbounded coefficients in L2(R)

The article deals with the existence of a generalized solution for the second order nonlinear differential
equation in an unbounded domain. Intermediate and lower coefficients of the equation depends on the
required function and considered smooth. The novelty of the work is that we prove the solvability of a
nonlinear singular equation with the leading coefficient not separated from zero. In contrast to the works
considered earlier, the leading coefficient of the equation can tend to zero, while the intermediate coefficient
tends to infinity and does not depend on the growth of the lower coefficient. The result obtained formulated
in terms of the coefficients of the equation themselves; there are no conditions on any derivatives of these
coefficients.

Keywords: second order differential equation, nonlinear differential equation, differential equation in an
unbounded domain, generalized solution, solvability.

Introduction

We investigate the following second-order singular differential equation

−ρ(x) (ρ(x)y′)
′
+ r(x, y)y′ + s(x, y)y = f(x), (1)

where x ∈ R = (−∞,+∞), ρ is a twice continuously differentiable function, r is a continuously differentiable
function, and s is a continuous function, f ∈ L2

def
= L2(R), ‖ · ‖2 is the norm in L2. The singularity of the

equation (1) means that it is given in a non-compact domain, and its coefficients can be unbounded.
The study of the equation (1) and its multidimensional generalizations is related to applications in quantum

mechanics, stochastic analysis and stochastic differential equations [1–4]. In the above references the linear case
is considered and results are obtained for s(x, y) = s(x) > δ > 0, and the growth of |r(x, y)| = |r(x)| at infinity
is bounded by some positive power of s(x). In the following researches [5–8] the linear case of equation (1) is also
considered and it is assumed that the intermediate coefficient r(x) can not grow faster than |x| ln |x| at infinity.
In [5–8] issues on solvability of the equation (1) were considered only for the case ρ(x) > δ > 0. The issue on
solvability of the equation (1) stays unresolved for the case when the growth of |r(x)| is faster than |x| ln |x| and
is not dependent on s, and also when the coefficient ρ(x) approaches zero as x→ +∞ or as x→ −∞.

For the case when ρ ≡ 1 and |r| grows rapidly and does not depend on the coefficient s the equation (1)
was analyzed in [9]. Here it was determined the solvability and the maximal regularity for the solution. The
linear case for the equation (1) with a fast-growing growing intermediate coefficient was studied in [10] (when
f ∈ L2), [11] (when f ∈ L1(R)) and [12] (when f ∈ Lp(R), 1 < p < +∞). In [10–12] the function ρ(x) is
assumed to be separated from zero and bounded, or equal to 1. The study of the solvability of different classes
of partial differential equations with unbounded coefficients is presented in [13–16].

Note that the rapid and independent growth of the absolute value of the intermediate coefficient r makes
a big difference for solvability of the equation (1). Firstly, in this case the coefficient s can be unbounded from
below. Moreover it can approach to −∞ with certain rate [11, 12], where the rate of approaching s to −∞
depends on the growth rate of |r|. Also let us note that in the study of the Sturm-Liouville equation (the case
ρ ≡ 1, r ≡ 0, s(x, y) = s(x)) it is usually assumed that s > −kx2 for some k [2]. Such condition in the case of
equation (1) with unbounded r is not necessary.

*Corresponding author.
E-mail: adilet.e@gmail.com
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Secondly, due to the growth of the absolute value of r in the equation (1) it turns out we can assume
approaching zero at infinity for the coefficient ρ in the leading term, thereby considering the so-called case of
degeneration. The theorem 1 presented below shows that the rate of approaching ρ to zero also depends on the
growth of |r|.

In the work [17] the results of the correct solvability and also a coercive estimate for the equation (1) was
established in the case r(x, y) = r(x), s(x, y) = s(x) and ρ(x) > 0. In this paper we propose to extend some of
the results obtained in [17] to the case of nonlinear generalization of equation (1).

Preliminaries

Let C(k)
0 (R)(k = 1, 2, . . .) be the set of k times continuously differentiable functions on R with compact

support and C(j)
loc(R)

def
=
{
y : ψy ∈ C(j)

0 (R),∀ψ ∈ C(j)
0 (R)

}
(j = 1, 2). Consider the following linear equation

−ρ(x) (ρ(x)y′)
′
+ r(x)y′ + s(x)y = F (x). (2)

Let g and h 6= 0 be given continuous functions. We denote

αg,h(t)
def
= ‖g‖L2(0,t)

∥∥h−1
∥∥
L2(t,+∞)

(t > 0), βg,h(τ)
def
= ‖g‖L2(τ,0)

∥∥h−1
∥∥
L2(−∞,τ)

(τ < 0),

αg,h
def
= sup

t>0
αg,h(t), βg,h

def
= sup

τ<0
βg,h(τ), γg,h

def
= max (αg,h, βg,h) .

The following statement is proved in [9].
Lemma 1. If g and h are continuous functions such that γg,h < +∞. Then for y ∈ C(1)

0 (R) the following
inequality holds

+∞∫
−∞

|g(x)y(x)|2 dx 6 C1

+∞∫
−∞

|h(x)y′(x)|2 dx.

Moreover we have (min (αg,h, βg,h))
2 6 C1 6 4 (γg,h)

2.
Let the operator l0y = −ρ(x)(ρ(x)y′)′ + r(x)y′ + s(x)y is defined on the set C(2)

0 (R), we denote the closure
of the operator l0 by l in L2. The function y ∈ D(l) such that ly = f is said to be a solution of the equation (2).

The following statement is proved in [17].
Lemma 2. If 0 < ρ(x) < +∞ is a twice continuously differentiable function, r(x) > 1 is a continuously

differentiable function, and s(x) is a continuous function, r(x) > ρ2(x), γ1,
√
r < +∞, γs,r < +∞ and there

exists a ∈ R such that

sup
x<a

ρ(x) exp

− a∫
x

r(t)

ρ2(t)
dt

 < +∞.

Next, let there be C2 > 1 such that

C−1
2 6

ρ(x)

ρ(ν)
6 C2, C−1

2 6
r(x)

r(ν)
6 C2, as |x− ν| 6 1.

Then for any right-hand side F ∈ L2 the linear equation (2) has a unique solution y and for y the following
inequality holds ∥∥∥−ρ (ρy′)

′
∥∥∥

2
+ ‖ry′‖2 + ‖sy‖2 6 C3‖F‖2,

where C3 depends only on C2, γ1,
√
r and γs,r.

The solvability conditions for the second order non-linear differential equation

For continuous functions of two variables g(x, y) and h(x, y) 6= 0 we denote

αg,h(t, y)
def
=

 t∫
0

|g(x, y)|2dx


1
2
 +∞∫

t

dx

|h(x, y)|2


1
2

(t > 0),
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βg,h(τ, y)
def
=

 0∫
τ

|g(x, y)|2dx


1
2
 τ∫
−∞

dx

|h(x, y)|2

 1
2

(τ < 0),

αg,h(y)
def
= sup

t>0
αg,h(t, y), βg,h(y)

def
= sup

τ<0
βg,h(τ, y),

γg,h(y)
def
= max (αg,h(y), βg,h(y)) .

Definition 1. Let y ∈ L2. y is said to be a solution of the equation (1), if there exist a sequence {yn} ⊂ C(2)
loc (R)

such that

‖ψ(yn − y)‖2 → 0 and ‖ψ(Lyn − f)‖2 → 0 as n→ +∞, ∀ψ ∈ C(∞)
0 (R).

Theorem 1. Let ρ(x) be a twice continuous differentiable and bounded function, r(x, t) be a continuous
differentiable function, s(x, t) be a continuous function and

inf
t∈R

r(x, t) > ρ2(x), sup
y∈R

γ
1,
√
r(x,y)

< +∞, sup
t∈R

γs(·,t),r(·,t) < +∞,

there exists a ∈ R such that

sup
x<a

ρ(x) exp

− a∫
x

inf
t∈R

r(v, t)

ρ2(v)
dv

 < +∞.

Also for some δ > 0 and ∀A > 0 the inequalities holds

r(x, y) > (1 + x2)
3
4 +δ, (3)

sup
|x−ν|61

sup
|C′−C′′|6A

r(x,C ′)

r(x,C ′′)
6 T (A) < +∞, C−1

4 6
ρ(x)

ρ(ν)
6 C4, as |x− ν| < 1.

Then the equation (1) have a solution y, and for y the following inequality holds

‖ − ρ(x)(ρ(x)y′)′‖2 + ‖r(x, y)y′‖2 + ‖s(x, y)y‖2 < +∞.

Proof. Let C(R) be a space of continuous and bounded functions with the norm ‖y‖C(R)
def
= sup

t∈R
|y(t)|, and

ε and A are given positive numbers. We consider the following set

BA
def
=
{
z ∈ C(R) : ‖z‖C(R) 6 A

}
.

Let v ∈ BA, and Lv,ε be a closure in L2 of linear differential operator

lv,ε = −ρ(x)(ρ(x)y′)′ + (r(x, v(x)) + ε(1 + x2))y′ + s(x, v(x))y,

defined on the set C(2)
0 (R). Now we consider the equation

Lv,εy = f. (4)

A function y ∈ D(Lv,ε) satisfying the equation (4) we call a solution of that equation. Since the conditions of
lemma 2 hold for the functions ρ(x), r(x, v(x)) + ε(1 + x2), s(x, v(x)) then for any f ∈ L2 the equation (4) has
unique solution y = yε(x), and for y the following estimate holds

‖ − ρ(x)(ρ(x)y′)′‖2 +
∥∥(r(x, v(x)) + ε(1 + x2)

)
y′
∥∥

2
+ ‖s(x, v(x))y‖2 6 C5‖f‖2. (5)
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Let k > 0. Using the Hölder’s inequality we get

∣∣(1 + x2)ky
∣∣ =

x∫
−∞

((1 + t2)ky)′dt 6

x∫
−∞

(1 + t2)k|y′|dt+ k

x∫
−∞

(1 + t2)k|y|dt =

=

x∫
−∞

(1 + t2)−α(1 + t2)k+α|y′|dt+ k

x∫
−∞

(1 + t2)−β(1 + t2)k+β |y|dt 6

6

 x∫
−∞

(1 + t2)−2αdt

 1
2
 x∫
−∞

(1 + t2)2(k+α)|y′|2dt

 1
2

+

+

 x∫
−∞

(1 + t2)−2βdt

 1
2
 x∫
−∞

(1 + t2)2(k+β)|y|2dt

 1
2

. (6)

We choose the numbers α and β so that 3
4 < α, 1

4 < β 6 α− 1
2 . Then x∫

−∞

(1 + t2)−2αdt

 1
2
 x∫
−∞

(1 + t2)2(k+α)|y′|2dt

 1
2

+

+

 x∫
−∞

(1 + t2)−2βdt

 1
2
 x∫
−∞

(1 + t2)2(k+β)|y|2dt

 1
2

6

6 C6

∥∥(1 + x2)k+αy′
∥∥

2
+ C7

∥∥(1 + x2)k+βy
∥∥

2
. (7)

Using the lemma 1 and the condition α > β + 1
2 we obtain

C6

∥∥(1 + x2)k+αy′
∥∥

2
+ C7

∥∥(1 + x2)k+βy
∥∥

2
6 C8

∥∥(1 + x2)k+αy′
∥∥

2
.

Let α = 3
4 + δ

2 and β = 1
4 + δ

2 , where δ is the number from the condition (3). Then from (6) and (7) we receive

sup
x∈R

∣∣(1 + x2)ky
∣∣ 6 C8

∥∥∥(1 + x2)k+ 3
4 + δ

2 y′
∥∥∥

2
.

Finally, by putting k = δ
2 and taking into account the condition (3), we obtain the following estimate

sup
x∈R

∣∣∣(1 + x2)
δ
2 y
∣∣∣ 6 C8 ‖ry′‖2 .

Therefore due to (5), lemma 1 and the condition (3) we have

‖y‖W
def
= ‖ − ρ(x)(ρ(x)y′)′‖2 +

∥∥(r(x, v(x)) + (1 + x2)
)
y′
∥∥

2
+

+
∥∥∥(s(x, v(x)) + (1 + x2)

1
4

)
y
∥∥∥

2
+ sup
x∈R

∣∣∣(1 + x2
) δ

2 y(x)
∣∣∣ 6 C9‖f‖2, (8)

where the constant C9 does not depend on y.
Let A = C9‖f‖2, and L−1

v,ε be an operator inverse to Lv,ε. We denote Pε(v)
def
= L−1

v,εf . It follows from (8)
that Pε(v) maps the ball BA into itself. Moreover BA is mapped to the set

QA
def
= {y : ‖y‖W 6 C9‖f‖2} .

1. Since QA ⊂ BA then the set of the functions QA is uniformly bounded
2. According to Morrey’s inequality [18, p. 282] with p = 2 for the functions y ∈ W 1

2 (R) the following
inequality holds

‖y‖
C0, 1

2 (R)
6 C10 ‖y‖W 1

2 (R) ,
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where C0, 12 (R) is a Hölder space with a norm

‖y‖
C0, 1

2 (R)
= sup
a,b∈R,
a 6=b

y(a)− y(b)√
|a− b|

.

Therefore, for any y ∈ QA
|y(t+ h)− y(t)| 6 C11

√
|h|,

and hence functions from QA are equicontinuous.
3. It follows from the estimate (8) that

sup
x∈R

∣∣∣(1 + x2
) δ

2 y(x)
∣∣∣ 6 A,

therefore, for any y ∈ QA we have

sup
x∈R
|y(x)| 6 A

(1 + x2)
δ
2

→ 0 as |x| → +∞.

Hence, the set QA is compact in C(R).
We consider a sequence of functions {vn}+∞n=1 ⊂ BA such that ‖v − vn‖C(R) → 0 as n → +∞, and denote

Pε(vn) = yn. Then Lvn,εyn = f and by virtue of linearity of Lv,ε we receive

Lv,ε(yn − y) =
(
r(x, v(x))− r(x, vn(x))

)
y′n +

(
s(x, v(x))− s(x, vn(x))

)
yn.

Therefore, for any N > 0, taking into account that the functions r(x, v(x)) − r(x, vn(x)) and s(x, v(x)) −
−s(x, vn(x)) are continuous in R, we get

‖yn − y‖L2(−N,N) 6 C12 max

(
sup
|x|6N

∣∣r(x, v(x))− r(x, vn(x))
∣∣, sup
|x|6N

∣∣s(x, v(x))− s(x, vn(x))
∣∣)×

×
(
‖y′n‖L2(−N,N) + ‖yn‖L2(−N,N)

)
→ 0,

as n→ +∞.
As vn ∈ BA then yn ∈ QA. Since QA is a compact in L2, and the operator Lv,ε is closed then the Cauchy

sequence {yn}+∞n=1 converges to the element y ∈ QA (due to the uniqueness of the limit). Therefore Pε is a
continuous operator.

Thus, the continuous operator Pε : BA → BA maps the ball BA into itself, hence according to the Schauder
theorem it has a fixed point, i. e. ∃y ∈ BA : Pε(y) = y. In other words y satisfies the equation

−ρ(x)(ρ(x)y′)′ +
(
r(x, y) + ε(1 + x2)

)
y′ + s(x, y)y = f(x),

by virtue of (8) the following estimate holds

‖ − ρ(x)(ρ(x)y′)′‖2 +
∥∥(r(x, y) + ε(1 + x2)

)
y′
∥∥

2
+ ‖s(x, y)y‖2 6 C9‖f‖2.

We consider a sequence of positive numbers {εk}+∞k=1 tending to 0. If yk ∈ BA is a fixed point of the operator
Pεk then

−ρ(x)(ρ(x)y′k)′ +
(
r(x, yk) + εk(1 + x2)

)
y′k + s(x, yk)yk = f(x),

and
‖ − ρ(x)(ρ(x)y′k)′‖2 +

∥∥(r(x, yk) + εk(1 + x2)
)
y′k
∥∥

2
+ ‖s(x, yk)yk‖2 6 C13(εk)‖f‖2. (9)

Let [a, b] ⊂ R be a finite segment. Since the space W 2
2 (a, b) is compactly embedded to L2(a, b) then there is

a subsequence {yki}+∞i=1 , converging to y by the norm of L2(a, b), that is

lim
i→+∞

‖yki − y‖L2(a,b) = 0.

Then according to the definition 1, y is the solution of the equation (1), and by virtue of (9) the following
estimate holds

‖ − ρ(x)(ρ(x)y′)′‖2 + ‖r(x, y)y′‖2 + ‖s(x, y)y‖2 < +∞.

108 Bulletin of the Karaganda University



The solvability conditions...

Conclusion

In this work we considered the conditions of the correct solvability as well as established a coercive estimate
for the second-order differential equation (1) in a non-compact domain, and with coefficients that can be
unbounded. In the case of a Hilbert space, this work generalizes the results of [17] to the nonlinear differential
equation.
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А.Н. Есбаев, М.Н. Оспанов

L2(R)-де шенелмеген коэффициенттерi бар
екiншi реттi сызықтықемес дифференциалдық

теңдеудiң шешiлу шарттары

Мақалада шенелмеген облыста сызықтыемес екiншi реттi дифференциалдық теңдеудiң жалпы ше-
шiмiнiң бар болу мәселесi қарастырылған. Теңдеудiң аралық және ең кiшi коэффициенттерi iзделген
функцияға тәуелдi және тегiс болып саналады. Жұмыстың жаңашылдығы — үлкен коэффициен-
тi нөлден өзге болатын сызықтыемес сингулярлық теңдеудiң шешiлетiндiгiн дәлелдейтiндiгiмiзде.
Бұрын қарастырылғандардан айырмашылығы, теңдеудiң үлкен коэффициентi нөлге ұмтылуы мүм-
кiн, ал аралық коэффициент шексiздiкке ұмтылады және ең кiшi коэффициенттiң өсуiне бағынбайды.
Алынған нәтиже теңдеудiң коэффициенттерi бойынша тұжырымдалған; бұл коэффициенттердiң кез-
келген туындыларына шарттар қойылмайды.

Кiлт сөздер: екiншi реттi дифференциалдық теңдеу, сызықтыемес дифференциалдық теңдеу, шенел-
меген облыстағы дифференциалдық теңдеу, жалпы шешiм, шешiмдiлiк.

А.Н. Есбаев, М.Н. Оспанов

Условия разрешимости нелинейного дифференциального
уравнения второго порядка с неограниченными

коэффициентами в L2(R)
В статье рассмотрен вопрос существования обобщённого решения нелинейного дифференциального
уравнения второго порядка в неограниченной области. Промежуточный и младший коэффициенты
уравнения зависят от искомой функции и считаются гладкими. Новизна работы состоит в том, что
мы доказываем разрешимость нелинейного сингулярного уравнения с неотделённым от нуля стар-
шим коэффициентом. В отличие от работ, рассмотренных ранее, старший коэффициент уравнения
может стремиться к нулю, а промежуточный — к бесконечности и не подчиняться росту младшего
коэффициента. Полученный результат сформулирован в терминах самих коэффициентов уравнения,
в нём не ставятся условия на какие-либо производные этих коэффициентов.

Ключевые слова: дифференциальное уравнение второго порядка, нелинейное дифференциальное урав-
нение, дифференциальное уравнение в неограниченной области, обобщённое решение, разрешимость.
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An algebra of the central types of the mutually
model-consistent fragments

In this paper, the model-theoretical properties of the algebra of central types of mutually model-consistent
fragments are considered. Also, the connections between the center and the Jonsson theory in the permissible
signature enrichment are shown, and within the framework of such enrichment, instead of some complete
theory under consideration, we can obtain some complete 1-type, and we will call this type the central
type, while the theories under consideration will be hereditary. Our work is divided into 3 sections: 1) the
outer and inner worlds of the existentially closed model of the Jonsson theory (and the feature between
these worlds is considered for two existentially closed models of this theory); 2) the λ-comparison of two
existentially closed models (the Schroeder-Bernstein problem is adapted to the study of Jonsson theories in
the form of a JSB-problem); 3) an algebra of central types (we carry over the results of Section 2 for the
algebra (Fr(C),×), where C is the semantic model of the theory T ). Also in this article, the following new
concepts have been introduced: the outer and inner worlds of one existentially closed model of the same
theory (as well as the world of this model), a totally model-consistent Jonsson theory. The main result of
our work shows that the properties of the algebra of Jonsson theories for the product of theories are used
as an application to the central types of fixed enrichment. And it is easy to see from the definitions of the
product of theories and hybrids that these concepts coincide if the product of two Jonsson theories gives a
Jonsson theory.

Keywords: Jonsson theory, central types, ϕ(x)-set, outer world, inner world, λ-comparison, totally model-
consistent theory, fragment, algebra of the central types, semantical model.

In this article, we will consider an algebra that is related to the central types of some fixed Jonsson spectrum;
more precisely, we work in one of the cosemanticness classes of some Jonsson spectrum. Moreover, the center
of this class is a perfect, totally model-consistent theory. One of the special cases of the JSB-problem is also
considered within the framework of the study of the class of existentially closed models of some fixed Jonsson
theory. The problems related to the description of the syntactic and semantic properties of the Jonsson spectrum
JSp(A), where A is an arbitrary model of an arbitrary signature, are new problems that appeared in the study
of the cosemanticness properties of fixed Jonsson theories [1; 80]. The works related to this topic include the
following works [2-5].

The central idea that led to this article is the idea of defining an operation between complete theories. As
far as we know, the first source related to this idea that we were able to find is the work [6]. We would like
to note that interest in this topic appeared after the reports of M.I. Bekenov [7] and A.M. Nurakunov [8] at
various conferences, where they informed us about their achievements in the study of the algebra of theories
concerning the operation introduced in [6, 9].

The concept of elementary equivalence between models of a complete theory is an important tool for compari-
ng the similarity of these models, and one of the classical examples of applying this notion to algebra is the
Keisler-Shelach theorem on the isomorphism of some ultrapower of elementarily equivalent algebras with each
other [10; 363]. In [9] it was shown that elementary equivalence is preserved concerning the Cartesian product.
Thus, the above operation, given on theories, preserves elementary equivalence.

The concept of cosemanticness [11; 867] is a generalization of the concept of elementary equivalence. And
this concept is directly related to the study of the model-theoretical properties of the Jonsson theory. As follows
from the definition, Jonsson theories are, generally speaking, incomplete, so we cannot directly transfer the
concept of an operation between Jonsson theories as a Cartesian product of their models, as announced in the

*Corresponding author.
E-mail: aibat.kz@gmail.com
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above reports [7], [8]. In particular, it should be noted that we are not working with the entire class of models of
the fixed Jonsson theory, but only with the class of their existentially closed models. And there are 3 reasons for
this: 1) as is well known from the definition of Jonsson’s theory, any of its models is isomorphically embedded
in some existentially closed model of this theory; 2) in the case of the perfectness of the considered Jonsson
theory the class of its existentially closed models coincides with the class of all models of the center of considered
Jonsson theory; 3) the semantic model of the considered Jonsson theory is an existentially closed model of this
theory. Therefore, we will consider the concept of cosemanticness between the existentially closed models of this
Jonsson theory.

The next aspect of the difference between our approach to the algebra of the considered Jonsson theories
from the statement of the problem in the reports [7], [8] is the fact that we will deal with central types of a
fixed Jonsson spectrum, that is, we will work in some enrichment of the original language.

The concept of a Jonsson spectrum was directly related to the concept of cosemanticness, both between
models and theories. The definition of cosemanticness between models and between theories can be found in
the following reference [12]. Some interest is the consideration of special definable subsets of the semantic model
fixed Jonsson theory. In this regard, we draw the reader’s attention to the following articles [13-15], which use
various approaches in adapting the classical concepts of the model theory of arising in the study of complete
theories to Jonsson theories.

In [6], the product of two theories was considered, and it was shown that this product preserves the stability
properties in the product, if such are the factors.

It is well known that the concept of cosemanticness generalizes the concept of elementary equivalence, that
is, if two models of some Jonsson theory of an arbitrary signature are elementarily equivalent to each other,
then they are cosemantic to each other. Moreover, the notion of cosemanticness of two models is related to the
notion of a Jonsson spectrum as follows: models A ./ B if JSp(A) = JSp(B).

Our task in this article is to adapt the above properties of the considered algebra of complete theories to
study the model-theoretical properties of some fixed Jonsson theory.

Using the fact that the Jonsson theory T is a special case of inductive theories, we note that the class ET is
always not empty, and also that in inductive theory any model from the classModT is isomorphically embedded
into some model from the class ET .

1 The outer and inner worlds of the existentially closed model of the Jonsson theory

The following definition defines the inner world (IWT (A)) of the model A of the Jonsson theory T when
A ∈ ET .

Definition 1. Let T be an arbitrary Jonsson theory. IWT (A) = {A′ ∈ ET | f is isomorphism, f : A′ → A,
A ∈ ET } is called the inner world of the model A for T .

The following definition defines the outer world (OWT (A)) of the model A of the Jonsson theory T when
A ∈ ET .

Definition 2. Let T be an arbitrary Jonsson theory. OWT (A) = {B ∈ ET : there exist A′ ∼= A, A′ ⊆ B} is
called the outer world of the model A for T .

And just the world of the existentially closed model A will be the following set

WT (A) = IWT (A) ∪OWT (A).

Note that the above definitions can connect two different existentially closed models in the case of a convex
theory. As the following theorem is true.

Theorem 1. Let T be the perfect, strong convex Jonsson theory. Since for any models A,B ∈ ET the following
is true:

1) OWT (A) ∩OWT (B) 6= ∅,
2) IWT (A) ∩ IWT (B) 6= ∅.
Proof. By virtue of the perfectness of the theory T , ET = ModT ∗. And all existentially closed models of the

theory T are models of the center of the theory T , therefore property 1) is true due to the fact that models A
and B are existentially closed submodels of the semantic model C, where C – semantic model of the theory T .
Due to the strongly convexity of the theory T , the intersection of any two models is not empty. Condition 2) is
trivial and is performed due to the joint embedding property (JEP ) of the theory T . In particular, the model
C satisfies these conditions due to the T+ universality of the model C.
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2 The λ-comparison of two existentially closed models

In model theory, the formulation of the following problem is well known, which is called the Schroder-
Bernstein problem (SB) [16]. This question concerns the isomorphism of two structures, which are mutually
elementary embedded in each other. This topic was adapted to the study of Jonsson theories in the form of
a JSB-problem. In particular, one can refer to [11], where the JSB-problem is studied in the framework of
Jonsson Abelian groups.

In this section, we will consider a special case of this problem, namely, the λ-comparison of two existentially
closed models of Jonsson theory.

Definition 3. Let T be a Jonsson theory. Let ω ≤ λ ≤ µ, A and B be existentially closed models of the
theory T . |A| = |B| = |µ|. Models A and B will be called the λ-comparable if for any existentially closed
submodel A′ of a model A, such that |A′| ≤ λ, it is true that A′ is an existentially closed submodel of B , and
for any existentially closed submodel B′ of a model B, such that |B′| ≤ λ, it is true that B′ is an existentially
closed submodel of A .

It is clear that the above definition defines an equivalence relation on the set of all existentially closed models
of the considered Jonsson theory. Therefore, the following spectral definition of the number of model classes
makes sense.

Definition 4. Let T be a Jonsson theory, ω ≤ λ ≤ µ. N(Eλ,µT ) calculates the number of classes of existentially
closed models of Jonsson theory of cardinality µ concerning the λ-comparison relation.

Definition 5. Let IWλ
T (A) be the set of all models from IWT (A), whose cardinality does not exceed λ.

Theorem 2. Let T be ∃–complete, Jonsson theory, and for some ω ≤ λ ≤ µ holds N(Eλ,µT ) = 1. Then the
theory T ∗ is model complete.

Proof. Let there exist ω ≤ λ ≤ µ , such that N(Eλ,µT ) = 1. It means that for any two models A,B,
|A| = |B| = |µ|, A,B ∈ ET , IWλ

T (A) = IWλ
T (B). Using the fact that all models from IWλ

T (A) are isomorphic
to each other due to the condition N(Eλ,µT ) = 1 , we fix an isomorphism between any two models M1,M2 from
IWλ

T (A) and IWλ
T (B). Further, in view of the ∃-completeness of the theory T and the k+-homogeneity of the

semantic model C of the theory T , we can extend this isomorphism to an automorphism C.It follows that the
outer worlds are OWT (M1) � A = OWT (M2) � B. Since WT (M1) = WT (M2), we have that A ∼= B. Those in
cardinality µ he theory T in the class ET has only one model up to isomorphism, the theory T is µ-categorical,
which means that it is T -perfect. In this case, that T ∗ is a model companion of the theory T , and respectively,
T ∗ is model complete.

Let us give the necessary definitions of concepts from the above sources and list the results announced in
the reports [7], [8].

In what follows, let T be some fixed perfect Jonsson theory, C is a semantic model of the theory T .
The product of two complete theories in an arbitrary first-order language L is defined as follows.
Let us give the definition of a product of fixed mutually model-consistent Jonsson theories in a countable

language of an arbitrary signature σ.
Definition 6. Let T1, T2 be Jonsson theories and T1, T2 mutually model-consistent.Then we define T1×T2 as

the following theory: Th∀∃(C1×C2), where C1, C2 are semantic models of Jonsson theories T1, T2, respectively
in cardinality 2k, where k ≥ ω.

In particular, if we consider Jonsson’s horn theory, then since it is not necessarily complete, we can isolate
all of its completion. And as an example of an operation for complete theories, we can consider an operation
between completions on the set of all completions.

Due to the fact that the semantic model of some Jonsson theory, which specifies the cosemanticness of these
two theories, is existentially closed, it does not yet follow that the Cartesian product of two existentially closed
submodels of the semantic model will be an existentially closed submodel of this semantic model.

If X is an arbitrary definable subset of the semantic model C of the Jonsson theory T and its closure
cl(X) = M in some pregeometry given on the Boolean C, then the following Jonsson theory is Th∀∃(M),
denoted by Fr(X), we will call a fragment in the theory T . It is easy to see that if M ∈ ET , then Fr(X) is
always Jonsson theory. In this article, we do not consider the content of the set X.

Let Fr(C) denote the set of all fragments in the theory T .
Definition 7. A Jonsson theory T is called totally model-consistent if any of its two fragments Fr(X1) ,

Fr(X2) ∈ Fr(C) are mutually model-consistent, where X1, X2 are some definable subsets of C.
It seems to us a great prospect is filled with real meaning that the concept of definability of a subset of

the semantic model through the concept of ϕ(x)-set. For example, when ϕ(x) expresses: APA-transcendence,
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various kinds of atomicity and primeness, strongly minimality, Jonssonness. And finally, the description of the
closure of the ϕ(x)-set will be obtained through the ϕ(x)-rheostat [17].

In what follows, we will work within the framework of a fixed totally model-consistent Jonsson theory. It is
clear that in this case, the question arises: is the cosemanticness class of Jonsson theories perfect if its center is
model-consistent? That is, the question arises: in which case of the center will the following theorem be true?

Theorem 3. If the fixed center of some cosemanticness class of the Jonsson spectrum is totally model-
consistent, then its semantic model is saturated.

The essence of the question lies in filling with the meaning of the word fixed.
Definition 8. For each fragment ∇ from the Jonsson theory T select the following set N∇ = {∆| ∆ ∈

∈ Fr(C), ∆ ×∇ = ∇}. Let D ⊆ Fr(C). If D = N∇ for some ∇ ∈ Fr(C), then D is called a definable set of
the theory ∇.

Let ∆1,∆2, . . .∆n,∆ ∈ Fr(C).
Consequence 1. For any ∆ ∈ Fr(C), N∆ is non-empty and closed with respect to finite products.
Proof. E is the theory of one-element model, then E×∆ = ∆. Hence, N∆ is not empty. Let ∆1, . . . ,∆n be

from N∆, then ∆1 × . . .×∆n ×∆ = ∆, that is, closed with respect to finite products.
Remark 1. Generally speaking, the theory ∆ can not belong to N∆, and N∆ can not be closed with respect

to infinite products, and there are various ∇1, ∇2, such that N∇1 = N∇2, that is, they have the same definable
set N .

Definition 9. If ∆1 ×∆2 = ∆2, then we will write ∆2 absorbs ∆1. ∆ is called an idempotent if ∆×∆ = ∆.
Definition 10. A set D ⊆ Fr(C) is called a definable idempotent if there exists an idempotent ∆, such that

N∆ = D.
Jonsson’s version of Weinstein’s theorem [10; 416].
Theorem 4. Let A, B, C ∈ ET . If A ./ (A×B × C), then A ./ (A×B) (./ is cosmanticness of models).
Proof. The elementary equivalence of the two models implies that they are cosemantic.
Theorem 5. If ∆1 = ∆1 ×∆2 ×∆3, then ∆1 = ∆1 ×∆2.
Proof. Follows from Theorem 5 and Theorem 4.
Theorem 6 (Vaught [10; 403]). A sentence in the language L is stable with respect to infinite direct products

of algebraic systems if it is stable with respect to any finite subproducts of this infinite product.
Theorem 7. If D ⊆ Fr(C), and D is closed under infinite products, then there is a unique idempotent

∆ ∈ D, that absorbs any element from D.
For example, the set of all theories that are complete extensions of the theory of some quasivariety are

absorbed by the corresponding idempotent, but this idempotent may not define this set.
Theorem 8. Let D ⊆ Fr(C), and D is a definable set closed with respect to infinite products, then there is

a unique idempotent ∆ ∈ D such that D is definable by this idempotent.
Proof. Let D = N∆ for some theory∆. By Theorem 7, there is an idempotent ∆2, which absorbs all

elements from D. Idempotent ∆2 defines the set D. Indeed, if for some theory ∆1 holds ∆2 ×∆1 = ∆2, then
∆×∆2 ×∆1 = ∆. This means that ∆×∆1 = ∆. That is, ∆1 ∈ D.

Theorem 9. If ∆ is idempotent, then its any power is ∆k = ∆.
Proof. The proof follows from the above definitions.
Theorem 10. If ∆ is idempotent, then N∆ is closed with respect to the products.
Proof. Let N ⊆ N∆ and N = {∆i| i ∈ I}. Take the product of all ∆i ∈ N . We denote this product by P .

Since ∆ is idempotent, we can write ∆ = ∆×∆×. . . = (∆1×∆)×(∆2×∆)×. . . = ∆1×∆2×. . .×∆×∆ = P×∆.
То есть P ∈ N∆.

If we use the well-known theorem: „For any families {Ai| i ∈ I}, {Bi| i ∈ I} of algebraic systems and any
filter D over I, holds Πi∈I(Ai ×Bi)/D = Πi∈IAi/D ×Πi∈IBi/D”. The following is true.

All the remaining statements in this section (Theorem 11-17, Corollary 2-3) are Jonsson analogs of the
corresponding results from the unpublished paper [18].

Theorem 11. If ∆ is idempotent, then N∆ is an axiomatizable theory.
Theorem 12. Let Id = {∆|∆ ∈ Fr(C), ∆−idempotent}. Id with the product operation forms a commutative

semigroup of idempotents with identity.
Corollary 2. The semigroup of idempotents H is isomorphically embeddable into a suitable power of the

semigroup J , where J is the semigroup with base set {0, 1} and the corresponding operation.
Thus, it is possible to represent idempotents as sequences of zeros and ones.
Definition 11. We will write ∆1 ≤ ∆2, if and only if ∆1 ×∆2 = ∆2.
Corollary 3. The relation ≤ on the set Fr(C) is a partial order with the largest and the smallest elements.
Theorem 13. Let ∆1, ∆2 ∈ Id. The set N∇1 ∩N∇2 is definable by an idempotent.
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Theorem 14. Let ∆1, ∆2, ∆3 ∈ Id and ∆1 ≤ ∆3, ∆2 ≤ ∆3. Then ∆1 ×∆2 ≤ ∆3.
Definition 12. On the set Id we introduce the operations of union and intersection. Let ∆1, ∆2 ∈ Id.

∆1 ∪∆2 = ∆1 ×∆2, and ∆1 ∩∆2 = ∆, where ∆ is from the proof of Theorem 13.
Theorem 15. The set Id with operations ∪ and ∩ forms a complete lattice.
Theorem 16. Each variety is associated with its unique defining idempotent.
Theorem 17. The set of definable quasivarieties with respect to the introduced operations ∪ and ∩ form a

complete lattice.

3 An algebra of the central types

Let us give the necessary definitions related to a special kind of enrichment of the Jonsson theory, which
preserves certain properties. Within the framework of such enrichment, as a consequence of the laws of the logic
of the predicate calculus, instead of the considered some complete theory, we can obtain a maximally consistent
set of formulas, i.e. some complete 1-type. We will call this type the central type.

The main idea of this section is to use, as an application to central types of fixed enrichment, the properties
of the algebra of Jonsson theories with respect to the products of theories.

Let T be a fixed hereditary Jonsson theory in the language L of some signature σ, C is a semantic model
of this theory, σ′ = σ

⋃
{P}

⋃
{c}, take the set A, as a subset of C.

Let T=T
⋃
Th∀∃ (C, ca)a∈A

⋃
{P (c)}

⋃
{P,⊆}. Here {P,⊆} is an infinite set of sentences that reflect the

following fact: „An interpretation of the symbol P will be an existentially closed submodel on L of signature
σ′”, thus, we obtain that the interpretation of the symbol P is a solution of the equation P (C) = M, M ∈ ET
in L of signature σ′.

Due to the fact that not all Jonsson theories in enrichment preserve the property of being a Jonsson theory,
we will work in the class of hereditary Jonsson theories. “What is it?” - give the following definitions.

Definition 13. An enrichment T of the Jonsson theory T is said to be permissible if any ∇-type (it mean
that ∇ subset of language Lσ and any formula from this type belongs to ∇) in this enrichment is definable in
the framework of TΓ-stability.

Definition 14. The Jonsson theory is said to be hereditary, if in any of its permissible enrichment, any
expansion of it in this enrichment will be Jonsson theory.

Let T be a fixed hereditary Jonsson theory that is totally model-consistent, C its semantic model, Fr(C)
the set of all fragments in the theory T . On the set Fr(C) we define the operation (×), which will be the algebra
(Fr(C),×). And it forms a commutative semigroup of idempotents with unity, and the set of idempotents with
operations ∪ and ∩ forms a complete lattice. Also applicable to the algebra (Fr(C),×), where C is the semantic
model of the theory T . And we have the following results when considering this algebra.

The operation of multiplying fragments from Fr(C) induces the operation of multiplication in Fr(C), and
we can notice that Fr(C), as well as Fr(C), is a commutative semigroup for multiplication of fragments in the
theory T .

Since the considered theory T is totally model-consistent, the product of two fragments from Fr(C) is
a theory from Fr(C), that is, Fr(C) is the cosemantic class of the Jonsson spectrum of some model of the
signature of the theory T .

It is clear that this topic, namely, the algebraization of the field of activity of work with central types, is
closely to the questions arising in the study of Jonsson’s theories. Let’s dwell on one of them. This question
concerns hybrids of Jonsson theories [19-21].

It is easy to see from the definitions of the product of theories and hybrids that these concepts coincide if the
product of two Jonsson theories gives a Jonsson theory. In this case, the product of the central types of Jonsson
theories differs from the concept of a hybrid in the following way: 1) to define the central type, some enrichment
of the signature is necessary, difference to hybrids of Jonsson theories; 2) a hybrid of Jonsson’s theories can be
of 2 types (the first and second types), while the second type of hybrid depends on the Jonsson theories of two
different signatures, difference to the product of Jonsson theories.
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Өзара модельдi-үйлесiмдi фрагменттерiнiң
централдық типтерiнiң алгебрасы

Мақалада өзара модельдi-үйлесiмдi фрагменттердiң централдық типтерiнiң алгебрасының модель-
дi-теоретикалық қасиеттерi қарастырылған. Централдық және йонсондық теорияның байытылған
сигнатурасының байланыстары да көрсетiлген және осындай байыту аясында қарастырылған кейбiр
толық теорияның орнына авторлар толық 1-типтi алған және бұл типтi централдық тип деп атап, ал
теориялардың орнына мұралы теорияларды қарастырған. Бұл жұмыс 3 бөлiмге бөлiнген: 1) йонсон-
дық теорияның экзистенциалды тұйық моделiнiң сыртқы және iшкi әлемдерi (берiлген теорияның
екi экзистенциалды тұйық модельдердiң әлемдерiнiң арасындағы ерекшелiк қарастырылған);
2) екi экзистенциалды тұйық модельдердi λ-салыстыру (Шредер-Бернштейн проблемасы йонсондық
теорияларды JSB-проблемасы түрiнде зерттеуге бейiмделген); 3) централдық типтердiң алгебрасы
(2-бөлiмнiң нәтижелерi (Fr(C),×) алгебрасына көшiрiлген, мұндағы C - T теориясының семанти-
калық моделi). Бұдан басқа мақалада мына тұжырымдамалар енгiзiлген: теорияның экзистенциал-
ды тұйық моделiнiң сыртқы және iшкi әлемi (сонымен қатар осы модельдiң әлемi), тұтас модельдi
үйлесiмдi йонсондық теория. Жұмыстың негiзгi нәтижесi көрсеткендей, теориялардың көбейтiндiсi-
не қатысты йонсондық теориялардың алгебрасының қасиеттерi бекiтiлген, байытылған централдық
типтерiне қосымша ретiнде қолданылады. Теориялардың көбейтiндiсi мен гибридтердiң анықтама-
ларынан, егер екi йонсондық теорияның көбейтiндiсi йонсондық теорияны берсе, бұл ұғымдардың
сәйкес келетiндiгiн байқау қиын емес.

Кiлт сөздер: йонсондық теория, централдық типтер, ϕ(x)-жиын, iшкi әлем, сыртқы әлем, λ-салыстыру,
тұтас модельдi үйлесiмдi теория, фрагмент, централдық типтердiң алгебрасы, семантикалық модель.

А.Р. Ешкеев, Н.М. Мусина

Алгебра центральных типов взаимно
модельно-совместных фрагментов

В статье рассмотрены теоретико-модельные свойства алгебры центральных типов взаимно модельно-
совместных фрагментов. Показаны связи между центром и йонсоновской теорией в разрешенном
обогащении сигнатуры. В рамках такого обогащения вместо рассматриваемой некоторой полной те-
ории авторы могут получить некоторый полный 1 тип, и он будет называться центральным, при
этом рассматриваемые теории будут являться наследственными. Данная работа разбита на 3 па-
раграфа: 1) внешний и внутренний миры экзистенциально замкнутой модели йонсоновской теории
(рассмотрена особенность между этими мирами для двух экзистенциально замкнутых моделей данной
теории); 2) λ-сравнение двух экзистенциально замкнутых моделей (проблема Шредера-Бернштэйна
адаптирована к изучению йонсоновских теорий в виде JSB-проблемы); 3) алгебра центральных ти-
пов (результаты параграфа 2 переносятся для алгебры (Fr(C),×), где C – это семантическая модель
теории T ). Кроме того, авторами введены следующие понятия: внешний и внутренний миры одной
экзистенциально замкнутой модели одной и той же теории (а также мир этой модели); тотально
модельно-совместная йонсоновская теория. Главный результат, достигнутый в работе, показывает,
что в качестве приложения к центральным типам фиксированного обогащения используются свойства
алгебры йонсоновских теорий относительно произведения теорий. И легко заметить из определений
произведения теорий и гибридов, что эти понятия совпадают, если произведение двух йонсоновских
теорий дает йонсоновскую теорию.

Ключевые слова: йонсоновская теория, центральные типы, ϕ(x)-множество, внешний мир, внутрен-
ний мир, λ-сравнение, тотально модельно-совместная теория, фрагмент, алгебра центральных типов,
семантическая модель.
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In this paper, we consider the model-theoretical properties of the essential base of the central types of
convex theory. Also shows the connection between the center and Jonsson theory in permissible enrichment
signatures. Moreover, the theories under consideration are hereditary. This article is divided into 2 sections:
1) an essential types and an essential base of central types (in this case, the concepts of an essential type and
an essential base are defined using the Rudin-Keisler order on the set of central types of some hereditary
Jonsson theory in the permissible enrichment); 2) the atomicity and the primeness of ϕ(x)-sets. In this
paper, new concepts are introduced: the ϕ(x)-Jonsson set, the APA-set, the APA-existentially closed
model, the ϕ(x)-convex theory, the ϕ(x)-transcendental theory, the APA-transcendental theory. One of the
ideas of this article refers to the fact that in the work of Mustafin T.G. it was noticed that any universal
model of a quasi-transcendental theory with a strong base is saturated, but we generalized this result taking
into account that: the concept of quasi-transcendence will be replaced by the ϕ(x)-transcendence, where
ϕ(x) defines some Jonsson set; and the notion of a strong base is replaced by the notion of an essential
base, but in a permissible enrichment of the hereditary Jonsson theory. The main result of our work shows
that the number of fragments obtained under a closure of an algebraic or definable type does not exceed
the number of homogeneous models of a some Jonsson theory, which is obtained as a result of a permissible
enrichment of the hereditary Jonsson theory.

Keywords: Jonsson theory, central types, essential base, ϕ(x)-set, ϕ(x)-convex theory, ϕ(x)-transcendental
theory, APA-transcendental theory, fragment.

This article is devoted to the study of the central types of a special case of the convex theory [1]. Besides,
the concept of convexity is considered class of Jonsson theories [2; 80]. Many works were devoted to the study of
Jonsson theories: the general properties of Jonsson theories, for example, were studied in the following papers
[3–7]; results concerning various extensions of Jonsson theories, including companions, can be found in [8, 9].
When studying the properties of elements and subsets of the semantic model of the fixed Jonsson theory, many
new concepts and problems related to them have arisen. First of all, it should be noted the concept of a Jonsson
set, which is a generalization of the concept of a basis in a linear space. If we consider a linear space as a special
case of a module, then our interest in studying various refinements of the concept of a Jonsson set becomes clear.
Moreover, in [10, 11], related to the concept of a certain dimension, various generalizations of the well-known
model-theoretic results were obtained. The concept of dimension is the cornerstone of all mathematics, and
therefore finding new implementations of the ideas of dimension is an urgent task.

On the other hand, one of the classical questions of the Model Theory is the question of the spectrum of
models, that is, the number of models in a particular cardinality up to isomorphism. In the study of Jonsson
theories, the concept of a Jonsson spectrum was considered [12]. In this case, we have some syntactic invariant of
an arbitrary model of an arbitrary signature. Namely, the number of Jonsson theories whose model is the given
model under consideration up to cosemanticness [13]. It turned out that within the framework of studying the
Jonsson spectrum one can consider the well-known classical question: let K be a certain class of models of an
arbitrary signature σ of a first-order language L and L0 is the set of all sentences of this language, i.e. L0 ⊂ L and
Γ ⊆ L0. If we consider the ThΓ(K) theory of the class K, where ThΓ(K) = {φ ∈ Γ : ∀A ∈ Kfollows that A |= φ}
and consider the class of models of this theory M = Mod(ThΓK), then the connection between the classes M
and K is the classical formulation of the question of the axiomatizability of the class K. In the case when the
theory is not complete (and Jonsson theories, generally speaking, are like that), this class of problems becomes
difficult enough for a complete description. Another difficulty in the study of Jonsson theories is the fact that
the well-described part is only a small fraction of the class of all Jonsson theories of the fixed signature. And

*Corresponding author.
E-mail: aibat.kz@gmail.com

Mathematics series. № 1(101)/2021 119



A.R. Yeshkeyev, M.T. Omarova

this part of the class in question consists of a union of classes consisting of perfect Jonsson theories. That is
theories that have a model companion and their class of existentially closed models satisfy the above classical
problem of axiomatizability of this class.

The concept of the central type is associated with the concept of hereditary enrichment in Jonsson’s theory
[14, 15]. The concept of heredity at the moment does not have a complete description, except for some intuitive
guesses. We took one of them from the ideas of constructing a pregeometry [16] on the Boolean of the semantic
model of a fixed Jonsson theory. The next idea relates to the fact that in [17] it was noted that the saturation
of any universal model of quasi-transcendental theory with a strong base, as well as, the superstability of such
theories (Theorem 2).

In this paper, the notion of quasi-transcendence will be replaced by ϕ(x)-transcendence, where ϕ(x) defines
some Jonsson set [13; 278], and the notion of a strong base is replaced by the notion of an essential base but in
permissible enrichment of the hereditary Jonsson theory.

1 An essential types and an essential base of central types

Before we give the necessary definitions, we recall how we get the central type.
Let L be a first-order language, T be an arbitrary hereditary Jonsson theory in L of the signature σ, C be

a semantic model of the theory T , A ⊆ C, σ′ = σ
⋃
{P}

⋃
{c}.

Let T=T
⋃
Th∀∃ (C, ca)a∈A

⋃
{P (c)}

⋃
{P,⊆}, where {P,⊆} is an infinite set of sentences expressing the

fact that the interpretation of the symbol P is an existentially closed submodel in the language of signature σ′.
That is, the interpretation of the symbol P is a solution to the following equation P (C) = M, M ∈ ET in the
language of the signature σ′.

Since we know an example of the fact that the Jonsson theory in enrichment with a unary predicate does
not preserve the property of amalgam, and the central type is obtained from the center of the Jonsson theory
in the enriched language, we need the following definitions.

Definition 1. An enrichment T of the Jonsson theory T is said to be permissible if any ∇-type (it mean that
∇ subset of language Lσ and any formula from this type belongs to ∇) in this enrichment is definable in the
framework of TΓ-stability.

Definition 2. The Jonsson theory is said to be hereditary, if in any of its permissible enrichment, it preserves
the Jonssonness.

Consider all extensions of the theory T in the language of signature σ′. Since T is a hereditary theory, then
T will be a Jonsson theory, so it has a center, and we denote it by T

∗
, and this center is equal to one of above

completions theory T . When restricting the signature σ′ to σ ∪ {P}, according to the laws of first-order logic,
the constant c no longer belongs to this signature, and we can replace this constant with a variable, for example,
x. And then the theory T

∗
becomes a complete 1-type for the variable x. We will call this type the central type

of the theory T in the above enrichment.
In what follows, we define the concept of an essential type and an essential base using the Rudin-Keisler

order on the set of central types of some hereditary Jonsson theory in a permissible enrichment.
Definition 3. Type p ∈ S(1)

∇ (X) is called essential if for any set Y , Y ⊆ N, N ∈ ET , such that X ⊆ Y in T
exists only unique type q ∈ S(1)

∇ (Y ) and the type q is a J-nonforking extension of type p.
Let p, q ∈ S(1)

∇ (X), A ∈ ET and X ⊆ A. The relation p ≤A q is means that for any model B ∈ ET , such that
B ⊇ A, from the realizability of q in B\A implies the realizability of p in B\A. The relation p ≡ q means that
for any model A ∈ ET , X ⊆ A, has p ≤A q and q ≤A p. We denote the set {q|q ∈ S(1)

∇ (X), p ≡ q} by [p], and the
set {[p]|p ∈ S(1)

∇ (X)} denote by S(1)
∇ [X]. We write [p] ≤A [q], if p ≤A q. The types p, q are called independent if

for any A ∈ ET , X ⊆ A, don’t have a place neither p ≤A q, nor q ≤A p. If p and q are independent, then we
say that [p] and [q] are independent.

The following definition gives the concept of a basis among the above types.
Definition 4. The set B = {[pi] ∈ S(1)

∇ [X]|i ∈ I} is called base for S(1)
∇ [X] if:

(1) [pi] and [qj ] independent for i 6= j;
(2) for any [q] ∈ S(1)

∇ [X] and A ∈ ET , X ⊆ A, exists i ∈ I, such that [pi] ≤A [q].
Definition 5. The base of the theory T is the base for S(1)

∇ [∅] (if it exists). The base B of T is called essential
if for any [p] ∈ B exists an essential type q ∈ [p].

Let us define the notion of pregeometry on the Boolean of subsets of the semantic model of a fixed Jonsson
theory T .
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Let T be a some Jonsson theory, C be its semantic model.
Definition 6. Let C be as above and let cl: P (C) → P (C) be an operator on the power set of C. We say

that (C, cl) is a pregeometry if the following conditions are satisfied:
i) if A ⊆ C, then A ⊆ cl(A) and cl(cl(A)) = cl(A).
ii) if A ⊆ B ⊆ C, then cl(A) ⊆ cl(B).
iii)(exchange) if A ⊆ C, a, b ∈ C and a ∈ cl(A ∪ {b}), then a ∈ cl(A), b ∈ cl(A ∪ {a}).
iv)(finite character) if A ⊆ C and a ∈ cl(A), then there is a finite A0 ⊆ A such that a ∈ cl(A0).
We say that A ⊆ C is closed if cl(A) = A.
In particular, we can define the notion of strong minimality on formula subsets of existentially closed

submodels of the semantic model of a fixed Jonsson theory [13].
If D is strongly minimal, we can associate a pregeometry by defining cl(A) = acl(A) ∩D for A ⊆ D.
We can generalize basic ideas about independence and dimension from strongly minimal sets to arbitrary

pregeometries for any subset of fix semantic model of some Jonsson theory.
Let as call (X, cl)-Jonsson pregeometry (further J-pregeometry) if X ⊆ C, C and T as above.
Definition 7. If (X, cl) is a Jonsson pregeometry, we say that A is Jonsson independent if a /∈ cl(A \ {a})

for all a ∈ A and that B is a J-basis for Y if B ⊆ Y is J-independent and Y ⊆ acl(B).
Definition 8. We say that a J-pregeometry (X, cl) is J-geometry if cl(∅) = ∅ and cl({x}) = {x} for any

x ∈ X.
If (X, cl) is a J-pregeometry, then we can naturally define a J-geometry. Let X0 = X \ cl(∅). Consider the

relation ∼ on X0 given by a ∼ b iff cl({a}) = cl({b}). By exchange, ∼ is an equivalence relation. Let X̂ be
X0/∼. Define ĉl on X̂ by ĉl(A/∼) = {b/∼ : b ∈ cl(A)}.

Definition 9. Let (X, cl) be J-pregeometry. We say that (X, cl) is trivial if cl(A) = Ya∈Acl{a} for any A ⊆ X.
We say that (X, cl) is modular if for any finite-dimensional closed A,B ⊆ X

dim(A ∪B) = dimA+ dimB − dim(A ∩B)

Definition 10. We say that (X, cl) is locally modular if (X, cla) is modular for some a ∈ X.
Definition 11. If X = C and (X, cl) is a modular, then the Jonsson theory T is called modular.
Let in what follows the operator cl is either an algebraic or a definable closure of some ϕ(x)-set, that is, if C

is a semantic model of some Jonsson theory, and ϕ(C) = A, then cl(A) = M ∈ ET ,M = M1∪M2,M1 = acl(A),
M2 = dcl(A).

Definition 12. Let X ⊆ C. We will say that a set X is ∇-cl-Jonsson subset of C, if X satisfies the following
conditions:

1) X is ∇-definable set (this means that there is a formula from ∇, the solution of which in the C is the
set X, where ∇ ⊆ L, that is ∇ is a view of formula, for example ∃,∀,∀∃ and so on.);

2) cl(X) = M , M ∈ ET , where cl is some closure operator defining a pregeometry over C (for example
cl = acl or cl = dcl).

It is clear that the ϕ(x)-Jonsson set is a special case of Definition 12, i.e. these are elements of the semantic
model that are solutions of the formula ϕ(x) in the model C.

And in particular, ϕ(x)-set is called a ϕ(x)-Jonsson set in the theory T if the following definition holds.
Definition 13. Let X ⊆ C. We will say that a set X is ϕ(x)-Jonsson subset of C, if X satisfies the following

conditions:
1) X is ϕ(x)-definable set (this means that there is a formula from ϕ(x), the solution of which in the C is

the set X, where ϕ(x) ⊆ L, that is ϕ(x) is a view of formula ∃);
2) cl(X) = M , M ∈ ET , where cl is some closure operator defining a pregeometry over C (for example

cl = acl or cl = dcl).
Any subset of the semantic model is called the set X in the Jonsson theory T .

2 The atomicity and the primeness of ϕ(x)-sets

A model-theoretical property of a model is said to be an APA-property if it satisfies the properties of
algebraic primeness and atomicity in the sense of [18]. For example, let us give an important definition of
APA-transcendence.

Definition 14. A set X is called an APA-set if it is ϕ(x)-Jonsson set and M is algebraically prime and
(Σ1,Σ1)-atomic model, whereM = cl(X),M ∈ ET . And in this case the modelM is called an APA-existentially
closed model.
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And accordingly, an analog of the quasi-transcendental theory from [17] is the notion of the APA-trans-
cendental theory.

Definition 15. A Jonsson theory T is called APA-transcendental, if for any APA-set of the X in the theory
T there exist APA-existentially closed model M , such that cl(X) = M .

We recall the classical definition of a convex theory belongs to A. Robinson.
Definition 16. A theory T is called convex if for any its model A and for any family {Bi | i ∈ I} of

substructures of A, which are models of the theory T , the intersection
⋂
i∈I Bi is a model of T , provided it is

non-empty. If in addition such an intersection is never empty, then T is called strongly convex.
The following definition selects a rather interesting subclass in the class of convex Jonsson theories, which

is defined by the closure of some formula ϕ(x).
Definition 17. The theory T will be called ϕ(x)-convex if:
1) it is convex in the classical sense;
2) for any existentially closed model N of this theory, there is a theoretical set A such that cl(A) = ∩

i
Bi,

Bi ≺Σ1 N and exists ϕ(x): ϕ(C) = A.
Let C be semantic model, Mi ≺ C, i ∈ I. There are 2 possible cases.
1 case. Mi are existentially closed models.
2 case. Mi are not existentially closed models. Then, by the Lowenheim-Sculem up theorem, there exist

elementary extensions M ′i �Mi, which, according to Proposition 8.12 [2; 97] will already be existentially closed
models.

This means that in any case, there are models Mi that will be existentially closed.
Summarizing the above, we can consider a more general situation, defining the next class of theories.
Definition 18. Let T be the Jonsson theory. T is called the ϕ(x)-transcendental if on any ϕ(x)-set there

is (∇1,∇2)-atomic and h-prime model, where ∇1,∇2 ⊂ L and h is an arbitrary homomorphism between the
models of the theory T .

We denote Th∀∃(M) by Fr(A) and call it a fragment of the Jonsson theory T , where C is the semantic
model of this theory, A ⊆ C, M = cl(A), M ∈ ET .

The following theorem is the main result of this article. This theorem shows that the number of fragments
obtained under a closure of an algebraic or definable type does not exceed the number of homogeneous models
of some Jonsson theory, which is obtained as a result of a permissible enrichment of the hereditary Jonsson
theory.

Theorem. Let T be hereditary, complete for ∃-sentences, ϕ(x)-convex, ϕ(x)-transcendental Jonsson theory
with an essential base of central types in its fragments, where ϕ(x) defines a APA-subset of the semantic model
C. Then there is a cardinal µ such that the number of fragments is determined by the following formula

H(α, T ) =

{
1, at condition I = 1 & α > 0;
ℵmin(µ,ℵα)

0 , in other cases.

where H(α, T ) is the number of homogeneous models of the theory T .
Proof. Consider the enrichment of the language of the theory T with a new constant symbol c and a new

unary predicate symbol p. Let us write one of the completions of the theory T in the following form:

T = T
⋃
Th∀∃ (C, ca)a∈A

⋃
{P (c)}

⋃
{P,⊆} .

Let {P,⊆} be the set of sentences defining the N model,where N ∈ ET , N is the core, (Σ1,Σ1)-atomic
model. Such a model exists due to ϕ(x)-convexity of the theory T . Consider all existentially closed extensions
of the model N . It is easy to see that the class of all these extensions does not exceed ET . Moreover, due to
the convexity of the theory T , this class coincides with ET . To count the number of models ET , we will use
the central type technique. Let Mi be an arbitrary existentially closed extension of the model N . Consider the
central type of models Mi . To do this, we will consider the fragments Th∀∃(Mi), denote them Ti. This is a
Jonsson theory in the language of the theory T , since Mi ∈ ET . Consider

TMi
=T

⋃
Th∀∃ (C�Mi

, ca)a∈A
⋃
{P (c)}

⋃
{PMi

,⊆}, where {PMi
,⊆} is a set sentences reflecting the fact

that N �Σ1 Mi. Due to the heredity of the Ti theory, the theory TMi is a Jonsson theory, and it has a
corresponding center, we denote it T

∗
Mi

. By virtue of the laws of first-order logic, we can replace the constant
symbol c with the symbol of the variable x, if in the new language we will leave only the predicate symbol P .
Then instead of the center T

∗
Mi

we get some complete type in the old language with the predicate symbol P .
Let’s denote this type by pcMi

. This is the central type of the theory TMi .
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There will be as many such central types as there are Mi models. On this set of central types, i.e. obtained
for each model Mi ∈ ET , we consider the essential base of essential central types. And concerning it we use the
results of Theorems 1 and 2 from [17]; in the language of central types, this means that each Ti is a perfect
Jonsson theory, since Theorem 2 proved the saturation of the universal model for a quasi-transcendental theory
with a strong base. Each semantic model of Jonsson theory is universal in the sense of isomorphic embedding
and relative to ∃-formulas, and due to the ∃-completeness of the T theory, we can transfer the proof of saturation
for ∃-types. This means that the theories Ti are perfect Jonsson theories, due to heredity, TMi

are also perfect
Jonsson theories, so their centers are model complete, which means that all embeddings between models are
elementary. In particular, all algebraically prime models are prime models, and (Σ1,Σ1)-atomic models are
atomic models of the theory T

∗
Mi

. Therefore, there will be as many central types as there are semantic models of
theories Ti, but all these models are existentially closed models, like the semantic models of Jonsson theories. By
virtue of the perfectness of Jonsson’s theory Ti, the class ETi is equivalent to the class ModT

∗
i . Because of the

above, we can conclude that the number of central types for the Jonsson theory is exactly equal to the number
of universally homogeneous models, and we can apply the result of Theorem 6 from [17], concerning only the
spectrum of homogeneous models, which uniquely determines the criterion for the Jonsson theory, namely, a
theory is Jonsson if and only if it has a universally homogeneous model of sufficient power.
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А.Р. Ешкеев, М.Т. Омарова

Дөңес теорияның централдық типтерiнiң елеулi базасы

Мақалада дөңес теорияның централдық типтерiнiң елеулi базасының модельдi-теоретикалық қаси-
еттерi қарастырылған. Рұқсат етiлген байытылған сигнатурада центр мен йонсондық теорияның
байланысы көрсетiлген. Сонымен қатар қарастырылып отырған теориялар мұралы теориялар бо-
лып табылады. Осы жұмыс 2 параграфқа бөлiнген: 1) елеулi типтер және централдық типтердiң
елеулi базасы (сонымен бiрге елеулi тип пен елеулi база ұғымдары Рудин-Кейслердiң ретi арқылы
анықталады, яғни кейбiр мұралы йонсондық теорияның рұқсат етiлген байытуында централдық ти-
птердiң жиынында); 2) ϕ(x) — жиынның атомдығы және жайлылығы. Келесi жаңа ұғымдар енгi-
зiлген: ϕ(x) — йонсондық жиын, APA — жиын, APA — экзистенционалды тұйық модель, ϕ(x) —
дөңес теория, ϕ(x) — трансценденттi теория, APA — трансценденттi теория. Осы мақаланың бiр
идеясы Т.Ғ. Мұстафиннiң еңбегiнде квазитрансценденттi теорияның кез-келген әмбебап моделi қат-
ты базамен қаныққан екендiгi деп атап өтiлген деген дерекке қатысты, бiрақ мақала авторлары бұл
нәтиженi ескере отырып жалпылау жасады: квазитрансценденттiлiк ұғымы ϕ(x)-трансценденттiлiкке
ауыстырылды, мұндағы ϕ(x) кейбiр йонсондық жиынды анықтайды; және қатты база ұғымы елеу-
лi база ұғымымен алмастырылды, бiрақ мұралы йонсондық теорияның рұқсат етiлген байытуында.
Жұмыстың негiзгi нәтижесi көрсеткендей, алгебралық немесе анықталатын типтiң тұйықталуы ке-
зiнде алынған фрагменттер саны мұралы йонсондық теорияның рұқсат етiлген байыту нәтижесiнде
алынған кейбiр йонсондық теорияның бiртектi модельдерiнiң санынан аспайды.

Кiлт сөздер: йонсондық теория, централдық типтер, елеулi база, ϕ(x)-жиын, ϕ(x)-дөңес теория, ϕ(x)-
трансценденттi теория, APA-трансценденттi теория, фрагмент.

А.Р. Ешкеев, М.Т. Омарова

Существенная база центральных типов выпуклой теории

В статье рассмотрены теоретико-модельные свойства существенной базы центральных типов выпук-
лой теории. Показаны связи между центром и йонсоновской теорией в разрешенном обогащении
сигнатуры. При этом рассматриваемые теории являются наследственными. Данная работа разбита
на 2 параграфа: 1) существенные типы и существенная база центральных типов (при этом поня-
тия существенного типа и существенной базы определяются с помощью порядка Рудина-Кейслера на
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множестве центральных типов некоторой наследственной йонсоновской теории в разрешенном обо-
гащении); 2) атомность и простота ϕ(x)-множеств. Введены новые понятия: ϕ(x) — йонсоновское
множество; APA — множество; APA — экзистенциально замкнутая модель; ϕ(x) — выпуклая теория;
ϕ(x) — трансцендентная теория; APA — трансцендентная теория. Одна из идей данной статьи отно-
сится к тому факту, что в работе Т.Г. Мустафина было замечено, что любая универсальная модель
квазитрансцендентной теории с сильной базой насыщена. Авторы статьи обобщили этот результат с
учетом того, что понятие квазитрансцендентности будет заменено ϕ(x)-трансцендентностью, где ϕ(x)
задает некоторое йонсоновское множество; а понятие сильной базы заменено понятием существенной
базы, но в разрешенном обогащении наследственной йонсоновской теории. Главный результат данной
работы показывает, что число фрагментов, полученных под замыканием алгебраического или опре-
делимого типа, не превосходит числа однородных моделей некоторой йонсоновской теории, которая
получается в результате разрешенного обогащения наследственной йонсоновской теории.

Ключевые слова: йонсоновская теория, центральные типы, существенная база, ϕ(x)-множество, ϕ(x)-
выпуклая теория, ϕ(x)-трансцендентная теория, APA-трансцендентная теория, фрагмент.
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On Boundary Value Problems for a Mixed Type Fractional
Differential Equation with Caputo Operator

This article is devoted to study the boundary value problems of the first and second kind with respect
to the spatial variable for a mixed inhomogeneous differential equation of parabolic-hyperbolic type with
a fractional Caputo operator in a rectangular domain. In the study of such boundary value problems, we
abandoned the boundary value condition with respect to the first argument and instead it is used additional
gluing condition. In this case, in the justification of the unique solvability of the problems, the conditions
on the boundary domain are removed. This allowed us to weaken the criterion for the unique solvability of
boundary value problems under consideration. The solution is constructed in the form of Fourier series with
eigenfunctions corresponding to homogeneous spectral problems. Estimates for the convergence of Fourier
series are obtained as a regular solution of this mixed equation.

Keywords: Mixed differential equation, fractional order, Caputo operator, non model equation, Fourier
series, gluing conditions, unique solvability.

Introduction

The theory of boundary value problems for differential equations of mixed parabolic-hyperbolic and elliptic-
hyperbolic types, by virtue of its applied and theoretical significance, in recent years has become one of the most
important branches of the theory of partial differential equations. In 1940, F. I. Frankl discovered applications
of the Tricomi problem for the Chaplygin equation in transonic gas dynamics. Later the new applications of
mixed-type equations have been found in the theory of Laval nozzles, in plasma theory, and in other branches
of physics and mechanics.

Mathematicians began to study more often by the method of Fourier series the unique solvability and
stability of the solution of the Dirichlet and Tricomi problems for a mixed type model differential equations of
the second order

0 =

{
ut − u x x + b 2u, t ≥ 0,
u t t − u x x + b 2u, t < 0

in rectangle domain Ω = {(t, x) : −p < t < q, 0 < x < l}. We note that in [1-3] for this kind of equations in
the rectangular domain with two gluing conditions and with a condition over the entire boundary domain were
studied. In studying the unique solvability of Dirichlet and Tricomi problems for this kind of mixed equations
there is a condition to the measure of the boundary domain. Our approach interfered with the global solvability of
the considering problem in an arbitrary rectangle. The method of Fourier series is also widely used in the works of
other authors in the study of local and nonlocal boundary value problems for differential and integro-differential
equations (see, for example, works [4–9]). The problem of the correct choice of boundary value conditions for a
wide class of singular partial differential equations are solved in [10]. The aggregated theorems of existence and
uniqueness of classical solutions can be proved with continuously depending of experimental definite function.
In [11] a nonlocal problem for the fourth order system of loaded partial differential equations is considered
and the questions of a existence unique solution of the considered problem and ways of its construction are
investigated.

The fractional differential and integral operators have applications in many fields of mathematical physics,
engineering, neurobiology, economics, control theory and combustion science [12, 13]. Therefore, this kind of
differential and integral operators plays an important role in the theory of linear and nonlinear analysis. It is also

*Corresponding author.
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known that in control theory is obtained a dynamic system, describing by the aid of fractional order differential
equations [14]. There are classical methods of solving some kind of fractional differential equations with Riemann-
Liouville operator, with the Caputo operator, or with the Erdeli-Kober operator. The Cauchy problems for
the diffusion-wave equation with fractional differentiation operators in the sense of Riemann-Liouville and
Caputo were investigated in [15–19]. Such kind of problems are of great importance in the construction of
mathematical models of diffusion processes. Interesting results were obtained in works [20–22] for the fractional
partial differential equations.

In this paper in the rectangular domain the unique solvability of the problem with boundary conditions first
and second kind with respect to the spatial variable is established for an inhomogeneous parabolic-hyperbolic
equation with fractional Caputo operator. In studying this boundary value problem application of three gluing
conditions allowed us to solve the problem in arbitrary rectangular domain. This work is a further development
of work [23] for the case of an inhomogeneous equation.

So, in rectangle domain Ω = {(t, x) : −p < t < q, 0 < x < l} we consider a differential equation of mixed
parabolic-hyperbolic type {

cD
α
0 t U − U x x + λ 2U = f (t, x), t ≥ 0,
U t t − U x x + λ 2U = f (t, x), t < 0,

(1)

where λ ≥ 0, l > 0, p > 0, q > 0 are known real numbers, f (t, x) is known function and cD
α
0 t is fractional

order operator in the sense of Caputo:

cD
α
0 t g (t) =

 1
Γ (1−α)

t∫
0

(t− z)−αg′ (z) d z, 0 < α < 1,

d
d t g (t), α = 1,

(2)

Γ (1− α) is Euler gamma function.
Note that the Caputo operator (2) can be represented as follows:

cD
α
0 t U (t, x) = I 1−α

0 t

∂ U (t, x)

∂ t
, (3)

where

I αa t g 0 (t) =
1

Γ (α)

t∫
a

(t− z)α−1
g 0 (z) d z (4)

is fractional order Riemann-Liouville integral.
We introduce the notations: J = {(t, x) : t = 0, 0 < x < l}, Ω = Ω 1 ∪ Ω 2 ∪ J ,

Ω 1 = Ω ∩ {(t, x) : t > 0, x > 0} , Ω 2 = Ω ∩ {(t, x) : t < 0, x < 0} .

In the domain Ω we consider the following problem:
Problem 1. It is required to find a function U (t, x) with the following properties:

U (t, x) ∈ C (Ω) ∩ C 1
(
Ω 2 ∪ J

)
, t1−α U t(t, x), t 2−α U t t(t, x) ∈ C

(
Ω 1 ∪ J

)
;

U t t ∈ C (Ω 2 ∪ J), U x x ∈ C (Ω 1 ∪ Ω 2), cD
α
0 t U ∈ C (Ω 1 ∪ J)

and satisfies the equation (1) in the domains Ωj (j = 1, 2); on the line J satisfies the gluing conditions

U (+0, x) = U (−0, x), (0, x) ∈ J̄ , (5)

lim
t→+0

t 1−α U t(t, x) = lim
t→−0

U t(t, x), (0, x) ∈ J, (6)

lim
t→+0

t 2−α U t t(t, x) = lim
t→−0

U t t (t, x), (0, x) ∈ J ; (7)

satisfies the following boundary value conditions

U (t, 0) = 0, U (t, l) = 0, −p ≤ t ≤ q. (8)

So, we note that in studying this problem we use three gluing conditions (5)–(7).
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Solutions of the equation (1), satisfying zero boundary value conditions (8), are sought in the form of the
Fourier series

U (t, x) =

∞∑
n=1

un (t) ϑn (x) , (9)

where

un (t) =

l∫
0

U (t, x) ϑn (x) d x,

ϑn (x) =

√
2

l
sin ρnx, ρn =

√
µ2
n + λ2, µn =

πn

l
, n ∈ N.

It is known that a system of functions {ϑn (x)}∞n=1 form a complete system of orthonormal functions in the
space L2 [0, l]. We also expand the function f (t, x) in a Fourier series by eigenvalue functions ϑn (x):

f (t, x) =

∞∑
n=1

fn (t) ϑn (x) , (10)

where

fn (t) =

l∫
0

f (t, x) ϑn (x) d x.

Uniqueness of the solution of the problem 1

Theorem 1. If there exists a solution of the problem 1, then this solution is unique.
Proof. Let f (t, x) = 0 be in Ω. We prove that a homogeneous problem U I has only a trivial solution. We

consider the function

θm (t) =

l∫
0

U (t, x)ϑm(x) d x. (11)

Then for the homogeneous equation (1) we obtain

cD
α
0 t θm(t) =

√
2

l

l∫
0

[cD
α
0 t U (t, x)] sin ρm x dx =

√
2

l

l∫
0

U x x( t, x) sin ρm x dx−

−
√

2

l

l∫
0

λ 2 U ( t, x) sin ρm x dx, 0 < t < q,

θ′′m(t) =

√
2

l

l∫
0

U t t(t, x) sin ρm x dx =

√
2

l

l∫
0

U x x(t, x) sin ρmx dx−

−λ 2

√
2

l

l∫
0

U (t, x) sin ρm x dx, −p < t < 0.

Hence, integrating by parts two times over x and taking the conditions (5)-(7) into account, we obtain

cD
α
0 tθm(t) + ρ 2

mθm(t) = 0, 0 < t < q, (12)

θ′′m(t) + ρ 2
mθm(t) = 0, −p < t < 0, (13)

Applying the gluing conditions (5)-(7) to (11), we obtain

θm(+0) =

l∫
0

U (+0, x)ϑm(x) d x =
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=

l∫
0

U (−0, x)ϑm(x) d x = θm(−0), (14)

lim
t→+0

t 1−αθ′m(t) = lim
t→+0

l∫
0

t 1−αU t(t, x)ϑm(x) d x =

= lim
t→−0

l∫
0

U t(t, x)ϑm(x) d x = lim
t→−0

θ′m(t), (15)

lim
t→+0

t 2−αθ′′m(t) = lim
t→+0

l∫
0

t 2−αU tt(t, x)ϑm(x) d x =

= lim
t→−0

l∫
0

U tt(t, x)ϑm(x) d x = lim
t→−0

θ′′m(t). (16)

By virtue of (3) and (4), the countable systems of differential equations (12) and (13), respectively, have
general solutions

θm(t) = cmE 1
α

(−ρ 2
mt

α, 1), 0 < t < q, (17)

θm(t) = am cos ρmt+ bm sin ρmt, −p < t < 0, (18)

where am, bm, cm are arbitrary constants and E 1
α

(z, 1) is the Mittag-Leffler function with the form:

Eα, σ(z) ≡ E 1
α

(z, σ) =

∞∑
i=0

zi

Γ(α i+ σ)
, σ > 0.

Substituting (17) and (18) into (14)-(16) and taking into account the property of the Mittag-Leffler function

E 1
α

(z) = 1 + z E 1
α

(z, α+ 1),

we obtain
cm = am, bm = − ρm

Γ (α)
cm,

[
(1− α)

Γ(α)
+ 1

]
cm = 0.

Hence, we find that cm = am = bm = 0. Consequently,

θm (t) =

l∫
0

U (t, x) ϑm (x) d x = 0, t ∈ [−p, q] .

Therefore, by virtue of completeness of the systems of eigenfunctions {ϑm (x)}∞n=1 in the space L2 [0, l],
implies U (t, x) = 0 almost everywhere on [0, l] for all t ∈ [−p, q].

Since, by virtue of the first condition of the problem 1, the function U (t, x) is continuous in Ω. Therefore,
the solution of the problem 1 is unique. The Theorem 1 was proved.

Justification of the existence of a solution of the problem 1

Substituting the expansions (9) and (10) into equation (1), we obtain

∞∑
n=1

ϑn (x) cD
α
0 tun (t) =

∞∑
n=1

fn (t) ϑn (x)−
∞∑
n=1

ρ 2
n un (t) ϑn (x) , (t, x) ∈ Ω 1,

∞∑
n=1

u′′n (t) ϑn (x) =

∞∑
n=1

fn (t) ϑn (x)−
∞∑
n=1

ρ 2
n un (t) ϑn (x) , (t, x) ∈ Ω 2.
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Hence, taking into account the fact that the system of eigenvalue functions {ϑn (x)}∞n=1 form a complete
system of orthonormal functions in the space L2 [0, l], we arrive at countable systems of differential equations

cD
α
0t [un (t)] + ρ2

nun (t) = fn (t) , 0 ≤ t ≤ q, (19)

u′′n(t) + ρ2
nun(t) = fn(t), −p ≤ t ≤ 0, n ∈ N. (20)

By virtue of (3), the equation (19) takes the form

I1−α
0t u′n (t) + ρ2

n un (t) = fn (t) , 0 ≤ t ≤ q. (21)

Applying the operator Iα0t [·] to both sides of equation (21) and taking

I α0 t I
1−α
0 t u′n (t) = I 1

0 t u
′
n (t) = un (t)− un (0)

into account we bring this equation to the Volterra integral equation of the second kind with respect to the
unknown function un (t):

un (t) +
ρ 2
n

Γ (α)

t∫
0

(t− τ)
α−1

un (τ) d τ =

= un (0) +
1

Γ (α)

t∫
0

(t− τ)
α−1

fn (τ) d τ, 0 ≤ t ≤ q. (22)

Taking

1

Γ (β)

z∫
0

tσ−1Eα, σ (λ tα) (z − t) β−1
d t = z σ+β−1Eα, σ+β (λ z α) ,

1

Γ (σ)
+ z Eα, α+σ (z) = Eα, σ (z) , σ > 0, β > 0

into account we obtain the solution of the equation (22) in the form

un (t) = cnE 1
α

(−ρ 2
nt
α, 1)+

+

t∫
0

(t− τ)
α−1

E 1
α

(
−ρ 2

n (τ − t)α , α
)
fn (τ) d τ, 0 ≤ t ≤ q, (23)

where cn is arbitrary constant.
Solving the equation (20) by the Lagrange method, we obtain the representation

un (t) = an cos ρn t+ bn sin ρn t+
1

ρn

0∫
t

fn (τ) sin ρn (τ − t) d τ, −p ≤ t ≤ 0, (24)

where an, bn are arbitrary constants.
Applying the gluing conditions (14)-(16) for m = n to representations (23) and (24), we derive unknown

coefficients an, bn, cn:

cn = an =
fn (0)

ρ2
n

, bn = 0. (25)

Substituting (25) into (23) and into (24), we obtain the following representations

un (t) =
fn (0)

ρ 2
n

E 1
α

(−ρ 2
n t

α, 1)+

+

t∫
0

(t− τ)
α−1

E 1
α

(
−ρ 2

n (τ − t)α , α
)
fn (τ) d τ, 0 ≤ t ≤ q, (26)
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un (t) =
fn (0)

ρ 2
n

cos ρn t+
1

ρn

0∫
t

fn (τ) sin ρn (τ − t) d τ, −p ≤ t ≤ 0. (27)

Substituting (26) and (27) into the Fourier series (9), we formally represent the solution of the problem 1
in the form of the following Fourier series

U (t, x) =

∞∑
n=1

ϑn (x)

[
fn (0)

ρ 2
n

E 1
α

(−ρ 2
n t

α, 1)+

+

t∫
0

(t− τ)
α−1

E 1
α

(
−ρ 2

n (t− τ) α, α
)
fn (τ) d τ

 , (t , x) ∈ Ω 1, (28)

U(t, x) =

∞∑
n=1

ϑn(x)

fn(0)

ρ 2
n

cos ρn t+
1

ρn

0∫
t

fn (τ) sin ρn (τ − t) d τ

 , (t, x) ∈ Ω 2. (29)

Theorem 2. Let the functions f (t, x), f x (t, x), f x x (t, x), f t (t, x) be continuous in Ω and ft t(t, x) ∈
∈ L 2(Ω), f (t, 0) = f(t, l) = 0, −p ≤ t ≤ q. Then a regular solution of the problem 1 exists and is defined in
the form of series (28) and (29).

Proof. In proving the convergence of the series (28) and (29) with the properties of the problem 1, an
important role are played the applications of the Cauchy-Schwartz inequality and Bessel inequality. First,
estimate the following functions

1

ρ2
n

=
1

µ2
n + λ2

≤ 1

µ2
n

=

(
l

π

)2
1

n2
, ρn =

√
µ2
n + λ2, µn =

πn

l
, n ∈ N;

∣∣∣E 1
α

(
−ρ 2

n (t− τ)
α
, α
) ∣∣∣ ≤ C

1 + ρ 2
n (t− τ)

α ≤
C

ρ 2
n (t− τ)

α ≤
(t− τ)

1−α
C

ρ 2
n (t− τ)

≤

≤ (t− τ)
−α

C

ρ 2
n

≤ M0

ρ 2
n

, M0 ≥ (t− τ)−α C, 0 < C = const;∣∣∣∣∣∣
t∫

0

(t− τ)
α−1

d τ

∣∣∣∣∣∣ =

∣∣∣∣∣∣
t∫

0

(t− τ)
α−1

d (t− τ)

∣∣∣∣∣∣ =

∣∣∣∣ (t− τ)
α

α

∣∣∣∣τ=t

τ=0

≤ qα

α
.

Then applying the Cauchy-Schwartz inequality and Bessel inequality to the series (28), we obtain the
following estimate

|U (t, x) | ≤
√

2

l

∞∑
n=1

[∣∣∣∣ fn (0)

ρ 2
n

∣∣∣∣ · ∣∣∣E 1
α

(
−ρ 2

n t
α, 1

) ∣∣∣+
+

t∫
0

(t− τ)
α−1

∣∣∣E 1
α

(
−ρ 2

n (t− τ) α, α
) ∣∣∣ · | fn (τ) | d τ

 ≤
≤
√

2

l

∞∑
n=1

| fn (0) |
ρ 2
n

· M 0

ρ 2
n

+

√
2

l

∞∑
n=1

M 0

max
0≤t≤q

| fn (t) |

ρ 2
n

∣∣∣∣∣∣
t∫

0

(t− τ)
α−1

d τ

∣∣∣∣∣∣ ≤

≤M 0

√
2

l

√√√√ ∞∑
n=1

1

µ 8
n

√√√√√ ∞∑
n=1

∣∣∣∣∣∣
l∫

0

f (0, x) ϑn (x) d x

∣∣∣∣∣∣
2

+

+M 0

√
2

l

q α

α

√√√√ ∞∑
n=1

1

µ 4
n

√√√√√ ∞∑
n=1

max
0≤t≤q

∣∣∣∣∣∣
l∫

0

f (t, x) ϑn (x) d x

∣∣∣∣∣∣
2

≤
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≤ 2

√
2

l
M 0M 1M 2M 3 max

0≤t≤q
‖ f (t, x) ‖L 2 [0; l] <∞, (t, x) ∈ Ω 1, (30)

where

M 1 = max

{
q α

α
; 1

}
; M 2 = max

{(
l

π

) 2

;

(
l

π

) 4
}

; M 3 =

√√√√ ∞∑
n=1

1

n 4
.

Similarly to estimate (30), for series (29) we obtain the estimate

|U (t, x) | ≤
√

2

l

∞∑
n=1

| fn (0) |
ρ 2
n

+ p

∞∑
n=1

M 0

max
−p≤t≤0

| fn (t) |

ρn
≤

≤
√

2

l

√√√√ ∞∑
n=1

1

µ 4
n

√√√√ ∞∑
n=1

| fn (0) | 2 + p

√
2

l

√√√√ ∞∑
n=1

1

µ 2
n

√√√√ ∞∑
n=1

max
−p≤t≤0

| fn (t) | 2 ≤

≤ 2

√
2

l
N 0N 1N 2 max

−p≤t≤0
‖ f (t, x) ‖L 2 [0; l] <∞, (t, x) ∈ Ω 2, (31)

where

N 0 = max {p ; 1} ; N 1 = max

{
l

π
;

(
l

π

) 2
}

; N 2 =

√√√√ ∞∑
n=1

1

n 2
.

By virtue of the estimates (30) and (31), we conclude that the series (28) and (29) absolutely and uniformly
converge.

Similarly to the case of series (28) and (29), it is easy to check, that the series

t2−αUt t(t, x) =

∞∑
n=1

t2−αu′′n (t)ϑn (x), (t, x) ∈ Ω1,

Ut t(t, x) =

∞∑
n=1

u′′n (t)ϑn (x), (t, x) ∈ Ω2.

are convergent.
Now we prove the convergence of the following series

U x x (t, x) = −
∞∑
n=1

ρ 2
n ϑn (x)

[
fn (0)

ρ 2
n

E 1
α

(−ρ 2
n t

α, 1)+

+

t∫
0

(t− τ)
α−1

E 1
α

(
−ρ 2

n (t− τ)
α
, α
)
fn (τ) d τ

 , (t , x) ∈ Ω 1, (32)

U x x (t, x) = −
∞∑
n=1

ρ 2
n ϑn (x) ×

×

fn (0)

ρ 2
n

cos ρn t+
1

ρn

0∫
t

fn(τ) sin ρn (τ − t) d τ

 , (t, x) ∈ Ω 2. (33)

Integrating twice in parts the integral fn (t) =
l∫

0

f (t, x) ϑn (x) d x with respect to x, we obtain

fn (t) = −ρ−2
n f ′′n (t), where f ′′n (t) =

l∫
0

f x x (t, x) ϑn (x) d x.

Then for the series (32) and (33), respectively, we derive the following estimates

|U x x (t, x) | ≤
√

2

l

∞∑
n=1

ρ 2
n

[∣∣∣∣ fn (0)

ρ 2
n

∣∣∣∣ · ∣∣∣E 1
α

(
−ρ 2

n t
α, 1

) ∣∣∣+
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+

t∫
0

(t− τ)
α−1

∣∣∣E 1
α

(
−ρ 2

n (t− τ)
α
, α
) ∣∣∣ · | fn (τ) | d τ

 ≤
≤
√

2

l

∞∑
n=1

| f ′′n (0) |
ρ 2
n

· M 0

ρ 2
n

+

∞∑
n=1

M 0

max
0≤t≤q

| f ′′n (t) |

ρ 2
n

∣∣∣∣∣∣
t∫

0

(t− τ)
α−1

d τ

∣∣∣∣∣∣ ≤
≤ 2

√
2

l
M 0M 1M 2M 3 max

0≤t≤q
‖ f x x(t, x) ‖L 2 [0; l] <∞, (t, x) ∈ Ω 1, (34)

|U x x (t, x) | ≤
√

2

l

∞∑
n=1

| f ′′n (0) |
ρ 2
n

+ p

∞∑
n=1

M 0

max
−p≤t≤0

| f ′′n (t) |

ρn
≤

≤ 2

√
2

l
N 0N 1N 2 max

−p≤t≤0
‖ f x x(t, x) ‖L 2 [0; l] <∞, (t, x) ∈ Ω 2. (35)

By virtue of the estimates (34) and (35), we conclude that the series (32) and (33) absolutely and uniformly
converge. It follows that the series (28) and (29) satisfy all the properties of the problem 1. Theorem 2 is proved.

Using the same method, we can establish a unique solvability of the following problem.
Problem 2. Find a solution U (t, x) of equation (1) that is regular in the domain Ω and satisfies all the

conditions of problem 1 except (8), which is replaced by the following condition

U x(t, 0) = 0, U x (t, 0) = 0, −p ≤ t ≤ q.
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Т.К. Юлдашев, Б.И. Исломов, У.Ш. Убайдуллаев

Капуто операторы бар аралас типтi бөлшек дифференциалдық
теңдеуге арналған шеттiк есептер туралы

Мақалада тiкбұрышты аймақтағы бөлшек Капуто операторы бар параболалық гиперболалық типтес
бiртектi емес аралас дифференциалдық теңдеу үшiн кеңiстiктiк айнымалыға қатысты бiрiншi және
екiншi типтегi шеттiк есептер зерттелдi. Мұндай шеттiк есептердi зерттеу кезiнде бiрiншi аргумент
бойынша шекаралық шарт қоюдан бас тартылды және оның орнына қосымша үзiлiссiздiк шарты
қолданылды. Бұл ретте бiржақты шешiлуiн негiздеу үшiн шекаралық облысқа арналған шарттар
алынып тасталады. Бұл мақала авторлары қарастырған шеттiк есептердiң бiржақты шешiлу крите-
рийiн әлсiретуге мүмкiндiк бередi. Шешiм бiртектi спектрлiк есептерге сәйкес келетiн өз функция-
лары бар Фурье қатарлары түрiнде жасалды. Фурье қатарларының конвергенциясы осы аралас тең-
деудiң тұрақты шешiмi ретiнде алынды.

Кiлт сөздер: аралас дифференциалдық теңдеу, бөлшек ретi, Капуто операторы, модельдiк емес тең-
деу, Фурье қатары, үзiлiссiздiк шарттары, бiржақты шешiлу.
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Т.К. Юлдашев, Б.И. Исломов, У.Ш. Убайдуллаев

О краевых задачах для дробного дифференциального уравнения
смешанного типа с оператором Капуто

В статье исследованы краевые задачи первого и второго родов относительно пространственного пере-
менного для смешанного неоднородного дифференциального уравнения параболо-гиперболического
типа с дробным оператором Капуто в прямоугольной области. При исследовании таких краевых задач
авторы отказались от задания граничного условия по первому аргументу и использовали вместо этого
дополнительное условие склеивания. При этом в обосновании однозначной разрешимости снимаются
условия на граничную область. Это позволило авторам статьи ослабить критерий однозначной разре-
шимости рассматриваемых краевых задач. Решение построено в виде рядов Фурье с собственными
функциями, соответствующими однородным спектральным задачам. Получены оценки сходимости
рядов Фурье как регулярное решение этого смешанного уравнения.

Ключевые слова: смешанное дифференциальное уравнение, дробный порядок, оператор Капуто, не-
модельное уравнение, ряд Фурье, условия склеивания, однозначная разрешимость.
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On a New Class of Singular Integro-differential Equations

In this paper for a new class of model and non-model partial integro-differential equations with singulari-
ty in the kernel, we obtained integral representation of family of solutions by aid of arbitrary functi-
ons. Such type of integro-differential equations are different from Cauchy-type singular integro-differential
equations. Cauchy-type singular integro-differential equations are studied by the methods of the theory of
analytic functions. In the process of our research the new types of singular integro-differential operators
are introduced and main property of entered operators are learned. It is shown that the solution of studied
equation is equivalent to the solution of system of two equations with respect to x and y, one of which
is integral equation and the other is integro-differential equation. Further, non-model integro-differential
equations are studied by regularization method. This regularization method for non-model equation is
based on selecting and analysis of a model part of the equation and reduced to the solution of two second
kind Volterra type integral equations with weak singularity in the kernel. It is shown that the presence
of a non-model part in the equation does not affect to the general structure of the solutions. From here
investigation of the model equations for given class of the integro-differential equations becomes important.
In the cases, when the solution of given integro-differential equation depends on any arbitrary functions, a
Cauchy type problems are investigated.

Keywords: singular integro-differential equation, model equation, non model equation, characteristic equati-
on, Cauchy type problem.

Introduction

In addition to the theory of differential and integral equations, the theory of integro-differential (I-D)
equations with regular and singular coefficients plays an important role in theoretical and applied research.
There are many scientific publications where theoretical or applied aspects of the theory of I-D equations are
studied. Of particular interest is research on I-D equations with singular kernels. During the last years the
theory of the I-D equations basically developed in two directions. The first direction is connected with the study
of approximate solutions of I-D equations [1–10]. The second direction is connected with construction of the
general theory for a new classes of the I-D equations [11–18]. Study of the various aspects of I-D equations
in Banach spaces also concerns to the second direction [19–21]. Also, in last years the methods of solving the
direct and inverse problems and problems with small parameters for the I-D equations [22–24] were actively
developed.

One of section in the theory of the I-D equations, which is not studied completely, is the section of I-D
equations with singular and super singular coefficients. Some results in this direction are received by integral
transform methods in [25–27]. But, we note that the singularity in dependent of the studied problems has
different nature. Therefore, the approach of separate authors to study the singular problems happens in different
ways.

In the classical singular integro-differential equations the integrals basically we understood in sense of a
principal value of Cauchy. Consequently, in solving some equations the methods of analytic functions are used.
Unlike this, we will investigate such singular I-D equations, in which integrals are understood in ordinary sense
of Riemann. Therefore, our approaches in studying the given problem are also different from the works [13–15].
This work is a further continuation of our research in [28, 29].

*Corresponding author.
E-mail: tursun.k.yuldashev@gmail.com
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1. Formulation of problem and basic designation

We denote: D = {(x, y) : a < x < c, b < y < d} and Γ1 = {a < x < c, y = b}, Γ2 = {x = a, b < y < d}.
In the domain D we consider a partial integro-differential equation with singular coefficients:

Kϕ ≡ ϕ′x(x, y) +
A(x)

x− a
ϕ+

x∫
a

B(t)

(t− a)2
ϕ(t, y)dt+

y∫
b

E(s)

s− b
ϕ′x(x, s)ds+

+

y∫
b

G(x, s)

(x− a)(s− b)
ϕ(x, s)ds+

x∫
a

dt

(t− a)2

y∫
b

H(t, s)

s− b
ϕ(t, s)ds = f(x, y), (1)

where A(x), B(x), E(y), G(x, y), H(x, y) are given functions connecting to each other by equalities
G(x, y) = A(x)E(y), H(x, y) = B(x)E(y); f(x, y) is the given function on the domain D; ϕ(x, y) is a unknown
function.

An importance of studying equation (1) consists in the following idea:
1 The degree of singularity in the kernel of the studied equation with respect to x is equal to 2 and with

respect to y is equal to 1. Therefore the kernels of this equation are not Fredholm type kernels;
2 Singularity in this equation is not understood in the sense of a principal value of Cauchy;
3 For the solution of this equation we do not use methods of the theory of analytic functions;
4 We obtain the solution of the considering equation in the sense of generalized solution from the theory of

regular I-D equations.
To solve the equation (1) we introduce some designations:
1 Through Cδ1,δ2x (D) we denote a class of such functions, which have the first order continuous derivative

with respect to the variable x with an asymptotic behaviour

f(x, y) = o[(x− a)γ1 , (y − b)γ2 ], γ1 > δ1, γ2 > δ2. (2)

2 We denote Cδ1,0(D) = Cδ1(Γ1) and C0,δ2(D) = Cδ2(Γ2).
3 Through Cδ1f(a)(Γ1) we designate a class of such functions, for difference of which there is true the following

f(x)− f(a)→ 0 as x→ a. This type of functions has an asymptotic behaviour

f(x)− f(a) = o[(x− a)γ1 ], γ1 > δ1.

If f(a) = 0, then we have denotation Cδ10 (Γ1) = Cδ1(Γ1).
The solution of equation (1) we seek in the class C1,0

x (D). For this purpose by Πx,1,2
a,A(x),B(x) and Πy,1

b,E(y) we
designate operators acting on function ϕ(x, y) by rules

Πx,1,2
a,A(x),B(x)ϕ(x, y) ≡ ϕ′x(x, y) +

A(x)

x− a
ϕ(x, y) +

x∫
a

B(t)

(t− a)2
ϕ(t, y)dt, (3)

Πy,1
b,E(y)ϕ(x, y) ≡ ϕ(x, y) +

y∫
b

E(s)

s− b
ϕ(x, s)ds. (4)

If A(x) = A = const, B(x) = B = const and E(x) = E = const, then operators Πx,1,2
a,A,Bϕ(x, y) in (3) and

Πy,1
b,Eϕ(x, y) in (4) we call model operators and the equations corresponding to these operators we call model

equations.
So, equation (1) by means of just entered operators we represent as

Πx,1,2
a,A(x),B(x)Π

y,1
b,E(y)ϕ(x, y) = f(x, y). (5)

Then the solution of operator equation (5) is equivalent to the solution of the following system of I-D
equations {

Πy,1
b,E(y)ϕ(x, y) = ψ(x, y),

Πx,1,2
a,A(x),B(x)ψ(x, y) = f(x, y),

(6)

where ψ(x, y) is a new unknown function and the function f(x, y) has an asymptotic behaviour (2).
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By separating model part of system (6) we obtain{
Πy,1
b,E(b)ϕ(x, y) = Ψ(x, y),

Πx,1,2
a,A(a),B(a)ψ(x, y) = F (x, y),

(7)

where

Ψ(x, y) = ψ(x, y)−
y∫
b

E(s)− E(b)

s− b
ϕ(x, s)ds, (8)

F (x, y) = f(x, y)− A(x)−A(a)

x− a
ψ(x, y)−

x∫
a

B(t)−B(a)

(t− a)2
ψ(t, y)dt. (9)

It is obvious that the homogeneous equations of system (7) correspond to characteristic equations

1 +
E(b)

λ
= 0, (10)

µ+A(a) +
B(a)

µ− 1
= 0. (11)

In dependent of the roots of the characteristic equations (10), (11) we obtain the solution of the system of
equations (7) in following form.

Let λ = −E(b) > 0 and the roots of the characteristic equations (11) be real and different, 1 < µ1 < µ2.
Then the solution of nonhomogeneous equations (7) gives by formula:ϕ(x, y) = (y − b)λc1(x) + Ψ(x, y) +

(
Πy,λ+1
b,λ

)−1

Ψ(x, y) ≡ E1,

ψ(x, y) = (x− a)µ1c2(y) + (x− a)µ2c3(y) +
(
Πx,µ1,µ2

a,1−µ1,1−µ2

)−1
F (x, y) ≡ E2,

(12)

where E1 = E1[c1(x),Ψ(x, y)], E2 = E2[c2(y), c3(y), F (x, y)], operators
(

Πy,λ+1
b,λ

)−1

and
(
Πx,µ1,µ2

a,1−µ1,1−µ2

)−1 are

inverse to operators Πy,1
b,E(b) and Πx,1,2

a,A(a),B(a), respectively, and the explicit form of these operators are

(
Πy,λ+1
b,λ

)−1

Ψ(x, y) = λ

y∫
b

(
y − b
s− b

)λ
Ψ(x, y)

s− b
ds,

(
Πx,µ1,µ2

a,1−µ1,1−µ2

)−1
F (x, y) =

=
1√
D1

x∫
a

[
(1− µ1)

(
x− a
t− a

)µ1

− (1− µ2)

(
x− a
t− a

)µ2
]
F (t, y)dt.

Substituting the value of Ψ(x, y) and F (x, y) from (8), (9) into (12), after some transformations we come
to solving the following Volterra type integral equations

ϕ(x, y) +

y∫
b

K1(y, s)ϕ(x, s)ds = E1[c1(x), ψ(x, y)],

ψ(x, y) +
1√
D1

x∫
a

K2(x, t)ψ(x, y)dt = E2[c2(y), c3(y), f(x, y)],

(13)

where 

K1(y, s) =

(
y − b
s− b

)λ
E(s)− E(b)

s− b
,

K2(x, t) =

[
(1− µ1)

(
x− a
t− a

)µ1

− (1− µ2)

(
x− a
t− a

)µ2
]
A(t)−A(a)

t− a
+

+

[(
x− a
t− a

)µ1

−
(
x− a
t− a

)µ2
]
B(t)−B(a)

t− a
.
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If we introduce new unknown functions as ϕ1(x, y) = ϕ(x,y)
(y−b)λ , ψ1(x, y) = ψ(x,y)

(x−a)µ1
, then instead the integral

equations (13) we solve the following integral equations
ϕ1(x, y) +

y∫
b

K1,1(y, s)ϕ1(x, s)ds =
E1[c1(x), ψ(x, y)]

(y − b)λ
,

ψ1(x, y) +
1√
D1

x∫
a

K2,1(x, t)ψ1(x, y)dt =
E2[c2(y), c3(y), f(x, y)]

(x− a)µ1
,

(14)

where 

K1,1(y, s) =
E(s)− E(b)

s− b
,

K2,1(x, t) =

[
1− µ1 − (1− µ2)

(
x− a
t− a

)µ2−µ1
]
A(t)−A(a)

t− a
+

+

[
1−

(
x− a
t− a

)µ2−µ1
]
B(t)−B(a)

t− a
.

If the following conditions are fulfilled

A(x) ∈ Cµ2−µ1

A(a) (Γ1), B(x) ∈ Cµ2−µ1

B(a) (Γ1), E(y) ∈ CεE(b)(Γ2),

f(x, y) ∈ Cµ2−1,λ−1(D), {c2(y), c3(y)} ∈ Cλ−1(Γ2),
(15)

then the integral equations (14) become a Volterra type integral equations with weak singularity in the kernel
and with the continuous right-hand side function. The solution of equations (14) by means of resolvent we write
as 

ϕ1(x, y) =
E1[c1(x), ψ(x, y)]

(y − b)λ
−

y∫
b

Γ1(y, s)
E1[c1(x), ψ(x, s)]

(s− b)λ
ds,

ψ1(x, y) =
E2[c2(y), c3(y), f(x, y)]

(x− a)µ1
− 1√

D1

x∫
a

Γ2(x, t)
E2[c2(y), c3(y), f(t, y)]

(t− a)µ1
dt,

where Γ1(y, s), Γ2(x, t) are corresponding resolvent of integral equations (14).
Now coming back to our unknown functions ϕ(x, y), ψ(x, y) we find the solution of equation (5) (or equivalent

equation (1)) as follow:

ϕ(x, y) = E1[c1(x), ψ(x, y)]−
y∫
b

Γ1(y, s)

(
y − b
s− b

)λ
E1[c1(x), ψ(x, s)]ds,

ψ(x, y) = E2[c2(y), c3(y), f(x, y)]−

− 1√
D1

x∫
a

Γ2(x, t)

(
x− a
t− a

)µ1

E2[c2(y), c3(y), f(t, y)]dt.

(16)

So we proved:
Theorem 1. We assume that conditions (15) are fulfilled; G(x, y) = A(x)E(y), H(x, y) = B(x)E(y) in I-

D equation (1) and the roots of the characteristic equations (10) and (11) are such that λ = −E(b) > 0,
1 < µ1 < µ2. Then the solution of equation (1) in the class C1,0

x (D) is presented by formula (16).
From the validity of this Theorem 1, the following corollary holds.
Corollary. We assume that conditions (15) are fulfilled; G(x, y) = A(x)E(y), H(x, y) = B(x)E(y) in the I-D

equation (1) and roots of the characteristic equations (10) and (11) are such that λ = −E(b) < 0, µ1 < µ2 < 1.
Then the solution of equation (1) in the class C1,0

x (D) is presented by following formula

ϕ(x, y) = E1[0, ψ(x, y)]−
y∫
b

Γ1(y, s)

(
y − b
s− b

)λ
E1[0, ψ(x, s)]ds,
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where

ψ(x, y) = E2[0, 0, f(x, y)]− 1√
D1

x∫
a

Γ2(x, t)

(
x− a
t− a

)µ1

E2[0, 0, f(t, y)]dt.

Let λ = −E(b) > 0 and the roots of the characteristic equation (11) be real and equal, µ1 = µ2 = µ > 1.
Then the solution to the second equation of system (7) we represent as:

ψ(x, y) = (x− a)µc4(y) + (x− a)µ ln(x− a)c5(y)+

+
(
Πx,µ
a,µ−1,1

)−1
F (x, y) ≡ E3[c4(y), c5(y), F (x, y)],

where (
Πx,µ
a,µ−1, 1

)−1
F (x, y) =

x∫
a

(
x− a
t− a

)µ [
(µ− 1) ln

(
x− a
t− a

)
+ 1

]
F (t, y)dt.

Here the operator
(
Πx,µ
a,µ−1,1

)−1 is inverse to I-D operator Πx,1,2
a,A(a),B(a), when the roots of the characteristic

equation (11) are real and equal.
In this case repeating the above-stated scheme without stopping in details we obtain the general solution of

equation (11) in a following form:

ϕ(x, y) = E1[c1(x), ψ(x, y)]−
y∫
b

Γ1(y, s)

(
y − b
s− b

)λ
E1[c1(x), ψ(x, s)]ds, (17)

where

ψ(x, y) = E3[c4(y), c5(y), f(x, y)]−
x∫
a

Γ3(x, t)

(
x− a
t− a

)µ
E3[c4(y), c5(y), f(t, y)]dt

and Γ3(x, t) is the resolvent of the integral equation which is written in an explicit form.
Thus the following theorem takes place:
Theorem 2. We assume that the following conditions are fulfilled:
1) G(x, y) = A(x)E(y), H(x, y) = B(x)E(y) in an I-D equation (1);
2) The roots of the characteristic equations (10) and (11) are such that λ = −E(b) > 0, µ > 1;
3) The following inclusions take place

A(x) ∈ CεA(a)(Γ1), B(x) ∈ CεB(a)(Γ1), E(y) ∈ CεE(b)(Γ2),

f(x, y) ∈ Cµ−1,λ−1(D), {c4(y), c5(y)} ∈ Cλ−1(Γ2).

Then the solution of equation (1) in the class C1,0
x (D) can be represented by formula (17).

Remark 1. In this case, if λ = −E(b) < 0, µ < 1, we obtain the unique solution of equation (1) in the form

ϕ(x, y) = E1[0, ψ(x, y)]−
y∫
b

Γ1(y, s)

(
y − b
s− b

)λ
E1[0, ψ(x, s)]ds,

where

ψ(x, y) = E3[0, 0, f(x, y)]−
x∫
a

Γ3(x, t)

(
x− a
t− a

)µ
E3[0, 0, f(t, y)]dt.

Let be λ = −E(b) > 0 and the roots of the characteristic equation (11) are complex, conjugate and

µ1,2 =
1−A(a)

2
±
√

4B(a)− (1 +A(a))2

2
i ≡ α± βi.

Then we can write the solution to the second equation of system (7) as:

ψ(x, y) = (x− a)α {cos [β ln(x− a)] c 6(y) + sin [β ln(x− a)] c 7(y)}+

+
(

Πx,α
a,α−1,β

)−1

F (x, y) ≡ E 4[c 6(y), c 7(y), F (x, y)],
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where (
Πx,α
a,α−1,β

)−1

F (x, y) =
1

β

x∫
a

(
x− a
t− a

)α{
(α− 1) sin

[
β ln

(
x− a
t− a

)]
+

+β cos

[
β ln

(
x− a
t− a

)]}
f(x, s)dt.

Here the operator
(

Πx,α
a,α−1,β

)−1

is inverse to I-D operator Πx,1,2
a,A(a),B(a), when the roots of the characteristic

equation (11) are complex and conjugate.
In this case too repeating the above-stated scheme by means of resolvent of corresponding Volterra type

integral equation we obtain the general solution of equation (1) in a following form:

ϕ(x, y) = E1[c1(x), ψ(x, y)]−
y∫
b

Γ1(y, s)

(
y − b
s− b

)λ
E1[c1(x), ψ(x, s)]ds, (18)

where

ψ(x, y) = E4[c 6(y), c 7(y), f(x, y)]− 1

β

x∫
a

Γ4(x, t)

(
x− a
t− a

)α
E 4[c 6(y), c 7(y), f(t, y)]dt.

Thus, the following theorem takes place.
Theorem 3. We assume that the following conditions are fulfilled:
1) G(x, y) = A(x)E(y), H(x, y) = B(x)E(y) in an I-D equation (1);
2) The roots of the characteristic equations (10) and (11) are such that λ = −E(b) > 0, Reµ1,2 = α > 1;
3) The following inclusions take place

A(x) ∈ CεA(a)(Γ1), B(x) ∈ CεB(a)(Γ1), E(y) ∈ CεE(b)(Γ2),

f(x, y) ∈ Cα−1,λ−1(D), {c6(y), c7(y)} ∈ Cλ−1(Γ2).

Then the solution of equation (1) in the class C1,0
x (D) can be represented by formula (18).

Remark 2. If λ = −E(b) < 0, α < 1, we obtain the unique solution of equation (1) in the form

ϕ(x, y) = E1[0, ψ(x, y)]−
y∫
b

Γ1(y, s)

(
y − b
s− b

)λ
E1[0, ψ(x, s)]ds,

where

ψ(x, y) = E4[0, 0, f(x, y)]−
x∫
a

Γ4(x, t)

(
x− a
t− a

)α
E4[0, 0, f(t, y)]dt.

2. Boundary value problem

One of the most important results in the theory of I-D equations is solving the Cauchy type problem and
boundary value problems. The Cauchy type problem, when x0 does not the same as singular point, is solved as
in ordinary theory. But in the theory of singular I-D equations it is interesting when corresponding conditions
are given at singular point. In this case such kind problems we call singular Cauchy type problems. The singular
Cauchy type problems are different from ordinary Cauchy problems, that in our case the problem gives with
some weights.

We introduce the following denotation:

P yb,λ [ϕ(x, y)] =
1

(y − b)λ
ϕ(x, y),

P xa,µ1
[ϕ(x, y)] =

1

(x− a)µ1

[
Πy,1
b,E(y)ϕ(x, y)

]
,

P xa,µ1,µ2
[ϕ′x(x, y)] =

1

(x− a)µ1−µ2−1

d

dx

[
1

(x− a)µ1
Πy,1
b,E(y)ϕ(x, y)

]
.
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Then the following remark holds:
Remark 3. The solution of type (16) has the following property:

[
P yb,λ [ϕ(x, y)]

]
y=b

= c1(x),[
P xa,µ1

[ϕ(x, y)]
]
x=a

= c2(y),[
P xa,µ1,µ2

[ϕ′x(x, y)]
]
x=a

= (µ2 − µ1)c3(y).

(19)

Now we consider the following singular Cauchy type problem:
Singular Cauchy type problem. Let the roots of characteristic equations (10) and (11) be such that

λ = −E(b) > 0, 1 < µ1 < µ2. It is required to find such solution of equation (1), which belongs to the
class C1,0

x (D) and satisfies the following initial value conditions:
[
P yb,λ [ϕ(x, y)]

]
y=b

= ω1(x),[
P xa,µ1

[ϕ(x, y)]
]
x=a

= ω2(y),[
P xa,µ1,µ2

[ϕ′x(x, y)]
]
x=a

= ω3(y),

where ω1(x), ω2(y), ω3(y) are given functions on the domain D.
By virtue of integral representation (16) and its property (19), for equation (1) we find functions c1(x), c2(y),

c3(y) by means of the given functions ω1(x), ω2(y), ω3(y): c1(x) = ω1(x), c2(y) = ω2(y), c3(y) = 1
µ2−µ1

ω3(y).
Therefore substituting these values into (16), the unique solution of the singular Cauchy type problem be
found as 

ϕ(x, y) = E1[ω1(x), ψ(x, y)]−
y∫
b

Γ1(y, s)

(
y − b
s− b

)λ
E1[ω1(x), ψ(x, s)]ds,

ψ(x, y) = E2[ω2(y),
1

µ2 − µ1
ω3(y), f(x, y)]−

− 1√
D1

x∫
a

Γ2(x, t)

(
x− a
t− a

)µ1

E2

[
ω2(y),

1

µ2 − µ1
ω3(y), f(t, y)

]
dt.

(20)

So we have proved the following theorem.
Theorem. 4 Let all conditions of Theorem 1 be fulfilled. Then the singular Cauchy type problem has a

unique solution, which is given by (20).
Such kind of problems can be investigated, when the roots of characteristic equation (11) are real, equal,

complex and conjugate.
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Т.К. Юлдашев, С.К. Зарифзода

Сингулярлық интегро-дифференциалдық
теңдеулердiң бiр жаңа класы туралы

Мақалада ядрода ерекшелiгi бар модельдiк және модельдiк емес дербес туындылы интегро-
дифференциалдық теңдеулердiң жаңа класы үшiн еркiн функциялар көмегiмен интегралдық үйiр
түрiндегi шешiмi алынған. Интегро-дифференциалдық теңдеулердiң бұл түрi Коши типтес сингу-
лярлық интегро-дифференциалдық теңдеулерден өзгеше. Коши типiндегi сингулярлық интегро-
дифференциалдық теңдеулер аналитикалық функциялар теориясының әдiстерiмен қарастырылған.
Зерттеу барысында сингулярлық интегро-дифференциалдық операторлардың жаңа түрлерi енгiзiлiп,
осы енгiзiлген операторлардың негiзгi қасиеттерi зерттелдi. Зерттелетiн теңдеудiң шешiмi x және y-
ке қатысты екi теңдеу жүйесiнiң шешiмiне тең екендiгi көрсетiлген, олардың бiрi – интегралдық
теңдеу, ал екiншiсi – интегро-дифференциалдық теңдеу болып табылады. Әрi қарай модельдiк емес
интегро-дифференциалдық теңдеулер регуляризациялау әдiсiмен зерттелген. Модельдiк емес теңдеу-
дi реттеудiң бұл әдiсi теңдеудiң модельдiк бөлiгiн таңдауға және талдауға негiзделген және ядродағы
әлсiз ерекшелiгi бар екiншi типтегi Вольтерр типтес екi интегралдық теңдеудi шешуге дейiн азаяды.
Теңдеуде модельдiк емес бөлiктiң болуы шешiмдердiң жалпы құрылымына әсер етпейтiнi көрсетiлген.
Сондықтан интегро-дифференциалдық теңдеулердiң осы класы үшiн модельдiк теңдеулердi зерттеу
маңызды. Осы интегро-дифференциалдық теңдеудiң шешiмi кез келген ерiктi функциялардан тәуелдi
болған жағдайда Коши типтес есептер зерттеледi.

Кiлт сөздер: сингулярлық интегро-дифференциалдық теңдеу, модельдiк теңдеу, модельдiк емес тең-
деу, сипаттамалық теңдеу, Коши типтес есеп.

Т.К. Юлдашев, С.К. Зарифзода

Об одном новом классе сингулярных
интегро-дифференциальных уравнений

В статье для нового класса модельных и немодельных интегро-дифференциальных уравнений в
частных производных с особенностью в ядре получено решение в виде семейства интегрального
представления с помощью произвольных функций. Такой тип интегро-дифференциальных уравне-
ний отличается от сингулярных интегро-дифференциальных уравнений типа Коши. Сингулярные
интегро-дифференциальные уравнения типа Коши изучаются методами теории аналитических функ-
ций. В процессе нашего исследования введены новые типы сингулярных интегро-дифференциальных
операторов и изучены основные свойства этих введенных операторов. Показано, что решение иссле-
дуемого уравнения эквивалентно решению системы двух уравнений относительно x и y, одно из ко-
торых является интегральным уравнением, а другое — интегро-дифференциальным уравнением. Да-
лее немодельные интегро-дифференциальные уравнения исследованы методом регуляризации. Этот
метод регуляризации немодельного уравнения основан на выборе и анализе модельной части урав-
нения и сведен к решению двух интегральных уравнений типа Вольтерра второго рода со слабой
особенностью в ядре. Показано, что наличие немодельной части в уравнении не влияет на общую
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структуру решений. Отсюда важное значение приобретает исследование модельных уравнений для
данного класса интегро-дифференциальных уравнений. В случаях, когда решение данного интегро-
дифференциального уравнения зависит от любых произвольных функций, исследованы задачи типа
Коши.

Ключевые слова: сингулярное интегро-дифференциальное уравнение, модельное уравнение, немодель-
ное уравнение, характеристическое уравнение, задача типа Коши.
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